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This paper presents an improved elastic net to identify relevant genes for cancer classification. By introducing the

data-driven weight coefficients, the improved elastic net can adaptively select genes in groups and reduce the shrinkage bias for the
coefficients of significant genes. Moreover, the irrelevant observations on the augmented dataset are removed and the computational
complexity is largely reduced. Experiment results on the acute leukaemia data are provided to verify the proposed method.
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Microarray technology provides a method for monitor-
ing the ribose nucleic acid (RNA) expression levels of many
thousands of genes simultaneously in primary tumors and
cell lines. Cancer classification based on microarray gene
expression data has attracted much attention in both ma-
chine learning and computational biology[lflg]. Due to the
high dimensionality and the small sample size, gene selec-
tion is an important issue for cancer classification and has
been extensively studied in the recent years*~131.

Among all of the classification methods, support vector
machine (SVM) has gained much popularity®=4, due to
its elegant margin interpretation and highly competitive
performance in practice. However, it cannot perform gene
selection automatically, thus its classification performance
depends on the external gene selection methods. As in-
dicated by the statistical learning theory!'®>~'5! superior
performance could be achieved by performing gene selec-
tion and prediction simultaneously. Following this idea,
some new learning machines have been developed, includ-
ing sparse logistic regression[5], 1-norm SVMm, lasso[M],
and so on. Although these methods have been successfully
applied to cancer classification and gene selection, they
could not reveal the mutual information among genes. By
using Bayesian marginalization, a novel sparse logistic re-
gression has also been proposed(®l. This method can elim-
inate the regularization parameter and hence work faster
without a significant effect on predictive performance. The
group lassol®~1 has been developed for selecting genes in
groups. However, this method needs to construct gene clus-
ters in advance.

As a new regularization and variable selection method,
the elastic net!*® can encourage a grouping effect, i.e.,
strongly correlated predictors tend to be selected in groups.
Since significant predictors may be highly correlated with
a few insignificant predictors, the elastic net would include
redundant genes into the fitted model. Hence, it is an im-
portant problem to further identify the significant genes
within the selected groups. To solve the elastic net, the
least angle regression (LARS) algorithm!'® should be pro-
ceeded on the augmented data including p+ n observations
and p predictors (p > n). Since p is very large in microar-
ray data set, the massive observations lead to huge compu-
tational load. From the computational point of view, it is
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also an important problem to remove the irrelevant obser-
vations in the augmented space. Furthermore, the elastic
net is essentially an improved lasso estimator and the lasso
shrinkage would produce biased estimates. Hence, it is an
interesting problem to reduce the bias for the coefficients
of significant genes.

In this paper, we attempt to develop an improved elastic
net to deal with the aforementioned problems. Since auto-
matic gene selection is achieved by shrinkage, introducing
the weight coefficients into the elastic net penalty will make
adaptive shrinkage and hence achieve adaptive gene selec-
tion. If each weight coefficient implies the contribution of
the corresponding gene to the classifier, then the first prob-
lem could be handled by this adaptive shrinkage. Note that
the dimension of the augmented space is determined by the
number of the elastic net coefficients penalized by 2-norm.
Hence, if some weight coefficients corresponding to insignif-
icant genes are made to be zero, the second problem would
be solved by this weighted 2-norm penalty. Furthermore,
according to the adaptive lasso[”], introducing the weight
coefficients into 1-norm penalty will reduce the shrinkage
bias for the coefficients of significant genes.

This paper is organized as follows. Section 1 gives a brief
description of the problem and background. The improved
elastic net is proposed and its corresponding properties are
studied in Section 2. Experimental results obtained on the
acute leukaemia data are presented in Section 3. Finally,
the work is summarized in Section 4.

