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Abstract The robust exponential stability of a class of discrete time impulsive switched systems
with structure perturbations is studied. Based on the average dwell time concept and by dividing the
total activation time into the time with stable subsystems and the time with unstable subsystems,
it is shown that if the average dwell time and the activation time ratio are properly large, the given
switched system is robustly exponentially stable with a desired stability degree. Compared with the
traditional Lyapunov methods, our layout is more clear and easy to carry out. Simulation results
validate the correctness and effectiveness of the proposed algorithm.
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1 Introduction

A switched system is an important class of hybrid systems consisting of a family of continuous-time
or discrete-time subsystems and a rule that orchestrates the switching among them. Switched systems
are different from the common continuous-time or discrete-time systems, because they have some special
properties. It is very important how to choose the rule. Recently, the study on the switched systems
analysis and switching control has attracted more and more attentions!!™~'?). Its main result lies in: 1)
many systems encountered in practice exhibit switching phenomena between several subsystems due
to the inherent multi-model or various environmental factors[3’4]; 2) the methods of intelligent control
design are based on the idea of switching between different controllerst®!: 3) switching controllers can
achieve a better performance than the traditional feedback controllers, e.g., Narendra and Balakrishnan
improved the system performance by using a set of switched adaptive controllers!®.

In this paper, under the assumption that the subsystems include stable and unstable subsystems,
we study the robust exponential stability of a class of discrete time impulsive switched systems with
structure perturbations. [7] considered the exponential stability of a class of continuous time switched
systems that only contained stable subsystems, and proved that the switched system is exponentially
stable when the dwell time of the switching signal (the time between every two consequent switchings) is
large enough. [8] proposed the concept of the average dwell time, and proved that the switched system
is still exponentially stable when the average dwell time is large enough. [9] studied the switched
systems containing stable and unstable subsystems. The total activation time of the switched system
was divided into the activation time of the stable subsystems and unstable subsystems. The authors
proved that the switched system is exponentially stable when the average dwell time and the total
activation time period ratio between the stable subsystems and unstable subsystems are both large
enough. Similar to [9], [11] considered the exponential stability of a class of discrete time switched
systems.

However, there are few results on the robustness of the uncertain switched systems. Meanwhile,
for the practical systems, the impulsive effect often occurs when switching exists. Therefore, in this
note, we consider the robust exponential stability of the impulsive switched systems with structure
perturbations. With the knowledge of the average dwell time and the modular matrix, we prove that
the given switched system is robustly exponentially stable with the desired stability degree under
the proposed switching signal, if the average dwell time and the total activation time period ratio
between the stable subsystems and unstable subsystems are both properly large. Finally, the numerical
simulations validate the algorithm in this paper.
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2 Problem formulation and preliminaries
Consider the following discrete time perturbed switched system

2(k+1) = [Aogy + Agple(k),  2(0) =z (1)

where x(k) € R" is the state, and ¢ € Iy = {1,---, N} is the switching signal which is a piecewise
constant function. When o(k) =i, i € Iy, system (1) switches to the i-th subsystem. AA, ) describes
the structure perturbation of the system mode.

Definition 1. |G|m = [|gi;]] is the modular matrix of G = [gi;], i.e., the elements of |G|, are the
absolute values of the corresponding elements of matrix G.

Assumption 1. Suppose that AA, ) satisfies

|AAi|m < 0(i), 1<i<N (2)

where @(7)(1 < ¢ < N) is a nonnegative matrix.

In order to make the whole switched system more practical, we assume that the sampling rates for
all the subsystems are with the same constant Ty. For simplicity, let “k” and “k2—k1” denote time “kT5”
and time interval “(ka — k1)7T0”, respectively, where k, k1, k2(k > 0, k2 > k1) are arbitrary nonnegative
integrals. Without loss of generality, we assume that all the system matrices A(¢)(1 < ¢ < N) include
both stable and unstable matrices.

Usually, there are three switching modes that exist for the practical systems: 1) the system
switches automatically from mode ¢ to mode j after some duration time in mode 1ol 2) the system
will switch from mode ¢ to mode j, if the state of mode ¢ is in a switching conditional set S;;(z), which
is of the form%

Sij(x) = {z|hijz = 0,hi; € R"} (3)

3) in discrete event dynamical systems, the system will switch from mode ¢ to mode j when some
event happens.
Let k; denote the i-th switching time, and at time k;, some impulsive switchings will occur as
follows
2(k) = [D(o(ki), o(kisn)) + AD((k:), o(kisn)] 2(k) (4)

where D(-,-) is the reset map. D(-,-) and AD(,-) reflect the influence of the switching to the system
state. AD(-,-) represents the structured perturbations of the reset map satisfying

|AD(, j)lm < I'(4,4), 1 <4, <N (5)

where I'(4, j)(1 < 4,7 < N) is a nonnegative matrix.

