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Abstract The problem of track control is studied for a class of strict-feedback stochastic nonlinear
systems in which unknown virtual control gain function is the main feature. First, the so-called
stochastic LaSalle theory is extended to some extent, and accordingly, the results of global ultimate
boundedness for stochastic nonlinear systems are developed. Next, a new design scheme of fuzzy
adaptive control is proposed. The advantage of it is that it does not require priori knowledge of
virtual control gain function sign, which is usually demanded in many designs. At the same time,
the track performance of closed-loop systems is improved by adaptive modifying the estimated error
upper bound. By theoretical analysis, the signals of closed-loop systems are globally ultimately
bounded in probability and the track error converges to a small residual set around the origin in
4th-power expectation.
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1 Introduction

The stochastic dynamic systems have been extensively investigated in the past decades and many
results were obtained!™?. With the proposition of many important concepts of stochastic stability
theory[3], quite a number of research results on deterministic nonlinear systems have been extended
to stochastic systems[4]. When the backstepping technique was proposed and applied to the controller
design[g‘]7 some researchers began to discuss it for the control problem of stochastic systems[G]. On
the other hand, the unknown sign of virtual control gain function leads to great trouble in the design
of controller. This kind of problem has been discussed for deterministic systemsw’g]7 but not enough
attention has been paid to the stochastic systems. Therefore, the main aim of this paper is to resolve
the track control problem of a class of stochastic nonlinear systems with the unknown virtual control
gain function and disturbance function. In order to obtain the necessary results on global ultimate
boundedness for stochastic nonlinear systems, we first analysis the so-called stochastic LaSalle theorem
and extend it to some extent. Then, based on the Takagi-Sugeno (T-S) fuzzy model, a new fuzzy
adaptive control design scheme is proposed. It avoids the assumption that the virtual control gain
function sign is known, and the track control problem of stochastic nonlinear systems can be dealt with
effectively. Furthermore, the track performance of closed-loop systems can be improved through the
adaptive adjusting of estimated error upper limit. It is proved that all the signals in the closed-loop
systems are globally ultimately bounded in probability.

2 Problem formulation and preliminaries
Consider a class of strict-feedback stochastic nonlinear systems:

dl’l(t) = fi(li}i)1}¢+1dt + gi(ii)dt + hi(lii)duu 1=1,---,n—1

dzn(t) = fa(z)u(t)dt + gn(x)dt + hn(z)dw (1)
y(t) = z1(t)
where t > 0, ¢ = [z1,---,x,]" € R" is the state vector, and &; = [z1,--,2:]T, Zn = x; u and y
are control input and output, respectively; w = (wi(t),---,w-(t))T is r-dimensional Brownian motion
defined on a complete probability space ({2, F, P) with natural filtration {F;};>0, fi,g: : R' — R,
hi; : R — R" are unknown smooth functions, where g;(0) = 0, h;(0) = 0, for i = 1,---,n. The aim
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of the paper is to design a globally stabilizable controller such that the output signal y of system (1)

follows a desired reference signal yq4(t), while all the signals in the closed-loop system are bounded.
Define the desired trajectory Zqu) = [Ya,¥d, -, yc(lz)]T

to its ith time derivative yc(ll).

,i=1,---,n— 1, which are vectors of yq(t) up

Assumption 1. Unknown functions f;(Z;) are smooth, and there exist scalars f; and known
smooth functions f;(Z;) such that 0 < fi < |fi(®:)| < fi(®:) < o0, V&; € R'. -

Assumption 2. The desired signals Z4(;) are continuously measurable, i = 1,---,n — 1, Z4¢;) €
24y C R with known compact sets Dasy-

Definition 11, Any continuous function Q(s) : R — R is a function of Nussbaum type, if it has
the following properties:

. 1/

lim sup = / Q(p)dp = +o0 (2)
s— 400 S Jo

. P Y
Jim inf = /O Q(p)dp = —o0 3)