1 Problem statement

Given n training pairs {(z;,y:),? = 1,2,--- ,n}, where
T, = [T, - ,xip]T is the input vector, and y; € [+1, —1]
indicates its class label, the classification problem is to
learn a discrimination rule f : R? — {+1,—1} so that
we can assign a class label to any new sample. For mi-
croarray gene expression data, x; represents the expression
levels of p genes of the i-th sample tissue and y; is the

tumor type. Let y = [y1,---,yn]T be the response and
X = [le;m;f; cee ,.’II;IL‘] = [.’1:(1>,:L‘(2>, oo 73’(;0)} be the model
matrix, where ;) = [21j, -+ ,Zns]", 5 = 1,-++,p repre-

sent the predictors. Suppose that the response is centred
and the predictors are standardized, i.e.,

Zyz-:U, ina‘=07 Zfﬂ?jzl (1)
i=1 i=1 =1

According to the usual linear regression model3~1% the
response ¥ is predicted by
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where
A p A
p=Xp=> bizy 2) B = argmin{ly” - X*B"|* + 118" 1)}
j=1

where 8 = [5’1, e ,BP]T is the vector of the estimated coef-
ficients. To address the binary classification problem using
the regression model, the classification function is defined
as I(g > 0.5), where I(-) is the indicator function. Our aim
is 2-fold: to predict the tumor type for a new sample and to
identify a small number of discriminatory biomarker genes.

A wide variety of learning machines have been applied
to microarray classification, including SVM, lasso, ridge re-
gression, boosting, logistic regression, elastic net, and so on.
According to the “loss + penalty” criterion, these learning
machines can be formulated into the following regularized
problem:

B(\) = arg min{L(y, /(@) + J(\. B)} (3)

where A is the regularization parameter that controls the
tradeoff between loss L(y, f(z)) and penalty J(A,B). It
should be noted that multiple regularization parameters
will be included in the model if multiple penalties are used
simultaneously. There are several typical loss functions,
e.g., hinge loss [1—y f(z)]+ = max{1—yf(z), 0}, squared er-
ror loss (y— f(x))?, exponential loss (boosting) e ¥/ @) neg-
ative binomial log-likelihood loss log(1 4 e~¥/®)). 1-norm
penalty and 2-norm penalty are widely used in build-
ing learning machines, e.g., standard SVM[374], 1-norm
SVMm, and lasso!'. The elastic net penalty is singular
(without first derivative) at 0 and it is strictly convex, thus
having the good characteristics of both 1-norm penalty and
2-norm penalty. Combining the elastic net penalty and the
squared error loss, Zou and Hasitie proposed the following
naive elastic net (NEN) estimator By *':

Brex = argmin{ly — XBI* + 22081 + MBI} (4)
and the elastic net (EN) estimator Bgy

BEN = (1 + AQ)BNEN (5)

where A2 > 0, A1 > 0 are the regularization parame-
ters, B> = plity B3 and |81 = ¥ _118;| represent the
2-norm penalty and 1-norm penalty, respectively. It should
be noted that the motivation for rescaling factor 1 + Ao
comes from decomposition of the ridge operator**l. As a
new regularization and variable selection method, the elas-
tic net and its extensions!''~'? have been successfully ap-
plied to cancer classification and gene selection. However,
as shown in the introduction, further study is necessary to
improve its learning performance, e.g, further identifying
the significant genes within the selected groups, removing
the irrelevant observations and reducing the bias for the
coefficients of significant genes.

In this paper, the following lemma is required.

Lemma 119, Given dataset (y, X) and (A1, \2), define
an artificial dataset (y*, X™) by

o _ 1 X X |y
(n+p)xp—m \//\72],3 ’ Yntp) = 0

Let v = A1/v/1+ A2 and B* = /T + X2B. Then, the elastic

net estimator is equivalent to the following lasso estimator

.BEN =(1+ /\2),BNEN =Vv1i+ )\2.3’k

2 Main results

2.1 Improved elastic net

Given the training set {(z:,y:)}i=1, we define the follow-
ing marginal regression estimator:

