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Abstract The problem of track control is studied for a class of strict-feedback stochastic nonlinear
systems in which unknown virtual control gain function is the main feature. First, the so-called

stochastic LaSalle theory is extended to some extent, and accordingly, the results of global ultimate

boundedness for stochastic nonlinear systems are developed. Next, a new design scheme of fuzzy
adaptive control is proposed. The advantage of it is that it does not require priori knowledge of

virtual control gain function sign, which is usually demanded in many designs. At the same time,
the track performance of closed-loop systems is improved by adaptive modifying the estimated error

upper bound. By theoretical analysis, the signals of closed-loop systems are globally ultimately

bounded in probability and the track error converges to a small residual set around the origin in
4th-power expectation.
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1 Introduction

The stochastic dynamic systems have been extensively investigated in the past decades and many

results were obtained[1,2]. With the proposition of many important concepts of stochastic stability

theory[3], quite a number of research results on deterministic nonlinear systems have been extended

to stochastic systems[4]. When the backstepping technique was proposed and applied to the controller

design[5], some researchers began to discuss it for the control problem of stochastic systems[6]. On

the other hand, the unknown sign of virtual control gain function leads to great trouble in the design

of controller. This kind of problem has been discussed for deterministic systems[7,8], but not enough

attention has been paid to the stochastic systems. Therefore, the main aim of this paper is to resolve

the track control problem of a class of stochastic nonlinear systems with the unknown virtual control

gain function and disturbance function. In order to obtain the necessary results on global ultimate

boundedness for stochastic nonlinear systems, we first analysis the so-called stochastic LaSalle theorem

and extend it to some extent. Then, based on the Takagi-Sugeno (T-S) fuzzy model, a new fuzzy

adaptive control design scheme is proposed. It avoids the assumption that the virtual control gain

function sign is known, and the track control problem of stochastic nonlinear systems can be dealt with

effectively. Furthermore, the track performance of closed-loop systems can be improved through the

adaptive adjusting of estimated error upper limit. It is proved that all the signals in the closed-loop

systems are globally ultimately bounded in probability.

2 Problem formulation and preliminaries

Consider a class of strict-feedback stochastic nonlinear systems:8><>: dxi(t) = fi(x̄i)xi+1dt + gi(x̄i)dt + hi(x̄i)dω, i = 1, · · · , n − 1

dxn(t) = fn(x)u(t)dt + gn(x)dt + hn(x)dω

y(t) = x1(t)

(1)

where t > 0, x = [x1, · · · , xn]T ∈ Rn is the state vector, and x̄i = [x1, · · · , xi]
T, x̄n = x; u and y

are control input and output, respectively; ω = (ω1(t), · · · , ωr(t))
T is r-dimensional Brownian motion

defined on a complete probability space (Ω , F, P ) with natural filtration {Ft}t>0, fi, gi : Ri → R,

hi : Ri → Rr are unknown smooth functions, where gi(0) = 0, hi(0) = 0, for i = 1, · · · , n. The aim
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of the paper is to design a globally stabilizable controller such that the output signal y of system (1)

follows a desired reference signal yd(t), while all the signals in the closed-loop system are bounded.

Define the desired trajectory x̄d(i) = [yd, ẏd, · · · , y
(i)
d ]T, i = 1, · · · , n − 1, which are vectors of yd(t) up

to its ith time derivative y
(i)
d .

Assumption 1. Unknown functions fi(x̄i) are smooth, and there exist scalars fi and known

smooth functions f̄i(x̄i) such that 0 < fi 6 |fi(x̄i)| 6 f̄i(x̄i) < ∞, ∀x̄i ∈ Ri.

Assumption 2. The desired signals x̄d(i) are continuously measurable, i = 1, · · · , n − 1, x̄d(i) ∈

Ωd(i) ⊂ Ri+1 with known compact sets Ωd(i).

Definition 1[9]. Any continuous function Q(s) : R → R is a function of Nussbaum type, if it has

the following properties:

lim
s→+∞

sup
1

s

Z s

0

Q(ρ)dρ = +∞ (2)

lim
s→+∞

inf
1

s

Z s

0

Q(ρ)dρ = −∞ (3)

Let us give some useful definitions and theorems on stochastic differential equation as the following:

dx(t) = f(x, t)dt + h(x, t)dω (4)

where the definition of x and ω are the same as in (1), and functions f : Rn × R+ → Rn, h :

Rn × R+ → Rn×r are smooth, where f = [f1, · · · , fn]T. Denote L1(R+; R+) as the family of all

functions γ : R+ → R+ such that
R

∞

0
γ(t)dt < ∞; and let C2,1(Rn × R+; R+) denote the family

of all nonnegative functions V (x, t) ∈ Rn × R+, which are continuously twice differentiable in x and

once differentiable in t, and written as C2,1 for simplification; E is the expectation operator, and L is

infinitesimal generator. Then

LV (x, t) =
∂V

∂t
+

∂V

∂x
f +

1

2
Tr

�
hT ∂2V

∂x2
h

�
(5)

where Tr(A) is the trace of A. ‖ · ‖ is Euclidean norm of vector or matrix. a.s. is almost surely.