Let us give some useful definitions and theorems on stochastic differential equation as the following:
dx(t) = f(x,t)dt + h(x, t)dw (4)

where the definition of  and w are the same as in (1), and functions f : R® X Ry — R", h :
R"™ x Ry — R™7 are smooth, where f = [f1,--, fa]*. Denote L'(R4;R:) as the family of all
functions v : Ry — R4 such that fooo y(t)dt < oo; and let C**(R" x Ry;Ry) denote the family
of all nonnegative functions V(z,t) € R" x R4, which are continuously twice differentiable in z and
once differentiable in ¢, and written as C*?! for simplification; F is the expectation operator, and L is
infinitesimal generator. Then

oV oV, 1 T 0%V
LV(:UJ)—E-Fa—mf-FETI‘{h Wh} (5)
where Tr(A) is the trace of A. || - || is Euclidean norm of vector or matrix. a.s. is almost surely.

Definition 2. The trivial solution of system (4) is globally ultimately bounded in probability, if
for all € € (0,1) there exists constant k = k(g) > 0 such that for all initial values of g € R", the trivial
solution (4) is:

Jim sup P{Jlz(t)]| < k} > 1<

Lemma 1%, Consider system (4). Assume that there exist functions V(z,t) € C*', ~(t) €
L'(Ry+; Ry) and continuous function 7 : Ry — Ry such that for all (z,t) € R™ x Ry:

LV (@, t) < ~(t) —n(V (1)) (6)

Then, for every xo € R", there exist tlim V(x(t;xo),t) < 0o a.s. and tlim n(V(z(t;z0),t)) =0 a.s.
— 00 — 00

Remark 1. The essential idea of Lemma 1 is that the contribution of negative function —n(V (z, t))
to LV is not larger than a class of time type function v(¢), which converges to zero. Therefore, we are
to extent this class of time type function to the case that is more common.

Theorem 1. Consider system (4). Assume that there exist function V(x,t) € C*', smooth
functions p : R+ — R, n : R+ — R4+ and Nussbaum type even function Q(-) such that for all
(z,t) € R™ X Ry:

LV(z,t) < Q(p()p(t) —n(V(z,1)) (7
Then, for every xo € R", the function p(¢f) must be bounded, and tlim V(xz(t;zo),t) < oo a.s.
— 00
tlim n(V(z(t;x0),t)) =0 a.s.
— 00

Proof. See Appendix A.

Theorem 2. Consider system (4). Assume that there exist function V(x,t) € C*', smooth
functions p : R+ — R, n : R+ — R4, Nussbaum type even function Q(-) and the system functions
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fi(x) satisfying 0 < fi <|fi(z)| < fi < oo (fi and f; are scalars, i = 1,---,n) such that

n

LV (z,t) < ) (filz,)Q(p(£)p(t) + p(t) — n(V (1)) (8)

i=1

for all (z,t) € R" x R. Then, for every o € R", the function p(t) must be bounded, and
tlgglo V(x(t;xo),t) < oo a.s. tlirgo n(V(z(t;xo),t)) =0 a.s.

The proof is omitted.

Theorem 3. Consider system (4). Assume that there exist function V(x,t) € C*', smooth
functions p : R+ — R, n: R+ — R4, Nussbaum type even function Q(-) and the system functions
fi(x) satisfying 0 < f; < |fi(x)] < fi < co (fi and f; are scalars, i = 1,---,n); let £ be a nonnegative
Fy-measurable random variable, M (t) be a real valued continuous local martingale with M (0) = 0 such
that

V(z,t) <E+e /0 e Z(fi(ﬂ% 5)Q(p(s))p(s) + p(s))ds + M(t) )

Then, for every xo € R"™, the function p(t) is bounded and fot Z(fl (z,5)Q(p(s))p(s) + (p) (s))ds < o0
i=1
a.s. and lim V(x(¢;zo),t) < oo a.s.

