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Abstract A mixed control method combining fuzzy model-based control and neural network con-
trol 1s presented for a class of uncertain nonlinear system with multiple time delays. Firstly, fuzzy-
model-based H.. control law is designed by means of LMI method for time-delay nonlinear multi-
input systems modeled by the fuzzy T-S model with multiple time delays. Secondly, tull adaptive
RBF neural network control method 1s used to improve the scheme of the fuzzy H.. control. The
effect of the unknown uncertainties and the error caused by fuzzy modeling is overcome by adaptive
tuning of the weights, centers and widths of the RBF neural network on line, and no matching
conditions or constraint conditions are required. The stability of the designed closed loop system is
proved. The effectiveness of the proposed method is finally demonstrated through simulation on
the multiple time-delay nonlinear chaos system.
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1 Introduction
T-S fuzzy-model-based methodologies have emerged in recent years as a promising

(1,20 There have been

way to approach modeling and control of complex nonlinear system
some signilicant research efforts on the design of the fuzzy-model-based controller. Since
uncertainties and time delay are frequently a source of instability in various engineering
systems, the issue of robust fuzzy-model-based controller design for uncertain nonlinear
system with time delay received considerable interest™®'*!. However, one limitation of these
works 1s that uncertain nonlinearities are often required to satisfy certain types of matching
conditions or constraint conditions. In fact, it is very difficult, if not impossible, to satisty
these conditions in many cases, especially in case that the uncertainties of the system are
unknown. In many reported results®~", most of the stability analysis and design methods
are based on fuzzy T-S model, the effect of approximation error due to fuzzy modeling 1s
not considered. Despite of some robust stabilization technique i1s introduced to against
modeling error in | 8 |, an upper bound of the approximation error is used in analysis.,
which is ditficult to find in application.

In this paper, fuzzy H.. control scheme is designed for a class of uncertain nonlinear
systems with multiple time-delay. An adaptive RBF NN is used to eliminate the influence
of unknown uncertainties and the fuzzy modeling error by tuning all parameters in the RBF
expansion, thereby improving the robust h-infinity control performance. In this paper we
extend the results in [ 9] to nonlinear multivariable system. The proposed adaptive RBF

NN can be adopted to approximate nonlinear vector functions.

2 Problem formulation
Consider a class of uncertain nonlinear system with multiple time delay
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X, = X; + ?51 (2)

h h
X = f, (X1 9 X2 o X3 !U)_l_?z (X1 9X5 5 X5 auat)+2g2k(x(t—* Tk))+2§2k(X(t‘ 7. ) )+9, ()
k=1 k=1

h h
-fB :fﬁ‘ (xl o X2 o X3 ,u)_|_;c3 (x1 s X2 3 X3 !U9t)‘|"zg3k(x(t_ Z"k))‘I_ZEgk(.Y(Z“ ?.'k))_'_'#’g(f)
E=1 E—=1
(1>

where x; ,x; € R™ ,x; &€ R are state vectors, u€ R™ is the control input vector, f,,g., are
known smooth nonlinear functions, f;, &; are unknown uncertain nonliearties of the sys-
tem and modeling error. (i=2,3,k=1,,h) ,7,=0(k=1,+,h) are time delays. x(z) =0,
V<0, ¢(t)=[¢, (D' ¢, (D' ¢, ()" |* denotes external disturbance. For convenience, we
use the following notation:x=[ a7, 23,28 |TER" (n=nl4+nl1+n2). F=[f7, 117, f=

h

h
[ fzaf3 1! 9g:E[ggk y g3kl s EZE[Egk N-ORRE
k=1 E=1
A fuzzy dynamic model described by fuzzy If-Then rules is used to approximate the

known nonlinearities of the system in(1). The ith rule of the fuzzy model is of the {follow-
ing form;

Plant Rule 7:1If 2, (¢) is F} and «*-2,(¢z) is F, Then
h
£(2) = Ax(t) + D Aux(t— ) + Bu(t) + ¢
k=1

x(t) =0 t<€C0 1=1,2,",q
where z(¢) € R? is the premise vector , F} is the fuzzy set, g is the number of rules. A;,A.