Definition 2. The trivial solution of system (4) is globally ultimately bounded in probability, if

for all ε ∈ (0, 1) there exists constant k = k(ε) > 0 such that for all initial values of x0 ∈ Rn, the trivial

solution (4) is:

lim
t→∞

sup P{‖x(t)‖ 6 k} > 1 − ε

Lemma 1[10]. Consider system (4). Assume that there exist functions V (x, t) ∈ C2,1, γ(t) ∈

L1(R+; R+) and continuous function η : R+ → R+ such that for all (x, t) ∈ Rn × R+:

LV (x, t) 6 γ(t) − η(V (x, t)) (6)

Then, for every x0 ∈ Rn, there exist lim
t→∞

V (x(t; x0), t) < ∞ a.s. and lim
t→∞

η(V (x(t; x0), t)) = 0 a.s.

Remark 1. The essential idea of Lemma 1 is that the contribution of negative function −η(V (x, t))

to LV is not larger than a class of time type function γ(t), which converges to zero. Therefore, we are

to extent this class of time type function to the case that is more common.

Theorem 1. Consider system (4). Assume that there exist function V (x, t) ∈ C2,1, smooth

functions ρ : R+ → R, η : R+ → R+ and Nussbaum type even function Q(·) such that for all

(x, t) ∈ Rn × R+:

LV (x, t) 6 Q(ρ(t))ρ̇(t) − η(V (x, t)) (7)

Then, for every x0 ∈ Rn, the function ρ(t) must be bounded, and lim
t→∞

V (x(t; x0), t) < ∞ a.s.

lim
t→∞

η(V (x(t;x0), t)) = 0 a.s.

Proof. See Appendix A.

Theorem 2. Consider system (4). Assume that there exist function V (x, t) ∈ C2,1, smooth

functions ρ : R+ → R, η : R+ → R+, Nussbaum type even function Q(·) and the system functions
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fi(x) satisfying 0 < fi 6 |fi(x)| 6 f̄i < ∞ (fi and f̄i are scalars, i = 1, · · · , n) such that

LV (x, t) 6

nX
i=1

(fi(x, t)Q(ρ(t))ρ̇(t) + ρ̇(t)) − η(V (x, t)) (8)

for all (x, t) ∈ Rn × R. Then, for every x0 ∈ Rn, the function ρ(t) must be bounded, and

lim
t→∞

V (x(t;x0), t) < ∞ a.s. lim
t→∞

η(V (x(t; x0), t)) = 0 a.s.

The proof is omitted.

Theorem 3. Consider system (4). Assume that there exist function V (x, t) ∈ C2,1, smooth

functions ρ : R+ → R, η : R+ → R+, Nussbaum type even function Q(·) and the system functions

fi(x) satisfying 0 < fi 6 |fi(x)| 6 f̄i < ∞ (fi and f̄i are scalars, i = 1, · · · , n); let ξ be a nonnegative

F0-measurable random variable, M(t) be a real valued continuous local martingale with M(0) = 0 such

that

V (x, t) 6 ξ + e−ct

Z t

0

ecs
nX

i=1

(fi(x, s)Q(ρ(s))ρ̇(s) + ρ̇(s))ds + M(t) (9)

Then, for every x0 ∈ Rn, the function ρ(t) is bounded and
R t

0

nX
i=1

(fi(x, s)Q(ρ(s))ρ̇(s) + (̇ρ)(s))ds < ∞

a.s. and lim
t→∞

V (x(t;x0), t) < ∞ a.s.

3 Controller design

Consider a class of strict-feedback stochastic nonlinear systems:8><>: dxi(t) = fi(x̄i)xi+1dt + gi(x̄i)dt + hi(x̄i)dω, i = 1, · · · , n − 1

dxn(t) = fn(x)u(t)dt + gn(x)dt + hn(x)dω

y(t) = x1(t)

(10)

where the definition of variables is the same as in (1). The aim of this section is to design a controller

such that the output signal y follows the desired signal yd.