Our aim is to find an appropriate switching signal o (k) such that the given discrete time perturbed
switched system (1)~(5) is exponentially stable.

For any matrixes A = [a;;] € R™™™ and B = [b;] € R™", let AT, A(A) and ||A|| denote
respectively the transpose matrix, eigenvalue and the norm. Define ||A|| = y/Amax(ATA) for simplicity,
where )\max(ATA) is the maximum eigenvalue of the matrix AT A. Tt is known from [10] that

Al < Almll, A+ B < |A+ Blm < [Aln + | Blm (6)

where A > B if and only if a;; = bj.

Definition 21, For a certain switching signal o(k), the given switched system is said to be
globally exponentially stable with stability degree A, if there exist a constant ¢ > 0 and 0 < A < 1 such
that z(k) satisfies ||Jz(k)|| < eAF||zo|(k = 0).

Let us introduce the concept of average dwell time to the discrete time switched system[u]. For
any switching signal o(-), denote N, (0,k) as the switching times of o(-) in the time interval [0, k).
Given constants No(No = 0) and 7.(7 > 0), denote S, |74, No| as all the switching signals satisfying

Ny (0,k) < No + k/Ta (7)

where 7, is called the average dwell time, and Ny the chatter bound!®!.
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Since the system matrixes A(:)(1 < ¢ < N) contain both stable and unstable matrices, we assume
A1 = max{||A4;|||Ai(1 < ¢ < N) is stable}, A2 = max{||A;|||A:(1 < i < N) is unstable} (8)
It easily follows that 0 < A\; < 1 and A2 > 1.

3 Main results
Case 1. Stability analysis of the switched system (1)~(5) when AA, ) =0 and AD(:,-) = 0.
Let 0 = ko < k1 < k2 < --- denote the discontinuous points (or switching points) of o(-), and
denote o(kj—1) = p;(j = 1,2,---). For the reset map D(i,5)(1 < 4,57 < N), it is assumed that

Jnax D@, )|l < a, where o« > 0 is a constant. Let K~ (0,k)(or K (0,k)) be the total activation
1<, <N

LI

time of the stable subsystems (or unstable subsystems) in [0, k) for any switching signal o(-). Assuming
that k; < k < kit1, then we have

o) =o(lj-1) =p;, x(l+1) = Ay x(l), (k) = D(p;,pj+1)z(k;)
(k) = ASTT gk ), L€ [kyon,ky), (1<G<it1) )

Since ki < k < kiy1, t.e., k € [ki, kit1), we derive

ks —k, ki—ki_
(k) =AS D (i, pi)a (k) = AL D(pipisa) - Ap 5V a(kE ) = - =

k—k; : (kj—kj—1)
AL T P pis)Apy ™72 (0) (10)

j=1
Based on the assumptions and the analysis we obtain

i+1

; (kij—kj_1) i\ K~ (0,k)\K1(0,k No(0,k)y K~ (0,k)\ KT (0,k
o) < o TT 114~ 120 < a'Af @A O jz(0)]| = a7 ORATT CPNETOD) 500

j=1

(11)
where N, k) denote all the switching times of the switching signal () in the time interval [0, k).
In order to guarantee the exponential stability of the switched system (1)~(5), we design the
switching signal o (k) and present the main theorem as follows.
SL1: Design the switching signal o(k)(o(k) € Sa[Ta, No]) such that

K~ (07 k) S In Ao — 11“1((1 — Eo))\o)
K+(0,k) 7 In((1 —£0)Xo) —In s
Ta >Td, No gNd, Nd:lncl/lna, Td:lna/(ln)\o—ln((l—(—:o))\o)) (13)

(12)

where k 2 0, Ao € (A1,1),0 < g0 < 1 is a small constant and satisfies (1 — e0)Ao > A1, and ¢; > 0 is a
constant.

Theorem 1. When AA, ) = 0 and AD(-,-) = 0, the given switched system is globally exponen-
tially stable with the stability degree Ao under the switching signal (SL1).

Proof. From (12), we have

- +
AT OPNFTOR (1 g0)ho)® (14)
(11) and (14) imply that
(k)| < QN7 CRNETORZETOR 10 0)) < a7 OB (1 = e0)Xo)*l(0)] (15)
From (13), we derive
No(0,k)Ina+ kIn((1 —e0)Xo) = Nolna+ [Ina/7s + In((1 — £0)Xo)]k < Ineci + kln Ao (16)

Therefore, from (11)~(16), we obtain

- +
(k)| < a7 ORI ORNET O 120)]| < crA§l|z(0)]| (17)
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Then according to Definition 2, we can see that the given switched system is globally exponentially
stable with stability degree Ao under the switching law (SL1) when AAg ) =0 and AD(-,-) =0. O

Remark 1. Similar to the way of the division of activation time in this paper, [11] considered the
exponential stability of a class of discrete time switched systems without perturbation and impulsive
effect. Its results are equivalent to the special case of Theorem 1 with D(i,5) = I, (1 < 4,5 < N),
that is, the trajectory of the system is continuous at the switching instants. However, our results not
only contain the case of the trajectory being continuous but also contain the case of trajectory being
discontinuous. Therefore, our results can be considered as an extension to [11] in some sense.