Z ijYi

X
B = 171172 =z(y (6)
> T35
=1

Since the magnitude of §; implies the contribution of gene
Jj to the classifier in some sense, |3;], j = 1,---,p can be
used to rank genes roughly. Without loss of generality, we
suppose that the predictors z(1),Z(2), - ,T(p) are ordered
such that their corresponding coefficients of the marginal
regression satisfy |31] > [B2] > --- > |3p| > 0. For simplic-
ity, we still let X denote the transformed model matrix.
Let m be the maximal index j satisfying {j : |8, > 4},
where 6 > 0 is a given threshold value. According to this
rough gene ranking criterion, we construct the following
data-driven weight coefficients and matrices:

w; =187, J=12,---,p
Wo = diag{v/w1, -, Vwm}

Wi = [Wo, 0mx (p—m) I mxp

W = diag{w1,---

y Wmy = 7wp}

By introducing the weight matrices W7 and W to the elas-
tic net penalty, we propose the following adaptive elastic
net penalty:

Aol [WABI1° + M W8 (7)

where Ay > 0, Ao > 0, [WiB]* = X7 w33, W[l =
25—y w;|Bi|. The adaptive elastic net penalty is a con-
vex combination of the weighted 1-norm penalty and the
weighted 2-norm penalty. The weight coefficients wj, j =
1,---,p, can be regarded as leverage factors, which adap-
tively control the shrinkage of the coefficients by evaluating
the gene ranking significance. Applying the adaptive elas-
tic net penalty to the squared error loss, we propose the

improved elastic net (IEN) estimator Bigyn

BIEN = (1 + >\2),3 (8)
where

B= argmin [y — XBI* + A2 WaBII* + MlIWBIL (9)

Given dataset (y, X) and (A1, A2), we define another artifi-

cial dataset (y, X) by

X(ntm)xp = { VaeW } v Ymtm) = { 0 } (10)

Similar to Lemma 1, the estimator [3 is equivalent to the
following adaptive lasso estimator:

ﬁ:argmﬁiHHQ—XﬁHQ+)\1\|Wﬁ”1 (11)
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Define an auxiliary lasso (AUL) estimator by
Bave :argnl}i*nﬂg—)_(ﬁ*HQ + A1]B%]1x (12)

where X = XW ™! and B* = Wp. Using (8), (11), and
(12), the improved elastic net estimator can be further
rewritten as the rescaling lasso estimator

IBIEN = (1 + >\2)W71,BAUL (13)

Remark 1. The adaptive elastic net penalty is moti-
vated by the idea of adaptive shrinkagem]. The adaptive
1-norm penalty would eliminate the coefficients of unimpor-
tant genes from the model more easily by imposing large
penalties on them, and reduce the shrinkage bias of the co-
efficients of important ones by imposing small penalties on
them. The rationale behind the weighted 2-norm penalty is
to remove the irrelevant observations from the augmented
model by evaluating the gene ranking significance.

2.2 Adaptive grouping effect

In the “large p, small n” problem, the grouped vari-
ables situation is a particularly important concern!® =13l
Qualitatively speaking, a regression method exhibits the
grouping effect if the regression coefficients of a group of

highly correlated variables tend to be equal (up to change
of sign if negatively correlated)®. If 3;enBien > 0 holds
for 1 < 4,1 < p, then the elastic net estimator By satisfies

o A 1+ A
Byen — x| < WA E22) o=y 1y
2
where p = '»'?(1;)’-’?(1) = > " | @ijzy represents the correla-

tion between predictors z(;) and x(;). This implies that
the elastic net can encourage a grouping effect, i.e., gen-
erating similar coefficients for highly correlated variables.
Note that significant predictors may be highly correlated
with a few insignificant ones. Hence, the redundant noise
(the correlated and irrelevant predictors) may be included
in the fitted model. In contrast, the improved elastic net
can encourage an adaptive grouping effect and therefore
overcome this disadvantage.