First, the controller is designed via the backstepping technique. Define error variables zi as�
z1 = x1 − α0(yd)

zi = xi − αi−1(x̄i−1, x̄d(i−1)), i = 2, · · · , n
(11)

where the virtual control laws αi−1 are smooth functions to be designed, and αi−1(0, 0) = 0, i =

1, · · · , n + 1. Let α0(yd) = yd and u = αn be the practical control law. By the mean value the-

ory, αi(x̄i, x̄d(i)) and hi(x̄i) can be expressed as αi(x̄i, x̄d(i)) =

iX
l=1

zlαil(x̄i, x̄d(i)) and hi(x̄i) =

iX
k=1

zkϕik(x̄i), respectively, where αil and ϕik are the smooth functions.

By Itô formula, we have8><>: dz1 = (f1(x1)x2 + g1(x1) − Lα0)dt + h1(x1)dω

dzi = (fi(x̄i)xi+1 + gi(x̄i) − Lαi−1)dt +

 
hi(x̄i) −

i−1X
l=1

∂αi−1

∂xl
hl(x̄l)

!
dω, i = 2, · · · , n

(12)

where Lα0 = ẏd and Lαi−1 =

i−1X
l=1

∂αi−1

∂xl
(fl(x̄l)xl+1 + gl(x̄l))+

∂αi−1

∂x̄T
d(i−1)

˙̄xd(i−1) +
1

2

i−1X
p,q=1

∂2αi−1

∂xp∂xq
hT

p hq .

We employ the stochastic Lyapunov functional of the form:

Vz =
nX

i=1

Vzi =
1

4

nX
i=1

z4
i (13)
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Along with the solution (12), the time derivative of (13) is

LVz =
n−1X
i=1

z3
i (fi(x̄i)xi+1 + gi(x̄i) − Lαi−1) + z3

n(fn(x)u + gn(x) − Lαn−1) +
3

2

nX
i=1

z2
i

�
hi(x̄i)−

i−1X
l=1

∂αi−1

∂xl
hl(x̄l)

�T
 

hi(x̄i) −
i−1X
l=1

∂αi−1

∂xl
hl(x̄l)

!
6

nX
i=1

z3
i (fi(x̄i)αi + Φi(Zi)) (14)

where

Φ1(Z1) = g1(x1) − Lα0 +
3

4
υ

4/3
1 z1 +

3

2
z1β

T
11β11 +

3r

4
z1

 
nX

k=2

k−1X
l=1

ε2
k1l

!
Φi(Zi) = gi(x̄i) − Lαi−1 +

3

2
ziβ

T
iiβii + 3βT

ii

i−1X
k=1

zkβik +
3r

4
zi

 
nX

k=i+1

k−1X
l=1

ε2
kil

!
+

3

4
zi

 
rX

j=1

i−1X
k=1

i−1X
l=1

1

ε2
ikl

β2
ikjβ

2
ilj

!
+

3

4
υ

4/3
i zi +

1

4

1

υ4
i−1

f4
i−1(x̄i−1)zi, i = 2, · · · , n − 1

Φn(Zn) = gn(x) − Lαn−1 +
f4

n−1(x̄n−1)

4υ4
n−1

zn +
3zn

2
βT

nnβnn + 3βT
nn

n−1X
k=1

zkβnk+

3zn

4

 
rX

j=1

n−1X
k=1

n−1X
l=1

1

ε2
nkj

β2
nkjβ

2
nlj

!
with the input vector Z1 = [x1, α0, ẏd]

T ∈ ΩZ1 ⊂ R3, where ΩZ1 is compact set. Similarly,

Z i =

"
x̄

T
i , αi−1,

∂αi−1

∂x1
, · · · ,

∂αi−1

∂xi−1
,
∂2αi−1

∂x2
1

,
∂2αi−1

∂x1∂x2
, · · · ,

∂2αi−1

∂x2
i−1

,
∂αi−1

∂x̄T
d(i−1)

˙̄xd(i−1)

#T

∈ΩZi
⊂R(i2+3i+2)/2

Zn =

"
x

T, αn−1,
∂αn−1

∂x1
, · · · ,

∂αn−1

∂xn−1
,
∂2αn−1

∂x2
1

,
∂2αn−1

∂x1∂x2
, · · · ,

∂2αn−1

∂x2
n−1

,
∂αn−1

∂x̄T
d(n−1)

˙̄xd(n−1)

#T

∈ΩZn ⊂R(n2+3n+2)/2

The Young′s inequality has been applied for the above results (See B1, B2 in Appendix B).