Remark 2. As shown in [9,11], a simple choice of the ratio condition (12) is

K~ (O, k) = 2[111 )\2 — ln((l — 60))\0)]K0, K+(0, k) = [ln((l — 60))\0) —In )\1]Ko (18)

where Ko > 0 is a time unit, which satisfies condition (13), and 0 < g9 < 1 is a sufficiently small
constant.
Case 2. The stability analysis of the switched system (1)~(5) when AA, ) # 0 and AD(,-) # 0.
Assumption 2. 11;111_32}{ |2(%)|| = w, where w > 0 is a constant and A1 +w < 1;

Assumption 3. 15?32 WD DI+ 17, 5)|] < &, where & > 0 is a constant.
SL2: Design the switching signal o(k)(o(k) € Sa[Ta, No]) such that

I:(*(O, k) > In(A2 + w) —In((1 - €1)o)

K+(0,k) ~ In((1—e1)Xo) — In(A1 +w)

Ta 2 Tdy No < Ng,Ta =Ina/(InXo —In((1 —e1)Xo)), Ng=Ince/Ina (20)

(19)

where k > 0, Ao € (A1,1), 0 < e1 < 1 is a very small constant and satisfies (1 — 51)5\0 > A1+ w.
K~(0,k)(K*(0,k)) denotes the total activation time of all the stable(unstable) subsystems respectively
in the interval [0, k).

Theorem 2. If Assumption 1, 2 and 3 are satisfied, the switched system (1)~(5) is globally
exponentially stable with the stability degree Ao under the switching law (SL2).

Proof. Let 0 = ko < k1 < k2 < - - be the switching points of o(-), and o(k;j—1) = p;,j =1,2,-
Assume that k; < k < k;11. Similar to the above analysis, for any | € [kj—1,k;), (1 < j < i+ 1) we
have

o(l) =a(lj-1) =pj, z(l+1) = [Ap; + A, Jz(l)
a(k}) = [D(pj, pj+1) + AD(pj, pjs1)]z(k;) (21)
w(ky) = (Ap, + DAy )BT Va(k ), j=1,2, i+ 1

From (21) we get
(k) = (Apyy + DA ) “H (psspi+1) + AD(pj, pj1)](Ap; + AA,) 75 -Dz(0) - (22)
Therefore,

()| < [ Ap;s + Adp 17 TTID @i, pi1) + AD(pj, pj1) 1 Ap, +AA,, %7551z (0)]] (23)
j=1

From (2), (5), (6), A1) and A2), we derive
[4p; 0 + Adpy iy [ S HAps 1+ HAAp; Il < 1 Apy [ + max [|@OI] = [[Ap,, | +w

I1D(pj, pj+1) + AD(pj, pj+1)|l < 1<I§1?><<N[|\D(i7j)|\ +IrGE NI < a (25)

Substituting (24), (25) into (23) results in

i+1
i - ~No (0, K~ (0, K+ (0,

lz(R)| < & JTTUAp; [+ @) 75 D)z0)]] < @O (A1 +w)® OB g+ w) O |Iz(0)] (26)
j=1
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where N, (0, k) denotes the switching times of the switching signal o(-) in the interval [0, k).
From (19) we obtain

(1 + @) OP 0z +0) OB < (1= 21)ho) (27)
Considering that 7, = T4, No < Nd7 we get
Ny (0,k)Ina+ kIn((1 —€1)Xo) = Nolna + [Ina/7a +In((1 —1)Xo))k <Inecz + klnXo (28)
Therefore,

()l < @O On + @) OB (g +w) T ON ()] < @ OP (1 - 1) 20)*2(0)]] <
|

exp[No (0,k) Ina + kIn((1 - £1)30)]|e(0) | < explinca + kIn Xoll|e(0) | = c2A 2(0)] ”
29

According to Definition 2, we can see that the switched system (1)~(5) is globally exponentially
stable with stability degree Ao. g

Remark 3. In [10], a class of continuous time impulsive switched systems with structure pertur-
bations similar to (1)~(5) was considered, and the switching strategies were proposed which guaranteed
the locally exponential stability of the switched system by the method of “loop analysis and matrix
measure”. Compared to the results in this paper, the judging condition of [10] is complex and hard
to verify. The algorithm in this paper can guarantee the globally exponential stability of the given
discrete time impulsive switched system. Moreover, it can be seen from Theorem 2 that compared
to the traditional Lyapunov designing method“’m7 the division method of the motivation time of the
switched system is more practically useful.