(2)

0 0 -
are constant matrices with appropriate dimensions, B= |I,;, 0 | € R"™, The final out-
- O IHZJ
put of the fuzzy system is inferred as follows.
q f
() = D iz [Ax () + D Aux(t—1.) ]+ Bu(t) +¢(r) (3)
i=1 i=1
P
where w,;CZ(t))ZHFj- (z;(£)) 1s the overall truth value of the 7th rule, u; (2(z) )= qwi(z(t)) :
= D wi & (1)
=1

q
In this paper, we assume w; (2(#)) =0 and Zw,;(z(t))>0 ior 1=1,2,*+,q. Therelore, we
i=1

o
get 4;(2(¢)) =0, and pr(z(t))ﬁl(z':l,Z,"',q). System (1) can be rearranged as the
1 =1

following equivalent system:
() = Do e[Ax (D + D Aux(t— )]+ Blu®) + Alx () ,x(t — o) yu,0) ] + )
t=1 k=1

(4)
where x(t— 1) :[x(f__fl) s *°° 9x(t—"f};)]T 9A(x(t) yX(t—17),ult),t) =7+§+:ﬁf_l_ﬁga ?9
g are unknown uncertain nonliearties of the system, Af and Ag denote errors caused by
fuzzy modeling.

3 H. controller based on fuzzy model
Suppose the following fuzzy state feedback controller based on T-S fuzzy model is em-
ployed to control the nonlinear system (3)
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w, (1) = > p (2K x (2) (5)
=]

Substituting (5) into (3) yields the corre_sponding fuzzy closed-loop system as follows

g h
() = D> (z)[A; +BK)Dx(@) + D Aux (¢t — 1) ] + ¢ (6)
=1 == ]

Lemma 1'%, For any x;, € R™, x, € R", X € R™", and for any positive definite matrix
Y& R we have

X1 Xx, +x; X'x, < xi1 XY 'X"x; + x1Yx, (7)
Let us consider the following H.. control performance
fo(t)TRx(t)dt < yzjf lp() | 2dz (8)
0 0

where ¢(2) € L, L0 t;],7 is a prescribed positive constant, R=R"' is a positive definite
weighting matrix, ¢, 1s a terminal time of control. The inequality (8) also can be written
as follows.

¢

J = Ht’”x(nTRx(z)dt—y oD () dr < 0 (9)

Theorem 1. There exists fuzzy H.. state feedback controller (5) such that the close-
loop fuzzy system (6) is stabilizable with prescribed H.. norm bound, if there exist a sym-
metric and positive definite matrix P € R**", some matrices K; € R"*"(i=1,++,q) and
some scalars g, >0(k=1,++,h) satistying the followmg [LMI.

I, * %
AL — 0O * < 0 (10)
IrqQ o —6t

Where F;EAtQ_{_BWI_{_QA;T—l_W;TBT I iIﬂXn I ;QRQ! Adi :[Aﬂ s **°¢ !Aih ]nth 3

oc=diag{o1 Lixns*** 0L nxn ) haxin »

I= [Inxn s %"y Ian:Inth !Inxn 1S unity matrix,

Q=P ',W,=K,P™!, % denotes the transposed elements in the symmetric positions.
Proof. Select a Lyapunov function as

™t

V) =x()"Px()+ D>, osex ()7 x(s)ds (11)

where P 1s a symmetric and positive definite matrix, ¢, >0,k=1,+,hare some constants.

Clearly, V(x)>0, V¥V x%40. The time derivative of V(x) is
V(x) “‘“E,u,(z(t)){x(t)T(HTP—i—PH )x(D—{—ngI:x(t“rk)TA Px(t)-kx(t)TPAikx(t—-—rk)]}

x(t)'Pp(2) +¢ () Px(2) + Eakx(r)Tx(t) — Zak.’x(t ) X(t— 1) (12)
where H,=A, T BK,;. Applying Lemma 1 to (12), we get
Vir) < Zyi(z(t)) x(t)T(S+ —PP )x(t)} + ' (P2 (13)

where S=H!P+ PH, +PAd;g“1 TP"‘IO’IT
From (9) and (13), we have

] = jf (});-x(t)TRx(t) — 7B TH@ )
1 1

J;f(%—x(t)TRx(t)“7¢(t)T¢(t)—I—V)dt= Zﬂi(Z(I))J.:X(Z)T(S | yPP { 7R)x(1))dt

(14)
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If SH 1PP+%R <0, we can get J<0,V(z)<(0. Let Q=P !. Pre-multiply and post-

)4
multiply Q on the both sides of (14), then apply Schur complement to the result. After

some manipulation, we will get (10). This means the controlled fuzzy closed-loop system
(6) 1s asymptotically stable, and the H.. control performance is achieved . This completes
the proof of the theorem.

4 RBF neural network adaptive control
4.1 error dynamic model of system

Due to the effect of fuzzy modeling error and uncertain nonlinearities, it is very diffi-
cult to obtain desired control performance by only using fuzzy model-based H.. controller
proposed in Theorem 1. In this situation, an adaptive RBF NN control design 1s proposed
to ensure system stability and satisfactory control performance.