Theorem 4. For systems (10), if the virtual control laws and their parameter adaptive adjusted

laws are given as follows: �
αi = Q(ρi)[kizi + Φi(Zi)]

ρ̇i = kiz
4
i + Φ(Zi)z

3
i , i = 1, · · · , n

(15)

where for all ki > 0, αn = u is practical control law, then, for every x0 ∈ Rn, all the signals in the

closed-loop systems are globally ultimately bounded in probability.

Next, let us estimate the unknown functions.

Since functions fi, gi, hi are unknown, the controllers including Φi(Zi) cannot be applied directly.

[11] showed that the T-S fuzzy model could arbitrarily approximate a continuous function that is defined

in some compact set, if the number of fuzzy rules is enough. We utilize T-S fuzzy model to the estimation

of Φi(Zi) in ΩZ(i), which are to be defined later. Then the lth rule of ith fuzzy model is expressed as

follows:

Rl
i: if Zi1 is Al

i1 and Zi2 is Al
i2 and · · ·Ziq is Al

iq then θil is Bl
i

where Al
iq and Bl

i are the fuzzy sets. By using product inference, center-average and singleton fuzzifier,

the estimated function can be expressed as

Φi(Zi, θi) =

miX
l

θil

iY
q=1

µAl
q
(Ziq)/

miX
l=1

iY
q=1

µAl
q
(Ziq) = θ

T
i ξi(Zi)

where mi are the number of rules of ith fuzzy model, θi = [θi1, · · · , θimi
]T are the adjustable parameters

vectors of ith fuzzy model, ξi(Zi) = [ξi1, · · · , ξimi
]T are fuzzy basic function vector of ith fuzzy model,
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where ξil(Zi) =

niY
q=1

µAl
iq

(Ziq)

� miX
l=1

niY
q=1

µAl
iq

(Ziq) are fuzzy basic function, ni are the number of input

variables of Z i, µAl
iq

(Ziq) = exp(−(Ziq − al
iq/bl

iq)
2) are fuzzy membership function of the ith fuzzy

variable in lth rule of ith fuzzy model.

Let θ∗T
i = arg min

θi∈ΩZ(i)

[sup |θT
i ξi(Zi) − Φi(Zi)|]; then Φi(Zi) = θ∗T

i ξ(Zi) + ηi(Zi), where ηi(Zi)

are the estimated errors. Assume |ηi(Z i)| < η∗

i , where η∗

i is a known constant. The notation η̂n

denotes the estimation of ηn at time t and θ̂
T

i ∈ ΩZ(i) denote the estimation of θ∗T
i at time t. We have

θ̃i = θ̂i − θ∗

i .

Now, we substitute α̂i−1 for αi−1 in (11) with the input vectors x̄T
i−1,

¯̂
θ

T

i−1(
¯̂
θi−1 = [θ̂1, · · · , θ̂i−1]

T),

ρi−1, x̄T
d(i−1). Correspondingly, the time derivatives of α̂i−1 are8>>>><>>>>: Lα̂i−1 =

i−1X
l=1

�
∂α̂i−1

∂xl
(f(x̄l)xl+1 + gl(x̄l))

�
+

1

2

i−1X
p,q=1

∂2α̂i−1

∂xp∂xq
hT

p hq + ̟i−1

̟i−1 =
∂α̂i−1

∂x̄T
d(i−1)

˙̄xd(i−1) +
∂α̂i−1

∂
¯̂
θ

T

i−1

˙̂̄
θi−1 +

∂α̂i−1

∂ρi−1
ρ̇i−1, i = 2, · · · , n

By analysis, if (13) is employed for stochastic Lyapunov functional again, then its time derivative is

LVz 6

nX
i=1

z3
i (fi(x̄i)α̂i + Φ̂i(Z(i))) (16)

where Φ̂i(Z(i)) are similar to Φi(Z i) defined in (14), if we substitute Lα̂i−1 for Lαi−1. Correspondingly,

the input vectors Z(i) are expressed as follows

Z(1) = [x1, α̂0, ẏd]
T ∈ ΩZ(1) ⊂ R3

Z(i)=

�
x̄

T
i , α̂i−1,

∂α̂i−1

∂x1
, · · · ,

∂α̂i−1

∂xi−1
,
∂2α̂i−1

∂x2
1

,
∂2α̂i−1

∂x1∂x2
, · · · ,

∂2α̂i−1

∂x2
i−1

, ̟i−1

�T
∈ΩZ(i)

⊂R(i2+3i+2)/2

i=2, · · · , n−1

Z(n)=

�
x

T, α̂n−1,
∂α̂n−1

∂x1
, · · · ,

∂α̂n−1

∂xn−1
,
∂2α̂n−1

∂x2
1

,
∂2α̂n−1

∂x1∂x2
, · · · ,

∂2α̂n−1

∂x2
n−1

, ̟n−1

�T
∈ΩZ(n)

⊂R(n2+3n+2)/2

and the fuzzy basic functions vectors are expressed by ξi(Z(i)).

