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Estimating the Delay-time for

the Stability of Markovian

Jump Bilinear Systems with

Saturating Actuators
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Abstract This paper is concerned with the stochastic stabiliz-
ability problem of time-delay Markovian jump bilinear systems
with saturating actuators. Sufficient conditions for local expo-
nential stochastic stability of the delay-free systems with mem-
oryless state feedback control are given, and an upperbound of
time delay is provided such that the delayed system retains its
stochastic stabilizability if the corresponding delay-free system
is stochastic stabilizable. A numerical example is provided to
demonstrate the effectiveness of the proposed approach.
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In recent years, stabilization of bilinear systems has re-
ceived attention of many researchers due to the fact that
many important physical processes can be appropriately
described by the bilinear models[1−3]. Moreover, the ex-
tended problem of time-varying delays and saturating ac-
tuators for bilinear systems have also been preliminarily
investigated[4−5]. It is well known that the designed stabi-
lization control without considering the saturation cannot,
in general, guarantee the stability of the closed-loop sys-
tem, and the existing time delays may degrade the control
performance and even destabilize the system[6−8].

However, Markovian jump systems have also received
much attention[9−15]. The system is described by a set
of time-delayed linear systems with the transitions among
models determined by a Markov chain in a finite mode
set. The robust exponential stabilization problem was in-
vestigated for a class of uncertain Markovian jump sys-
tems with input delay in [10], where memory controllers
were designed to obtain less conservative results. How-
ever, when bilinear model is combined into the Markovian
jump system with input delay, the traditional reduction
method encounter great difficulty in reducing the bilinear
term Σm

j=1Sat(uj(t − τ (t)))Njx(t) to an equivalent input-
delay-free term. When memoryless controller is employed
in such systems, it is easy to see that the past information
of the jumping parameters are included in corresponding
closed-loop system. This is, the system states are driven
by both current and past operation modes. The actual con-
trol gain in the closed loop systems may be quite different
from the desired one due to the input delay. This difference
is not predictable because of the random jumping and can
be harmful to the system′s stability. Saturation control is a
promising technique to limit such potential negative effects,
although it may yield conservative results.

In this paper, stability analysis and saturated memory-
less controllers design problems are investigated for a class
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of Markovian jump bilinear systems with both state and
input delays. First, we estimate the stochastic stability
region for the delay-free bilinear systems under the memo-
ryless saturated state feedback control. By the stochastic
Lyapunov direct method, the sufficient conditions for lo-
cal stochastic exponential stability of the delay-free sys-
tems with memoryless state feedback control are given.
Then, based on the stability margin of delay compensation
method in [16], an upperbound of acceptable delay will be
given, under which the delay-free system′s stochastic sta-
bilizability ensures the stochastic stabilizability of the cor-
responding delayed one.

1 Problem formulation and preliminaries

Consider the following class of time-delayed Markovian
jump bilinear systems with saturating actuators:






ẋ(t) = A1(rt)x(t) + A2(rt)x(t − τ (t)) +
B(rt)Sat(u(t − τ (t))) +
m∑

j=1

Sat(uj(t − τ (t)))Nj(rt)x(t)

x(s) = ϕ(s), rs = r0, s ∈ [−2µ̄, 0]

(1)

where x(t) ∈ Rn and u(t) ∈ Rm are the system states and
inputs, respectively, uj(t), j = 1, · · · , m is the j-th compo-
nent of u(t), ϕ(t) ∈ Rn is a continuous vector-valued initial
function, and rt is the parameter of Markovian jumping at
time t; for each region of rt, A1(rt), A2(rt), B(rt), and
Nj(rt), j = 1, · · · , m are known real constant matrices of
appropriate dimensions. τ (t) is the time-varying delay sat-
isfying

τ (t) ≤ µ̄, τ̇(t) ≤ h̄ < 1 (2)

and, µ̄ and h̄ are real constant scalars.
The saturating function Sat(u(t)) is defined as follows:

Sat(u(t)) =
[

Sat(u1(t)) · · · Sat(um(t))
]T

(3)

Sat(uj(t)) =






−Uj , if uj(t) ≤ −Uj

uj(t), if − Uj < uj(t) < Uj

Uj , if uj(t) ≥ Uj

(4)

where Uj > 0, j = 1, · · · , m are known real constants
representing the upperbounds of the control.

For the stochastic systems under study, the following
assumption is in order.