We define robust control by combining fuzzy H.. control with adaptive NN as fol-
1OWS:

u(t) = us(t) — u,, (1) (15)

Substituting (15) into (4), we get

¥(1) = prz(z))[m + BK ) x(2) + ZAlkx(t — )]+

¢(t) "I_B(A(x(t)yx(t Tk)aufat) ,.m) (]-6)
Consider fuzzy closed-loop system
X (1) = Z#I(z(m[m + BK )z, (1) + EAzkxf(z—m]ij) (17)

Let e(2) =x(2) -'-xf(z) be fuzzy modeling error, and the error dynamic equation can be ex-
pressed as

q h
6(t) = ) (D[ (A, +BK)e(r) + > Auet— 1)1+

BCAx(2) s x(t — 1) sus (1) 5t) — Uy, ) (18)
[t is clear that if the function A(x(2) ,x(t—1),u,(t),¢) in (18) can be canceled by the
output of the RBF neural network, then {from Theorem 1, we known that the resulting
closed-loop system can be stabilize and achieve desired performance.
4.2 RBF neural network weight, centers and widths updating laws
Let X=[x(W)'yx(t—) yu, ()" ,t ' ERY(N=n+nh+m-+1)be the input vector.
When X&€ A,,A,; 1s a compact set, RBF neural network can be used to approximate uncer-
tain term A(X). It can be expressed as
U — WTG(X';EH?) (19)
where W= (w;; ) ;x» 1s the weight matrix, [>>1 is the number of neural network nodes, and
= ((3;),x11s a Gaussian function.

T ]

G, (X)) = expl:_ (X“Ei??)z (X8 y 1= 1,24,1 (20)
where £, is the center of the Gaussian function which has the same dimensions as X, 7, is
the width of the Gaussion function, and E=[¢&,,*,&, 1" sn=1L7n,s"*, m]T. It has been
proven that RBF NN (20) is capable of uniformly approximating any real continuous non-
linear function on the compact set A, with arbitrary any accuracy as

AX) =W G(X,¢" ,p") +e,(X) (21)
where W, &, »" are ideal constant weights, center and width, respectively,e,(X) is the
approximation error.

Assumption 1°!., There exist ideal weight W*, center & and width n"s such that
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le (XD || <<e* with constant ¢* >0 for all X€ A, ,and there exist constants W,é,ﬁ satisiy-
ing |[W" | . <W,|¢" |<<¢e, |9 |<9, respectively.
Define the output of the adaptive neural network as

e = WIG(X,E,7 (22)
where W,éﬁyare the estimate values of the W*,£",»* Let WZW**W9§:5*_é!5:U*_

i},?=block_ diag{ﬁ?,g,ﬁ}. The function approximation error can be expressed as

AX) =ty =W'TG" —W'G+¢,(X) = WGHW'G+W'G+e, (X))  (23)

In order to deal with G, the Taylor’s series of G(X,&" 7" ) is taken at &~ =£ and 7" =n.
This produces

G(X,&" s9") = G(X, 6, + G, (" =& +G, (5" — P +0(X,6,7%) (24)
where G;=diag(g, ) € RN ,G,=diag(g, ) €R™, O(X,¢ ,7) is the high-order term, and

(X =& — (X — &) (X — &)
ge = 2 7 exp w ;
__ o~ |12 - __&T A -
A | X Ba\l exp (X a>2 (X =6D7 i | 9
7].i L ?7:' _

Using (24), the high-order term O(X, & ,7) 1s bounded by

[OX, 6, = |G=Gie —GI< |G+ |G+ NG MFI< i + e €]+ | 7]
(25)
where ¢; ¢, sc: are some bounded constants due to the fact that RBF and its derivative are
always bounded by constants,
By substituting (24) into (23) , we obtain

ACX) —u,, = WG —Goé —G'i) + W' (GLé +Gl7) +d, (26)
where d, =W (Gie" +Gp* ) +W* O(X,g,ﬁ)*l—ef(X). From (25), we have
[d A< AWhpeo &+ [Wlicsp+ Wi + e | €]+ 7D +e (27)

It 1s obvious that d, is bounded. Substituting (26) into (18), we get

é() = > i (z)[ (A, + BKe(®) + D Aue(t— 1) ]+
BLW™ (G — G — G5 + W' (G:& +G\) +d,] (28)

Theorem 2. Consider the closed-loop system consisting of the nonlinear system (1),
the fuzzy state feedback control law (5) and adaptive NN control law (22). Assume there
exists sufficiently large compact set A, € R" such that X={x()" ,x(t—1o) "yu, ()", t]" E
Ag. I the adaptation laws of the RBF neural network are designed as (29) ~ (31), then
the closed-loop system with control law (15) are uniformly ultimately bounded stable.