The virtual control laws and parameter adaptive adjusted laws are redesigned as follows:(
α̂i−1 = Q(ρi−1)[ki−1zi−1 + θ̂

T

i−1ξi−1(Z(i − 1))]

ρ̇i−1 = ki−1z
4
i−1 + θ̂

T

i−1ξi−1(Z(i − 1))z3
i−1, i = 2, · · · , n

(17)(
α̂n = Q(ρn)[knzn + θ̂

T

nξn(Z(n)) + η̂nsign(zn)]

ρ̇n = knz4
n + θ̂

T

nξn(Z(n))z3
n + η̂nsign(zn)z3

n

(18)

˙̂
θi = Γi[z

3
i ξi(Z(i)) − λiθ̂i], i = 1, · · · , n (19)

˙̂ηn = κ[|z3
n| − γη̂n] (20)

where Γi = Γ
T
i > 0, scalars κ > 0, λi > 0, γ > 0 are the adjustable parameters of closed-loop systems,

and α̂n is the practical control law u.

Theorem 5. For systems (10), if the virtual control laws and parameter adaptive adjusted laws

are designed in (17∼20), and there exist scalars ki > 0 for i = 1, · · · , n, then

1) All the signals in the closed-loop systems are globally ultimately bounded in probability.

2) The input vector Z(i) remains in a compact set ΩZ(i) ∈ R(i2+3i+2)/2, which is defined by

ΩZ(i) =

8><>:Z(i)

���� nX
i=1

E|zi|
4

6 4σ,

nX
i=1

E‖θ̃i‖
2

6
2σ

min
16i6n

(λmin(Γ
−1
i ))

, E|η̃n|
2

6 2σκ, x̄d(i) ∈ Ωd(i)

9>=>;
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whose size, σ > 0, can be adjusted by choosing the appropriate design parameters.

Proof. 1) Let us consider the stochastic Lyapunov functional as follows:

V =

nX
i=1

Vi = Vz +
1

2

nX
i=1

θ̃
T

i Γ
−1
i θ̃i +

1

2
η̃nκ−1η̃n (21)

where σi = di/c + δi + EVi(0). Then by Itô formula, we obtain

LV = LVz +

nX
i=1

θ̃
T
i Γ

−1
i

˙̂
θi + η̃nκ−1 ˙̂ηn 6

nX
i=1

(z3
i fi(x̄i)α̂i + Φi(Z(i))z3

i + θ̃
T
i Γ

−1
i

˙̂
θi) + η̃nκ−1 ˙̂ηn (22)

Substituting (16∼20) into (22) results in

LV 6

n−1X
i=1

{fi(x̄i)Q(ρi)ρ̇i+ρ̇i−kiz
4
i +ηiz

3
i −λiθ̃

T
i θ̂i}+fn(x)Q(ρn)ρ̇n+ρ̇n−knz4

n−λnθ̃
T
n θ̂n−γη̃nη̂n (23)

Assume that ki = ki0 + ki1, where ki0 > 0, ki1 > 0. Using the inequalities to (23) (See B3∼B5 in

Appendix B), we obtain

LV 6

nX
i=1

{−cVi + fi(x̄i)Q(ρi)ρ̇i + ρ̇i + di} (24)

where c = min{4ki0, λi/λmin(Γ−1
i ), γκ}, i = 1, · · · , n, (λmin(A) is the minimum eigenvalue of matrix A)

di =
1

2
λi‖θ

∗

i ‖
2 +

(4ki1/3)
−1/3

4
η∗4

i (Zi), i = 1, · · · , n − 1, dn =
1

2
λn‖θ

∗

n‖
2 +

1

2
γ|η∗

n|
2

Multiplying (21) by ect and by Itô formula leads to

d(ectV ) = ect(cV + LV )dt + ect
nX

i=1

Midω(t) (25)

where Mi =
∂V

∂zi

 
hi(x̄i) −

i−1X
l=1

∂α̂i−1

∂xl
hl(x̄l)

!
.