Theorem 1. Suppose that the response y is centred, the
predictors z(;), j = 1,--- ,p are standardized, and By is
the solution of the improved elastic net (8). If |3;] > 6,
|ﬁl| > 6, and BjIENBlIEN > 0 hold for 1 < j,1 < p, then

|BjIEN - ﬂAlIEN‘ < W\/ 1=py/ BJQ + 512 (15)

where p =" wijzq and v = 2|86/ (55 + B7).
Proof. Let

L\, A2,8) = lly — XBII* + A2 WaB|I* + M [[WB|1 (16)

Note that (9) is an unconstrained convex optimization
problem. Hence, the subgradient of the objective function
(16) with respect to B satisfies

ai(Alz)‘27ﬁ)

95, T 0, Br#0 (17)

For |3;| > 4, it follows from (17) that

—2205)(y — XB) + 20w, B; + Mw;sgn(B;) =0 (18)

Note that w; = |3;]~* > 0. Hence, (18) is equivalent to

b=+ [ija)@ - xB) - Ag;l(ﬁ)} (19)

Analogously, it can be easily obtained that

Angn(Bl):| (20)

o= - xp) - 2%

Note that BjIEN,@lIEN > 0 and ,[}IEN =(1 +)\2),3. Hence, we
have sgn(3;) = sgn(f;). Subtracting (20) from (19) gives
P 1 - ~ 5
Bi =B = 3o (Biwy — Bimly)y — XB) (1)
From (9) and (16), we have
ly = XBI* < LA, 22, 8) < LA, ho, 8= 0) = |y
Thus,

ly — X8I < llyl (22)

Since the predictors (), = 1,--- ,p are standardized, it
can be easily obtained that

1G58y — Bty | <\/B2 + 57 — 28,0 w0 =

N (23)
\/ B+ B2V 1 =p
From (21) ~ (23), we have
P Vi ———
|6 — 61 = ||y\|>\72w 5]2 + 57 (24)
Substituting (8) into (24) yields (15). O

According to the inequality of arithmetic and geometric
means, v = 1 if and only if |3;| = |3]. From Theorem 1,
the improved elastic net will assign similar coefficients to
the predictors if p = 1 and |8;| = |5;| > . For a group of
highly correlated genes, only the genes sharing the similar
ranking significance are included in the model. This implies
that the improved elastic net can control the size of the se-
lected groups by evaluating the gene ranking significance
and therefore automatically identify the significant genes
within each group. Hence, we claim that the improved
elastic net exhibits an adaptive grouping effect. The upper
bound in the inequality (15) provides a quantitative de-
scription for the adaptive grouping effect. We are not sure
whether the insignificant genes (|3;] < §) would be selected
or removed in groups. Fortunately, the coefficients of the
insignificant genes will be shrunk to zero quickly due to the
large 1-norm penalty.

2.3 Computation and parameter tuning

Note that the elastic net estimator is equivalent to a
lasso estimator on the augmented dataset. Hence, some
popular algorithms, such as lasso, forward stagewise, and
LARS, can be efficiently used to create the piecewise linear
solution path with respect to regularization parameter ;.
Unfortunately, these popular algorithms cannot be used to
solve the improved elastic net directly. In the following, we
develop a two-step strategy.

To start the algorithm, we fix the regularization param-
eter A2, solve the initial marginal regression estimator g
and further determine the weight coefficients w; = |5;|™",
j=1,---,p. In the first step, we solve the auxiliary lasso
estimates BAUL in (12). To take advantage of the sparse
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structure of X, we use the LARS-EN algorithm[w] for re-
ducing the calculated amount. In the second step, we solve
the improved elastic net by scaling the auxiliary estimator
with (14 X2)W ™. Note that the improved elastic net can
automatically discard irrelevant genes by shrinking their
coefficients to be zero. Hence, gene selection is to extract
the non-zero coefficients and to determine their correspond-
ing genes. In our experiments, the simulation programs are
written by R, the function “as.character” is used to create
and test gene character, and function “coef” is used to ex-
tract model coeflicients.

The improved elastic net involves two tuning parameters
A1 and A2. Cross-validation on a two-dimensional surface
would be computationally prohibitive or time-consuming.
Note that one of the main reasons for introducing the
2-norm penalty in the improved elastic net is to achieve
grouping effect. Hence, A2 must be greater than zero. Also,
note that the grouping effect cannot be distinctly improved
even though A2 — oco. Hence, the magnitude of A2 does not
contribute much to the grouping effect. It is reasonable
to pre-specify Aa. For the fixed A2, we create the entire
solution path using the aforementioned two-step strategy
and select the optimal regularization A1 by tenfold cross-
validation. Since the whole computational cost is the same
as 10 ordinary least squares fits, the parameter tuning for
the improved elastic net is computational thrifty.