W = L,(G— G~ G.7)e"PB — A, | e’ PB|L, W (29)
&= L,(e"PBWTG:)" —A.|e"PB|L, 2 (30)
n=Ls(e" PBW'G/D)T — .| e" PB|L;7 (31)

where L, ,L,,L; are positive definite matrices with appropriate dimensions, constants A, s
AssA, are positive, e is the difference between states of fuzzy close-loop system (20) and
states of nonlinear system (1). P is symmetric positive definite matrix which is defined as

in Theorem 1. e(2), W, e, 7 are uniformly ultimately bounded (UUB) it le() | >0, or
| Z | >z, where 2,0, are constants,
Proof. Consider the error dynamic equation (28), and we select a Lyapunov function as

h p M . _ _
V = e(t)TPe(s) + ZJ o () e(s)ds +or (WL W) + &Ly &+ 577 L35
k=1

— E—rk
The time derivative of V is
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h h
V=éTPe(t) +e(®)"Pe(r) + Eme(t)TE(t) — Djoe(t—r) et — ) +
k=]

2r (WTLT W) + 28TL7" & + 257L7 7 (32)
From Theorem 1 we know Eq. (14) 1s negatlve Let A= —2u (S); we get
V<—2ae(®)Te(t) + Ze(JDTPB[WT (G—Gé— G+ W (G +Gi) +d,]—

2tr (WTLY! W)—zg"‘L2 E“—Zq L'y (33)
By substituting (29) ~(31) into (33) , we obtain
V<=2 e@ +2|e" PB|{|Wl,c: &+ | Wl csnt Wi te |6+ el +e +

A (JWI W — W2 +a:Ele— €] +A,U7l7— 171} =—2e®Te(r) +

2" PBI{(C+ C W, + Clel+Collg ) — A I WIE —2clel® =2, 0517 B
Where C:W(fl _I_E* 5C1 “—Cy é_'l_Cgﬁ_l—/lngCz :WCZ "I—;{gE!Cg — WC3 ‘|_/1,?7}_. C&(_r:l 9C2 9C3 are
constants and bounded, Let A, =min{A,,A:>A,},Z=diag(W,£,7),Y=(C,C;,C)T 1 An=
|Y|. It is obvious that C, [W| .+C. [ & +C; || 7] <Aum HZH . So we can conclude that

V <—e(t)Te(s) — 2| " PB|A (]]Zn "M) +2\|eTPBu( i;‘) (35)

2

42,

Q,,then V<<0. This implies e(¢), W, &, y are umformly ultlmately bounded. This com-
pletes the proof.

Let 01—2||eTPBH(C‘ )/,1 and Q,= +J c+ /,1. If |e(o | >0, 0r |Z],>

S Simulation studies
Consider nonlinear chaotic system with multiple time delays

X (I) :2‘ SIZ(Z)
3
2, (£) =— (——1—x1(z)) 2_15

5 = () —0.1x, () +0.01x,(t —0.015) +

0.01xi(t+—0.015) +0.01x, (t —0.015) + 0. 012, (z — 0. 02) +
0.01x27(t—0.02) +0.01x,(t —0.02) + 25cos(1. 29¢) + 4. Su(t) + ¢, (2)

(36)
where ¢, () 1s a white noise with zero mean and variance 0. 1. The control objective 1s to design
robust H.. control law such that the chaotic system is stable. Define y=1,R=diag{0.1,0, 1},

This system is chaotic without control. The trajectory of the system with «(¢) =0 1s
shown in Figs. 1 and 2. Define two fuzzy sets for state x; with labels F] (positive large,

M,) and F% (negative large, M,) which are characterized by the following membership

, : __.Il(f)_Mz _Ml_"-rl(t) _ _
functions respectively fhp (x; (1)) M. —M, ’H¥ (x; (1)) M. —M, (M, =10, M, =

1

—&). So we can get fuzzy model parameters as

0 2.57 r o — 2.5"
Ay = —6.8 0.1’ A = —4.496 0.1 |’

Ay = A = Apy = Apy = [0001 0001 , B = 0 .
According to Theorem 1,we can obtain the following feedback gains: K, = |:1 6011 —4,7417],
K,=[—0.3975 —4.2111]. According to Theorem 2 , an adaptive RBF NN control is
introduced, the weights, center and width of the RBF are updated online according to the
update laws (29) ~(31). For comparison purpose, we apply the robust H.. controller pro-
posed in [ 4] to the system, which is designed based on T-S fuzzy model and without con-
sidering fuzzy modeling error. The result is illustrated in Fig. 4. It is clear that a quite sat-
isfactory control result is obtained by using the proposed controller.
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—10 l :
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Fig.1 Chaotic behavior of the system Fig. 2 Phase-plane trajectory of
with no control force chaotic system
4
2
O
— 2
0 o E; 1.0 0 5 10
time(s) time(s)
Fig.3 Closed-loop controlled system trajectory Fig. 4 The response of the system controlled
using the proposed controller by fuzzy H ., controller
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