From (24) and (25), we have

d(ectV ) 6 ect
nX

i=1

(fi(x̄i)Q(ρi)ρ̇i + ρ̇i + di)dt + ect
nX

i=1

Midω(t) (26)

Integrating (26) over [0, T ], we get

V (T ) 6 e−cTV (0)+
nX

i=1

di/c+ e−cT

Z T

0

e−ct
nX

i=1

(fi(x̄i)Q(ρi)ρ̇i + ρ̇i)dt+ e−cT

Z T

0

nX
i=1

ectMidω(t) (27)

From Theorem 3, we can draw the conclusion that for every x0 ∈ Rn, functions ρi must be

bounded, e−cT
R T

0
ect(fi(x̄i)Q(ρi)ρ̇i + ρ̇i)dt < ∞ a.s. and lim

T→∞

V (T ) < ∞ a.s.

2) Define δi = sup{
R T

0
|Efi(x̄i)Q(ρi)ρ̇i + ρ̇i|dt}. Then

e−cT

Z T

0

(Efi(x̄i)Q(ρi)ρ̇i + ρ̇i)e
ctdt 6

Z T

0

|Efi(x̄i)Q(ρi)ρ̇i + ρ̇i|e
c(t−T )dt 6 δi (28)

Taking expectation on (27) and using (28), we have

EV (t) 6

nX
i=1

{di/c + δi + EVi(0)} (29)

where

Vi(0) =
1

4
z4

i (0) +
1

2
θ̃

T

i (0)Γ−1
i θ̃i(0), i = 1, · · · , n − 1
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Vn(0) =
1

4
z4

n(0) +
1

2
θ̃

T

n(0)Γ−1
n θ̃n(0) +

1

2
η̃n(0)κ−1η̃n(0)

Then,
1

4
E

nX
i=1

z4
i 6 EV 6

nX
i=1

{di/c + δi + EVi(0)}.

Set σi = di/c + δi + EVi(0); then
nX

i=1

E|zi|
4

6 4σ, where σ =
nX

i=1

σi, and the mean square sum of

estimated parameter error is bounded, that is:
nX

i=1

E‖θ̃i‖
2

6 2σ/ min
16i6n

λmin(Γ
−1
i ) and E|η̃n|

2 6 2σκ.

Therefore, there must exist compact sets ΩZ(i) such that for every t > 0, Z(i) ∈ ΩZ(i).

This completes the proof. �

4 Conclusion

A new fuzzy adaptive control scheme is addressed for a class of strict-feedback stochastic nonlinear

systems with unknown virtual control gain function and disturbance function. The proposed systematic

controller design method does not require aprior knowledge of the signs of the unknown virtual control

gain function. The designed controller attenuates noise effect on the control output effectively, and is

proved to guarantee globally ultimately bounded for all the signals in the closed-loop systems.
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Appendix A

The proof of Theorem 1.

To prove the theorem let us present a useful lemma.
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Lemma 2[10]. Let A(t) and U(t) be two continuous adapted increasing processes on t > 0 with A(0) =

U(0) = 0 a.s. Let M(t) be a real-valued continuous local martingale with M(0) = 0 a.s. Let ξ be a nonnegative
F0-measurable random variable. Define

B(t) = ξ + A(t) − U(t) + M(t) for t > 0 (A1)

If B(t) > 0, then

{ lim
t→∞

A(t) < ∞} ⊂ { lim
t→∞

B(t) < ∞}∩ { lim
t→∞

U(t) < ∞} a.s.

In particular, if lim
t→∞

A(t) < ∞, then lim
t→∞

B(t) < ∞ a.s. and lim
t→∞

U(t) < ∞ a.s. for almost all ω ∈ Ω .

We first show that ρ(t) is bounded. By Itô integral formula and (7), we have

V (x, t) =V (x0, 0) +

Z t

0
Q(ρ(s))ρ̇(s)ds −

Z t

0
(Q(ρ(s))ρ̇(s) − LV (x, s))ds +

Z t

0
Vx(x, s)h(x, s)dω(s) 6

V (x0, 0) +

Z ρ(t)

ρ(0)
Q(ρ(s))dρ(s) −

Z t

0
η(V (x, s))ds +

Z t

0
Vx(x, s)h(x, s)dω(s) (A2)

where Vx = ∂V (x, s)/∂x.

a) Assume that ρ(t) has no upper bounded on [0, tn], where 0 < tn 6 +∞. Then there must exist a
monotonically increasing variable {ϑi = ϑ(ti) = ρ(ti)} with ϑ0 = |ρ(t0)| > 0, lim

i→∞

ti → tn and lim
i→∞

ϑ(ti) = +∞.