The algorithm that solves the improved elastic net pro-
ceeds as follows.

Step 1. Select A2 and § in advance, calculate the initial
marginal regression estimator 8 and the weight coefficients
w; = ‘/BJ'|_1’ .] = 1727"' yD-

Step 2. Input the weight matrices Wo, W1, W, and the
artificial dataset (g, X).

Step 3. Calculate the virtual auxiliary estimator 8,y
net by LARS-EN algorithm.

Step 4. Produce the solution paths of the improved
elastic net by scaling virtual auxiliary estimator with (1 +
Ao ) W= L

Step 5. Select fraction (or A1) by cross-validation.

Step 6. Extract the non-zero coefficients and determine
their corresponding genes.

Remark 2. The elastic net has p+n observations and p
predictors on the augmented dataset. Since p is very large
for the microarray dataset, the massive observations would
slow down the computation considerably. For the improved
elastic net, the massive irrelevant observations are removed
and only the most relevant n+m observations are included
in the fitted model on the augmented dataset. In general,
m would be much smaller than p by setting appropriate
threshold value §. Hence, the computational complexity
will be greatly reduced.

3 Experiments on leukaemia data

The aim of the leukaemia benchmark™ is to form a de-
cision rule capable of distinguishing between acute myeloid
leukaemia (AML) and acute lymphoblastic leukaemia
(ALL). The data describe the expression of 7129 genes in 47
ALL samples and 25 AML samples. In the original training
dataset, there are 27 ALL samples and 11 AML samples.
The remaining 34 samples are used to test the prediction
accuracy of the diagnostic rule. To address the binary clas-
sification problem using the improved elastic net, the type
of leukaemia is coded as a 0-1 response and the classification
function is defined as I(§ > 0.5). Using the pre-processing

step!!], the 3571 most significant genes are selected to make

the computation more manageable.

In the first experiment, we compare the improved elastic
net coefficient paths with the elastic net coefficient paths.
For the sake of contrast, we use the number of the LARS-
EN step k as the tuning parameter. Fig.1 displays the elas-
tic net coefficient paths corresponding to genes X95735_at
and X04085_rnal_al. Fig.2 displays the improved elas-
tic net coefficient paths for the same two genes. It is
shown that the improved elastic net coefficient for gene
X95735_at is prominently larger than the elastic net coef-
ficient after 53-rd step. Meanwhile, the coefficient for gene
X04085_rnal_al shows the similar property after 43-rd
step. This means that the improved elastic net can largely
reduce the shrinkage bias for the coefficients of significant
genes.

— X95735_at
- - X04085_rnal _at

Coefficients
f=
[
[=X}

60 80 100
Step

Fig.1 The elastic net coefficient paths for genes X95735_at

and X04085_rnal_al

012 F
010 \
0.08 |-
2 —X95735_at
§ 0061 - - X04085_rnal_at
k=)
g -~
© 0o04] -l
0.02
0.00
0 20 40 60 80 100
Step
Fig.2 The improved elastic net coefficient paths for genes

X95735_at and X04085_rnal_al

In the second experiment, we compute the 10-fold cross-
validated (CV) mean squared prediction error for the im-
proved elastic net. The fraction of the maximal 1-norm of
the coefficient vector, denoted by fraction, is used as the
tuning parameter, and the cross-validated prediction error
curve at each value of fraction is displayed in Fig.3. It is
shown that the optimal model (i.e., the model with mini-
mum CV prediction error) is given when fraction is selected
in the interval [0.76, 0.81]. Fig.3 also shows that the CV
prediction error will markedly increase with the increase
of fraction when fraction is greater than 0.97. Note that
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the bigger fraction (corresponding to the smaller A1) means
weaker 1-norm penalty which can automatically select more
genes by shrinking less number of coefficients to zero!*>~ 161,
Hence, selecting more genes beyond a certain number will
cause worse generalization ability. The improved elastic
net could successfully avoid the phenomenon by selecting
proper tuning parameter.