t—o0

3 Controller design
Consider a class of strict-feedback stochastic nonlinear systems:

dzi(t) = fi(&Z:)xigadt + gs(T:)dt + hi(Zi)dw, i=1,---,n—1
dzn(t) = fa(z)u(t)dt + gn(x)dt + hn(z)dw (10)
y(t) = z1(t)

where the definition of variables is the same as in (1). The aim of this section is to design a controller
such that the output signal y follows the desired signal y4.
First, the controller is designed via the backstepping technique. Define error variables z; as

{ z1 = z1 — ao(ya) (11)

zi =@ — 01 (&im1, Bai=1))y E=2,---,n

where the virtual control laws a;—1 are smooth functions to be designed, and «;-1(0,0) = 0, i =
1,---,n+ 1. Let ao(ys) = ya and u = an be the practical control law. By the mean value the-

ory, a;(Zi,ZTq40;)) and hi(Z;) can be expressed as oi(Zi,Zau)) = Zzlom(:i:i7id(i)) and h;(Z;) =
1=1
i
Z ziwik(Z1), respectively, where «;; and ;i are the smooth functions.
k=1
By It6 formula, we have

dz1 = (f1(z1)z2 + g1(x1) — Law)dt + hi(z1)dw
8041 1 (12)

8:171

dz; = (fz(lil)1}1+1 + gi(il) Lo 1)dt + ( hl ) dw, 1=2,--- ,n

i—1 i—1

. Oai—1 . _ - Oai—1 - Do Ly
where Lap = yq and Lai—1 = lz:; a—xl(fl(wl)xl+1 —|—gl(:vl)) + — pY 3(2 . Tg(i—1) + Z 8xp8xq
We employ the stochastic Lyapunov functional of the form:

Vo3 V= Z (13)

i=1

ﬂkl»—‘
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Along with the solution (12), the time derivative of (13) is

n—1 n
LV, :sz(fi(ii)$i+l + 9i(Zi) — Loai—1) 4 25 (fu(x)u + gn(x) — Loe—1) + Zz < ;

i=1 =1

3 Sptnian) (nie -3 Fnien) < S dhimnr oz

i=1

N W

where

n k—1
3 3 3r
®1(Z1) = g1(z1) — Lao + 404/ z1 + 5215?1[311 + T ( 6%;)
k

4 = n—1
n—1(Tn— 3zn
B0(Zn) = gu(@) — Loy + 1) Fngn g T S Bt
n—1 k=1

3Zn r n—1n-—1 1 ) )
T Z Z Z 62 ﬁnk]ﬁnl}

j=1k=11=1 ~nkj

with the input vector Z1 = [z1, aw, g)d]T € 2z, C R37 where {2z, is compact set. Similarly,

T
Z.= |2, aa Oaia  Oaia Poia Pai .. Poia  Daia Zain| €0, c RUiH2)/2
VT Oy dwia” Oxf T Owadx’ T Qx0T :
T
0o dap1 0%ana Pana %o Oana - 2 519 /2
Z::ETOz, T - cfn CR(”+"+)/
" [ Y T ny T Oana . 022 Owidxa ) Ot Bfg(nil) d(n-1) Zn

The Young's inequality has been applied for the above results (See B1, B2 in Appendix B).

Theorem 4. For systems (10), if the virtual control laws and their parameter adaptive adjusted
laws are given as follows:

{ a; = Q(pi)lkizi + & (Zl?] (15)
pi = kizi + O(Z)z2, i=1,---,n

where for all k; > 0, a, = u is practical control law, then, for every o € R", all the signals in the
closed-loop systems are globally ultimately bounded in probability.

Next, let us estimate the unknown functions.