Diving (A2) by ϑ(ti) = ρ(ti) > 0, we have

0 6
V (x, ti)

ϑ(ti)
6

V (x0, t0)

ϑ(ti)
+

R ρ(ti)
ρ(t0)

Q(ρ(s))dρ(s)

ϑ(ti)
−

R ti
t0

η(V (x, s))ds

ϑ(ti)
+

R ti
t0

Vx(x, s)h(x, s)dω(s)

ϑ(ti)
(A3)

We know that i → ∞, then ti → tn, and ϑ(ti) → +∞. Taking expectation and lower limit of (A3) yields

0 6 lim
i→∞

inf E
V (x, ti)

ϑ(ti)
6 lim

i→∞

inf
1

ϑ(ti)

Z ϑt

ϑ0

Q(ϑ(s))dϑ(s) − lim
i→∞

sup
1

ϑ(ti)

Z ti

t0

Eη(V (x, s))ds

Since η(V (x, s)) > 0, lim
i→∞

sup
1

ϑ(ti)

Z ti

t0

Eη(V (x, s))ds > 0, the result of last inequality takes a contradiction

as can be seen from (3). Therefore, ρ(t) is upper bounded on [0, tn].

b) Assume that ρ(t) has no lower bounded on [0, tn]. There must exist a monotonically increasing variable

{ϑi = ϑ(ti) = −ρ(ti)} with ϑ(t0) = |ρ(t0)| > 0, lim
i→∞

ti → tn, and lim
i→∞

ϑi = +∞.

Dividing (A2) by ϑi = −ρ(ti) > 0 yields

0 6
V (x, ti)

ϑ(ti)
6

V (x0, t0)

ϑ(ti)
−

R ϑi

ϑ0
Q(−ϑ(s))dϑ(s)

ϑ(ti)
−

R ti

t0
η(V (x, s))ds

ϑ(ti)
+

R ti

t0
Vx(x, s)h(x, s)dω(s)

ϑ(ti)
(A4)

Note that Q(·) is an even function. Take the limit as i → ∞, then ti → tn and ϑ(ti) → +∞. Taking the

expectation yields

0 6 lim
i→∞

inf E
V (x, ti)

ϑ(ti)
6 − lim

i→∞

sup

R ϑi

ϑ0
Q(ϑ(s))dϑ(s)

ϑ(ti)
− lim

i→∞

sup

R ti

t0
Eη(V (x, s))ds

ϑ(ti)
(A5)

Since η(V (x, s)) > 0, there exists lim
i→∞

sup
1

ϑ(ti)

Z ti

t0

Eη(V (x, s))ds > 0. Therefore, (A5) takes a contradic-

tion as can be seen from (2). Therefore, ρ(t) is lower bounded. By the proposition 2 in [8], we can draw a
conclusion that tn = +∞ and ρ(t) and

R t
0

Q(ρ(s))ρ̇(s)ds are bounded.

Consider indicator function�
Ib̄ = 1, Bt = {t : Q(ρ(t))ρ̇(t) > 0}

Ib̄ = 0, Bt = {t : Q(ρ(t))ρ̇(t) < 0}
and

�
Ib = −1, B̄t = {t : Q(ρ(t))ρ̇(t) 6 0}

Ib = 0, B̄t = {t : Q(ρ(t))ρ̇(t) > 0}

Then, we have Z t

0
Q(ρ(s))ρ̇(s)ds =

Z t

0
Ib̄Q(ρ(s))ρ̇(s)ds −

Z t

0
IbQ(ρ(s))ρ̇(s)ds (A6)

Because ρ(t) and
R t
0 Q(ρ(s))ρ̇(s)ds is bounded, we let ρ ∈ [ρ, ρ̄], in which ρ is lower bounded of ρ(t) and ρ̄ is

upper bounded of ρ(t). We have Z ρ̄

ρ
Q(ρ)dρ =

Z ρ̄

ρ
Ib̄Q(ρ)dρ −

Z ρ̄

ρ
IbQ(ρ)dρ (A7)
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Then we rewrite indicator function as�
Ib̄ = 1, Bt = {ρ : Q(ρ) > 0}