015

g
54
g o0t
S
:
2
(=9
=
[}
g
& 005
>
@]
000 B 1 1 1 1 1 1
0.0 0.2 0.4 0.6 0.8 1.0

Fraction

Fig.3 The 10-fold cross-validated mean squared prediction
error for the improved elastic net

In the third experiment, we compare the improved elas-
tic net with several existing methods and the classification
results via the original separation approach are summarized
in Table 1. In Golub’s method, a certain number of genes
are selected by the ranking criterion!). For support vec-
tor machine-recursive feature elimination (SVM-RFE), the
linear kernel function K (z;,x;) = x, «; and the parameter
C = 100 are used to construct SVMM. For the elastic net,
parameters A2 = 0.01 and K = 82 are used to build the
optimal model’®l. For the improved elastic net, parame-
ters A2 = 0.01 and fraction = 0.75 are used. Table 1 shows
that both the elastic net and the improved elastic net give
the best test error. Automatic gene selection and proper
parameter tuning contribute much to the success of these
two methods. Although the improved elastic net selects
less number of genes than the elastic net, the improvement
is not obvious. Next, we focus on comparing with these
two methods in the randomly-splitting experiment.

Table 1 Classification results on the leukaemia data via
original separation approach
Method Test Method of Number of
error gene selection selected genes

Golub 4/34 Gene ranking 50
SVM-RFE 1/34 RFE 31
Elastic net 0/34 Shrinkage 45
Improved elastic net 0/34 Adaptive shrinkage 42

In the fourth experiment, we test the prediction error
using a randomly-splitting approach: the original training
and testing data are combined together and we randomly
split it into 38 and 34 samples for training and testing,
respectively. The entire process is repeated 20 times and
the results are summarized in Table 2. It is shown that
the improved elastic net selects significantly less number of
genes and achieves much lower averaged test error than the
elastic net. Table 3 lists the top five genes and the selected

frequency in experiments. Since these genes have been fre-
quently selected using different training and testing data,
they are believed to be highly relevant to the leukaemia.
The adaptive grouping effect contributes much to the im-
proved performance.

Table 2 Classification results on the leukaemia data via
randomly-splitting approach

Method Test error (%) Number of selected genes
Elastic net 2.06 58.5
Improved elastic net 1.18 51.0

Table 3 Some genes selected by the improved elastic net via
randomly-splitting approach

Gene 1D Gene description Selected
frequency
CST3 Cystatin C (amyloid 20/20
M27891_at angiopathy and cerebral
hemorrhage)
X95735_at Zyxin 20/20
MHC-encoded proteasome
gene LAMP7-E1 gene (proteasome
714982 _rnal_at subunit LMP7) extracted from
subunit H.sapiens gene for major 20/20
histocompatibility complex
encoded proteasome subunit LMP7
Catalase (EC 1.11.1.6) 5
flank and 1 i
X04085_ rnal_at an and exon & mapping 19/20
to chromosome 11, band
pl3 (and joined CDS)
X63753_at SON DNA binding protein 18/20

4 Conclusions

In this paper, an improved elastic net for simultaneous
cancer classification and gene selection has been proposed.
It is shown that the improved elastic net can perform auto-
matic gene selection and encourages an adaptive grouping
effect. As a regularized method, the adaptive gene selec-
tion would further contribute to the reliable classifier and
the improved prediction accuracy of cancer classification.
Furthermore, the improve elastic net can also remove the
irrelevant observations on the augmented data and hence
reduce the computational complexity.

Although the improved elastic net can reduce the shrink-
age bias for the coefficients of significant genes, it may not
achieve consistent variable selection. For the case p < n,
the error analysis for SVM soft margin classifiers!'®~'*! and
the regression problemm] have been presented. A future
research direction is to extend these results to the improved
elastic net. In addition, gene selection and model building
will benefit from the cluster structure in gene expression
data if they are available. Hence, introducing the available
cluster structure to the improved elastic net will be another
future topic of research.
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