Since functions f;, g, h; are unknown, the controllers including ®;(Z;) cannot be applied directly.
[11] showed that the T-S fuzzy model could arbitrarily approximate a continuous function that is defined
in some compact set, if the number of fuzzy rules is enough. We utilize T-S fuzzy model to the estimation
of &;(Z;) in £27(;), which are to be defined later. Then the Ith rule of ith fuzzy model is expressed as
follows:

Rl if Ziy is ALy and Zio is Aly and -+ - Zyy is Aéq then 65 is B!

where Aﬁq and B! are the fuzzy sets. By using product inference, center-average and singleton fuzzifier,
the estimated function can be expressed as

i(Zi, 0:) Zeul‘[um zq/ZHqu Ziq) = 0, €,(Z:)
=1 g=1

where m; are the number of rules of ith fuzzy model, 8; = [0;1, - - - ﬁimi]T are the adjustable parameters
vectors of ith fuzzy model, &,(Z;) = [£i1,- -+, &im,]" are fuzzy basic function vector of ith fuzzy model,



174 ACTA AUTOMATICA SINICA Vol. 32

where £:(Z;) = I I Al (Ziq)/ E | | w4t (Ziq) are fuzzy basic function, n; are the number of input
iq iq
=1 =1 q=1

variables of Zi, i (Ziq) = exp(—(Ziq — aly/bl,)?) are fuzzy membership function of the ith fuzzy
iq

variable in [th rule of ith fuzzy model.

Let ;" =arg min [sup 07¢,(Z:) — ®:(Z,)[]; then &;(Z;) = 67" €&(Z:) + ni(Z:), where 1i(Z:)

1€827 (i)

are the estimated errors. Assume |n;(Z;)| < nj, where n; is a known constant. The notation 7,
denotes the estimation of 7, at time ¢ and ézT € {2z(;y denote the estimation of 0;T at time t. We have
6, =6;,—0;.

Now, we substitute é&;_1 for a;—; in (11) with the input vectors z}_;, 9 10i—1 = 1[01,---,0,-1]),

Pi—1, :cd(ifl). Correspondingly, the time derivatives of &;_1 are

i—1 i—1
. Ohi—1 8 Qi1
Lai—y = Z < 82961 (f@)zir + gi(x0)) ) Z 896,,2 by hg + @i—1
=1
0di—1 - 80{ 0bii—1 . .
wifl—aT ! Tqii—1) + = 102 1-|—8Z 1P1 1, ©1=2,---,n
Taii-1) i1 Pi—1

By analysis, if (13) is employed for stochastic Lyapunov functional again, then its time derivative is
LV: < 3 a2 (@0 + B(Z(0) (16)

where &;(Z(i)) are similar to ;(Z;) defined in (14), if we substitute La;_; for La;_1. Correspondingly,
the input vectors Z (i) are expressed as follows

Z(1) = [z1,40,94)" € 220) C R®

T
Odi Bdi 0%&in 0%&ia 0%aia i243i42) /2
Z(i)=|&], ai wia| €02z, C RETHD/
( ) |: iy il o1 ) ) 8271;17 850% ) 850182327 ) 8:02271 y Wi—1 Z )
i=2,-- n—1

T

O0din1 O0in1 820}7&1 820}7%1 820}7%1 O 1:| €0z CR(n2+3n+2)/2
’ - (n)

Or1 ' O0zpa’ 032 7011012’ 7 012

Z(n)= [a:T, S,

and the fuzzy basic functions vectors are expressed by &,(Z(7)).
The virtual control laws and parameter adaptive adjusted laws are redesigned as follows:

{am = Qo Dlkiazi1+0,1€, ((Z(i-1))] an

pi-1 = ki—12} 1+91 151 (Z(i— 1))z}, t=2,---,n

{ an = Q(pn)[k Tzn +0,6,(Z(n)) + fasign(zn)] (1)
pr = knzn + 0,€,(Z(n))23; + finsign(zn)z,

0: = N[26(Z(0) = Aibi], i=1,---,n (19)

M = Kl 20| = 7] (20)

where I'; = I'Y > 0, scalars & > 0, A; > 0, v > 0 are the adjustable parameters of closed-loop systems,
and &y is the practical control law u.

Theorem 5. For systems (10), if the virtual control laws and parameter adaptive adjusted laws
are designed in (17~20), and there exist scalars k; > 0 for ¢ = 1,---,n, then

1) All the signals in the closed-loop systems are globally ultimately bounded in probability.