Remark 4. According to the above analysis, we can choose

K7 (07 k) = 2[111()\2 + w) — 1I1((1 — E1)5\0)]KQ7 K+(07 k) = [ln((l — 51)5\0) — 1n()\1 + w)]Ko (30)
where Ko > 0 is a time unit satisfying the condition in (20), and 0 < &1 < 1 is a sufficiently small

constant.

4 Simulation
Consider the following uncertain discrete time switched system

:Z?(k + 1) = LAg(k) + AAJ(k)J:Z?(k), :E(O) = Zo (31)

0.6 0.1 02 —0.1
Al*[ 0 1.2}’ Az = [ 0 —0.3}

0.1sin(z1(k)) 0 —0.1sin(z1(k)) 0
0 0.1 cos(z2(k)) 0 —0.1 cos(z2(k))
It is easy to know that A; is unstable and As is stable. After some manipulations, we get \1 = 0.2,
0.1 0 01 0
=1. m < = m < — , M = w = 0.1.
A2 =1.2 and |AA1|m < &(1) 0 0.1], [AAs|m < ©(2) [ 0 01 lgliang |2(9)|| = w=0.1

Assume that at the switching time k;, the system trajectory will jump as follows

(ki) = [D(o(ki), o(kit1)) +AD(o(ki), o(kir1))z(ki) (32)

where

AAlz[ :|7AA2:|:

where

D(1,2) = [exp(0'4) -0.1 0.1 exp(—0.5) — 0.1 0.1 }

0.1 exp(0.4) — 0.1} » D(21) = [ 0.1 exp(—0.5) — 0.1
—0.1sin(z1(k)) 0 0.1sin(z1(k)) 0 }

AD(1,2) = [ 0 _0'1605(1;2(143))] » AD(2,1) = [ 0 0.1 cos(z2(k))

By some manipulations, we get

01 0

< =
apal <ra =[5 7

} , |AD2,1)|m < T'(2,1) = [0.1 0 }

0 0.1
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exp(0.4) 0.1 _ | exp(—0.5) 0.1
0.1 exp(0.4) |’ D@ 1)+ r@1) = 0.1 exp(—0.5)

|D(1,2) + I'(1,2)|| < 1.5918, [|D(2,1) + I'(2,1)] < 0.7065, & = 1.5918

D(1,2) 4+ I'(1,2) =

Taking Ao = 0.6 € (A1,1),c2=1,and e1 = 0.2, (1 — 51)5\0 =0.48 > \1 + w = 0.3, we derive
74 =1n1.9518/(In 0.6 — In(0.48)) = 2.9972 ~ 3, Ny =1Incz/Ina=0

K(0,k) < In(A2 +w) —In((1 — £1)Ao)  In1.3 —1n0.48

K+(0,k) ~ In((1 —e1)Xo) —In(A\1 +w)  1n0.48 —In0.3

Choose Ko = 6.5 > 0; then we have K~ (0,k) ~ 13, K¥(0,k) =~ 3. In S,[7a, No), we choose the
following quasi-periodical switching strategy

A(l) - A(2) — A(1) — A(2) — - -

=2.1198 = 2.2

and activate the first and second subsystems in 3 seconds and 13 seconds respectively. The system
trajectories z1(k) and x2(k) are given in Fig.1 and Fig. 2 during two quasi-periods. From Fig.1 and
Fig. 2, we see that the system states jump because of impulsive effect at the switching points. The
state trajectory of the whole switched system converges with an exponential rate under the proposed
switching law.

0.6
0.4}
02}

O L

0.2}

0.4}

0.6}

-0.8
-1

™xi(k)

1 34 10 16171920 32

Fig. 1 The state trajectory z1(k) of the switched system

I 34 10 16171920 32

Fig. 2 The state trajectory z2(k) of the switched system

5 Conclusion

This paper considers the robust exponential stability of a class of uncertain discrete time switched
systems. The given switched system contains stable and unstable subsystems. With the application
of the concept of average dwell time and by dividing the activation time of the whole system into two
parts, we have proved that the switched system is globally exponentially stable and has the desired
stability degree if the average dwell time of the switched system and the total activation time period
ratio between the stable subsystems and unstable subsystems are both properly large. Compared with
the traditional Lyapunov function design method, the method in this paper is easily understood and
carried out. Therefore we provide a way of research on the robust control of the switched systems.
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