Ib̄ = 0, Bt = {ρ : Q(ρ) < 0}
and

�
Ib = −1, B̄t = {ρ : Q(ρ) 6 0}

Ib = 0, B̄t = {ρ : Q(ρ) > 0}

Since Q(ρ) is a smooth function, we divide [ρ, ρ̄] into n intervals: [ρ, ρ1], [ρ1, ρ2], · · · , [ρn−2, ρn−1], [ρn−1, ρ̄],

in each interval the values of function Q(ρ) are all positive or all negative by turns. We know that the number
of intervals n must exist. Without loss of generality, letting Q(ρ) > 0 for [ρ, ρ1] and Q(ρ) < 0 in [ρn−1, ρ̄] yieldsZ ρ̄

ρ
Q(ρ)dρ =(

Z ρ1

ρ
Q(ρ)dρ +

Z ρ3

ρ2

Q(ρ)dρ +

Z ρ5

ρ4

Q(ρ)dρ + · · · +

Z ρn−1

ρn−2

Q(ρ)dρ)−

(

Z ρ2

ρ1

Ib̄Q(ρ)dρ +

Z ρ4

ρ3

IbQ(ρ)dρ + · · · +

Z ρn−2

ρn−3

Ib̄Q(ρ)dρ +

Z ρ̄

ρn−1

IbQ(ρ)dρ) (A8)

From (A8), the result of integral in each interval is bounded. Therefore,
R ρ̄
ρ Ib̄Q(ρ)dρ and

R ρ̄
ρ IbQ(ρ)dρ are

bounded, which implies that:
R t
0 Ib̄Q(ρ(s))ρ̇(s)ds and

R t
0 IbQ(ρ(s))ρ̇(s)ds are bounded and monotonically in-

creasing. Substituting (A8) into (A2) yields:

V (x, t) 6 V (x0, 0) +

Z t

0
Ib̄Q(ρ(s))ρ̇(s)ds − (

Z t

0
IbQ(ρ(s))ρ̇(s)ds +

Z t

0
η(V (x, s))ds) +

Z t

0
Vx(x, s)h(x, s)dω(s)

According to Lemma 2, we have lim
t→∞

V (x, t) < ∞, lim
t→∞

(

Z t

0
IbQ(ρ(s))ρ̇(s)ds +

Z t

0
η(V (x, s))ds) < ∞,

lim
t→∞

Z t

0
η(V (x, s))ds < ∞. Because η(V (x, t) > 0, lim

t→∞
η(V (x, t)) = 0. The detail proof is in [10].

This completes the proof. �

Appendix B

Applying Young′s inequality xy 6
εp

p
|x|p +

1

qεq
|y|q, where ε > 0, p > 1 and q > 1, and (p − 1)(q − 1) = 1,

for (x, y) ∈ R2, we have

n−1X
i=1

z3
i fi(x̄i)zi+1 6

3

4

n−1X
i=1

υ
4/3
i z4

i +
1

4

nX
i=2

1

υ4
i−1

f4
i−1(x̄i−1)z

4
i (B1)

3

2

nX
i=1

z2
i

 
hi(x̄i) −

i−1X
l=1

∂αi−1

∂xl
hl(x̄l)

!T 
hi(x̄i) −

i−1X
l=1

∂αi−1

∂xl
hl(x̄l)

!
6

3

2
z4
nβT

nnβnn+

3z3
nβT

nn

n−1X
k=1

zkβnk +
3

2

n−1X
i=1

 
z4
i βT

iiβii + 2z3
i βT

ii

i−1X
k=1

zkβik

!
+

3

4
z4
n

0� rX
j=1

n−1X
k=1

n−1X
l=1

1

ε2
nkj

β2
nkjβ2

nlj

1A+

3

4

n−1X
i=1

z4
i

0� rX
j=1

i−1X
k=1

i−1X
l=1

1

ε2
ikl

β2
ikjβ2

ilj

1A+
3r

4

n−1X
i=1

z4
i

0� nX
k=i+1

k−1X
l=1

ε2
kil

1A (B2)

− λiθ̃
T
i θ̂i 6 −

1

2
λi‖θ̃i‖

2 +
1

2
λi‖θ

∗

i ‖
2 (B3)

− γη̃nη̂n 6 −
1

2
γ|η̃n|

2 +
1

2
γ|η∗

n|
2 (B4)

− ki1z4
i + ηiz

3
i 6

(4ki1/3)−1/3

4
η4

i 6
(4ki1/3)−1/3

4
η∗2

i (B5)

(B2) is directly cited from [4] with βik(x̄i) = ϕik −

i−1X
l=k

∂αi−1/∂xlϕlk, k = 1, · · · , i, βikj is the jth component

of vector βik, υi and ε2
kil are positive constants that can be chosen by the designer.