2) The input vector Z(i) remains in a compact set 2z € R(i2+3i+2)/2, which is defined by

n
~ 20 - _
Qz0) = ‘ < 4U7ZEH9¢H2 < 7E|77n|2 < 20k, Taei) € Qd(i)

0 (Amin (1))

1<7,<n
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whose size, o > 0, can be adjusted by choosing the appropriate design parameters.
Proof. 1) Let us consider the stochastic Lyapunov functional as follows:

S 6 It
i=1

—1 ~

V=) Vi=V.+ ik in (21)
i=1

where o; = d;/c+ §; + EV;(0). Then by Itd formula, we obtain

LV =LV + 30, I70: + fur i, < (22 fi(@:) i + $i(Z (1)} + 6, [70:) + flan ™', (22)

i=1 1=1

Substituting (16~20) into (22) results in

n—1
. ~T . ST o
LV < E {F:(@)Q(pi)pi+pi—kizi 4128 —Xi0; 03} + Fr(®)Q(pn) o+ Pr— Kz — A0 @ —YTIniin (23)
=1

Assume that k; = ki + ki1, where kio > 0, k;1 > 0. Using the inequalities to (23) (See B3~B5 in
Appendix B), we obtain

LV <Y {=cVi + [i(@)Qpi)pi + pi + di} (24)
i=1
where ¢ = min{4k;o, \i/Amin(I;7 1), v6}, i = 1,- -+, 1, (Amin(A) is the minimum eigenvalue of matrix A)
Ly rgrpe o Bk /3) 12 , Ly gz e Lop e
di = o071 + L) iz =11, da = DGR+ gl

Multiplying (21) by e“* and by It6 formula leads to

d(e'V) = e (cV + LV)dt 4 e Z Midw(t) 29)

i=1

ov — O
where M; = o7 (hl(a':z) — Z Qi1 hl(a_n))-

From (24) and (25), we have

n

V) < S (@IQpI + i+ di)dt + e 3 Midw(t) (20)

i=1 i=1
Integrating (26) over [0, 7], we get

T n

n T n
V)< TV Y dfer e [T Y (R@IQ s p)dt e [T e Mdwe) (2)
i=1 70 i=1 0 =1
From Theorem 3, we can draw the conclusion that for every xo € R", functions p; must be
bounded, e°T fOT e (fi(2:)Q(pi)pi + pi)dt < 0o a.s. and Tlim V(T) < o0 a.s.
2) Define 6; = sup{fOT |Efi(2:)Q(pi)pi + pi|dt}. Then
T

T
eiCT/O (Efi(2:)Q(ps)pi + pi)e‘:tdt < /0 |Efi(Z:)Q(p:)pi + pi|€c(t7T)dt <6 (28)

Taking expectation on (27) and using (28), we have

EV(t) <> {di/c+ 8 + EVi(0)} (29)
=1
where
Vi(0) = 324(0) + 507 O)718:(0), i=1, 01
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V,.(0) = izﬁ(@) +

%éf(o)rglén(o) + %ﬁn(o)ff’lﬁn(o)

1 n 4 n
Then, ZE;@- < EV < ;{di/w 8 + EVi(0)}.

Set 0y = d;i/c+ 0; + EV;(0); then Z E|zi|4 < 40, where o = Z oi, and the mean square sum of
i=1

i=1

estimated parameter error is bounded, that is: ZEHézHQ < 20/ ?12 Amin (1) and E|fj,|* < 20k.
1<isn
i=1
Therefore, there must exist compact sets 2;(;) such that for every t > 0, Z (i) € 2z).
This completes the proof. O

4 Conclusion

A new fuzzy adaptive control scheme is addressed for a class of strict-feedback stochastic nonlinear
systems with unknown virtual control gain function and disturbance function. The proposed systematic
controller design method does not require aprior knowledge of the signs of the unknown virtual control
gain function. The designed controller attenuates noise effect on the control output effectively, and is
proved to guarantee globally ultimately bounded for all the signals in the closed-loop systems.
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Appendix A

The proof of Theorem 1.
To prove the theorem let us present a useful lemma.



No.2 WANG Ying-Chun et al.: Fuzzy Adaptive Control of Stochastic Nonlinear Systems with --- 177

Lemma 2010, Let A(t) and U(t) be two continuous adapted increasing processes on t > 0 with A(0) =
U(0) =0 a.s. Let M(t) be a real-valued continuous local martingale with M (0) = 0 a.s. Let £ be a nonnegative
Fy-measurable random variable. Define

B(t) =€+ A(t) —U(t) + M(t) for ¢t>0 (A1)

If B(t) > 0, then
{tlim A(t) < oo} C {tlim B(t) < oo} N {tlim U(t) < oo} as.
In particular, if tlim A(t) < oo, then tlim B(t) < oo a.s. and tlim U(t) < oo a.s. for almost all w € 2.
oo — 00 o0
We first show that p(t) is bounded. By It6 integral formula and (7), we have

t t t
V(x,t) =V(w0,0)+/0 Q(p(S))p'(S)ds—/O (Q(p(S))p'(S)—LV(I,S))dSJr/O Ve (@, 5)h(x, 5)dw(s) <

(t) t t
Vi@o,0)+ [ fo) QUp(s))dp(s) - /O 0V (2, ))ds + /O Vi (@, $)h(z, 5)dw(s) (A2)
P

where V; = 0V (x, s)/0x.
a) Assume that p(t) has no upper bounded on [0,t], where 0 < ¢, < +oo. Then there must exist a
monotonically increasing variable {; = 9(¢;) = p(t;)} with 9o = |p(to)| > 0, lim t; — ¢» and lim 9(¢;) = +oo.
71— 00 11— 00

Diving (A2) by 9(t;) = p(t;) > 0, we have

V(e.t) _ Viao.to) Syt QUe(s)dp(s) [l n(V (@, s))ds N JE Ve @, $)h(e, s)dw(s)

0< <
(i) 9(t;) 9 (t;) 9(t:) 9(t;)

(A3)

We know that ¢ — oo, then t; — tn, and ¥(¢;) — +o00. Taking expectation and lower limit of (A3) yields

0< tim inf 2V @) < e L 7 Q) dos) — i LY BV 5)d
1m 1n 1m 1 S S x,S S
oo T () imee 0(t) Jo, imoe P9 Sy T

1 ti
I(ti) S,
as can be seen from (3). Therefore, p(t) is upper bounded on [0, ty].

b) Assume that p(t) has no lower bounded on [0,t,]. There must exist a monotonically increasing variable
{¥; = 9(t:) = —p(t:)} with 9(to) = |p(to)| > 0, 11m ti — tn, and lim 9; = +oo0.

71— 00
Dividing (A2) by 9; = —p(t;) > 0 yields

Since n(V (z,s)) > 0, En(V(z,s))ds = 0, the result of last inequality takes a contradiction
7

Vit _ Vo t)  Jal QE96)dIs)  JEV @ 9)ds [ Vale,s)h@, s)dw(s)
) S k) 9 o 9

Note that Q(-) is an even function. Take the limit as ¢ — oo, then t; — t, and ¥(t;) — 4oo. Taking the
expectation yields

0<

(A4)

L V(z,t;) . fﬂ (9(s))dd(s) fto En(V(z,s))ds
0 < lim inf B <—-lmsyp—2%——"—" — limsup— —— A5

1 ti
Since n(V(z,s)) > 0, there exists lim sup ETen) / En(V(z,s))ds 2 0. Therefore, (A5) takes a contradic-
i— 00 i) .

tion as can be seen from (2). Therefore, p(t) is lower bounded. By the proposition 2 in [8], we can draw a
conclusion that ¢, = 400 and p(t) and fot Q(p(s))p(s)ds are bounded.
Consider indicator function

{ Iy=1, By={t:Q(p(t))p(t) > 0} and { Iy =—1, By={t:Q(p(t)s(t) < 0}
Iy =0, Bt ={t:Q(p(t)p(t) <0} Iy =0,  Be={t:Q(p(t)s(t) >0}
Then, we have

t t
/ Qp(s))p(s)ds = /O ;Q(p(s))i(s)ds — /O L,Q(p(5))i(s)ds (A6)

Because p(t) and fg Q(p(s))p(s)ds is bounded, we let p € [p, p], in which p is lower bounded of p(t) and p is
upper bounded of p(t). We have

s s s
dp = Iz dp — I, d AT
/,, Q(p)dp /p 5Q(p)dp /p ,Q(p)dp (A7)
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Then we rewrite indicator function as
{11;=1, Be={p:Q(p) = 0} and {Ig=—1, By ={p:Q(p) < 0}
Iy =0, Be={p:Q(p) <0} I, =0, Bir={p:Q(p) >0}

Since Q(p) is a smooth function, we divide [p, p] into n intervals: [p, p1], [p1, 2], -, [Pn—2, pn—1], [Pn—1, D],
in each interval the values of function Q(p) are all positive or all negative by turns. We know that the number
of intervals n must exist. Without loss of generality, letting Q(p) > 0 for [p, p1] and Q(p) < 0 in [pp—1, p] yields

P5 Pn—1
/Q )dp (/ Qi+ [ ” Qo)do + Q(p)dp+~»+/ Q(p)dp)—
Pr—2

P4

P4 Pn—2 P
(" B+ / L@@+ -+ [ Bewd+ [T 1Qedn ()
Jp1 Jpn—3

Jp3 Tpn—1
From (A8), the result of integral in each interval is bounded. Therefore, fpﬁ I;Q(p)dp and fpp_ I;Q(p)dp are

bounded, which implies that: fot I;Q(p(s))p(s)ds and fg I;Q(p(s))p(s)ds are bounded and monotonically in-
creasing. Substituting (A8) into (A2) yields:

t t t t
Vi(z,t) < V(zo,0) + /O 1;Q(p(3))p(s)ds — ( /0 1,Q(p(5))p(s)ds + /O n(V (z,8))ds) + /O Va (2, $)h(z, 5)dw(s)

t t
According to Lemma 2, we have tlim V(z,t) < oo, tlim (/ I,Q(p(s))p(s)ds + / n(V(z, s))ds) < oo,
—00 —oo g = 0

t
tlim / n(V(z,s))ds < co. Because n(V(z,t) > 0, tlim n(V (z,t)) = 0. The detail proof is in [10].
Soo Jo — 00
This completes the proof. O

Appendix B

Applying Young's inequality zy < —|m|p + —|y\q, where e >0, p>1and ¢ > 1, and (p —1)(¢g — 1) =1,
for (x,y) € R?, we have

n—1 n—1

<3 4/3 1. 1 _
z : 2 f"(ml Z'H’l Z 2 : vz/ Zil + 4 4=—f1471(‘Bi*l)’?’/;1 (Bl)
i=1 im1 i—2 Yi-1
3 Qo1 * it Oa; 1
2 _ i— _ _ i— _
5 E: 5 ( ;71 oy l(ml)> ( (&) 2 o, z(m)) =23 B Brn+t

i—1 r n—1ln—1
3znﬁnn Z 2Pk + o Z ( ﬁu + 223 ;1; Z Zkﬁzk) (Z Z Z nkg nlj) +
nk]

k=1 Jj=1k=11=1

r i—14i—1 1 37” n—1 . n k—1 )
Z LZ: 52kl 5zk] ilj Z Zi Z Z €kil (B2)
Jj= 1 12

i=1 1k= i=1 k=i+11=1
A 1
- X076, < — 5 Xill0il? + < >\z||9 12 (B3)
o 1 1 .o
= Vinfn S =57 iin |? + 571l (B4)
4ki1 /3)71/3 4k /3)"1/3
—kpzf izl < ( 11/4) 4 < ( 21/4) 2 (B5)
i—1
(B2) is directly cited from [4] with 8;r(Zi) = @ir — Z@ai,ﬁ@xlcplk, k=1,---,i, Bik; is the jth component
=k

of vector fB;1, v; and siil are positive constants that can be chosen by the designer.