Assumption 1. The Markovian jumping parameter,
rt, is a right-continuous Markov process and takes values
in the finite set S = {1, 2, · · · , N}, defined by

P{rt+∆ = j|rt = i} =
{ qij∆ + o(∆), i 6= j

1 + qii∆ + o(∆), i = j

where ∆ > 0, lim∆→0 o(∆)/∆ = 0, qij is the transition rate
from i to j, and

qii = −
∑

j 6=i

qij , qij ≥ 0, j 6= i (5)

Note that {(x(t), rt), t ≥ 0} is non-Markovian because of
the existence of τ (t). To transform (1) into the framework
of Markovian systems, we define a process {(xt, rt), t ≥ 0)}
taking values in C0 as follows

xt = {x(t + θ) | −µ̄ ≤ θ ≤ 0}

where C0 =
⋃

i∈S C[−µ̄, 0] × {i}, and C[−µ̄, 0] represents
the space of continuous functions on interval [−µ̄, 0]. Then,



No. 5 KANG Yu et al.: Estimating the Delay-time for the Stability of · · · 763

similar to [12], we can verify that {(xt, rt), t ≥ 0)} is a
strong Markov process with state space C0.

Take the memoryless state feedback control

u(t) = K(rt)x(t) (6)

then the corresponding closed-loop system becomes

ẋ(t) =A1(rt)x(t) + A2(rt)x(t − τ (t)) +

B(rt)Sat(K(rt−τ(t))x(t − τ (t))) +
m∑

j=1

Sat(uj(K(rt−τ(t))x(t − τ (t))))Nj(rt)x(t) (7)

Remark 1. Different from the common Markovian
jumping systems, the closed-loop system is now actually
driven by both the current mode rt and the past operation
mode rt−τ(t). This dual-mode driving phenomenon obvi-
ously affects the systems′ stability and will be handled in
the sequel.

In this paper, we consider the upperbound of the delayed
parameter, τ∗, such that the asymptotic stability of the
system

ẋ(t) = [A1(rt) + A2(rt)]x(t) + B(rt)Sat(u(t)) +
m∑

j=1

Sat(uj(t))Nj(rt)x(t) (8)

ensures the asymptotic stability of the corresponding de-
layed system (1) for any 0 < τ (t) < τ∗ under the memory-
less state feedback control (6).

For simplicity, in the sequel, let Mi(t) denote the corre-
sponding matrix M(rt, t), for each rt = i, i ∈ S , and we
assume that the initial time t0 is 0 and r0 is deterministic.

2 Stochastic stabilizability of jump bilin-
ear systems without delays

In this section, we consider the stochastic stabilizability
of jump bilinear saturated systems (8). Using memoryless
state feedback control law (6), the closed-loop system be-
comes:

ẋ(t) = [A1(rt) + A2(rt) + B(rt)K(rt)]x(t) +

B(rt)∆u(t) +
m∑

j=1

Sat(uj(t))Nj(rt)x(t) (9)

where
∆u(t) = Sat(u(t)) − u(t)

To prove the main results, the following lemmas are re-
quired.

Lemma 1[8]. Let kj(rt) denote the j-th row of the
control gain matrix K(rt), and

M1(rt, ρ) =





m∑
j=1

(1 −
Uj

||kj(rt)||ρ
)2kT

j (rt)kj(rt),

if ||kj(rt)||ρ > Uj

0, otherwise

(10)

M2(rt, ρ) =





m∑
j=1

(
ρ

4Uj

kT
j (rt)kj(rt))

2, if ||kj(rt)||ρ > Uj

0, otherwise
(11)

Then, for ∀ x(t) ∈ B(ρ), we have

∆uT(t)∆u(t) ≤

min
{

xT(t)M1(rt, ρ)x(t), xT(t)M2(rt, ρ)x(t)
}

=

xT(t)W (rt, ρ)x(t) (12)

where B(ρ) = {x ∈ Rn : ||x|| ≤ ρ}.

Lemma 2[17]. For any constant positive-definite sym-
metric matrix M ∈ Rn×n, M = MT > 0, scalar τ > 0, and
vector function x : [0, τ ] → Rn such that the integrations
in the following are well defined, we have
(∫ τ

0

x(s)ds

)T

M

(∫ τ

0

x(s)ds

)
≤ τ

∫ τ

0

xT(s)Mx(s)ds

We can obtain the following theorem.
Theorem 1. Consider the system (8), if there exist

symmetric positive definite matrices Qi, i ∈ S with scalar
γ > 0 such that the following coupled equations

ÃT
i Pi+PiÃi+

1

γ
PiBiB

T
i Pi+γWi(ρ)+

N∑

j=1

qijPj + Qi = 0

(13)

have positive definite solutions Pi > 0, and if

λmin(Qi) − 2
m∑

j=1

Uj ||PiNji|| > 0 (14)

where Ãi = A1i + A2i + BiKi.
Let

κ =

√√√√√
min
i∈S

{λmin(Pi)}

max
i∈S

{λmax(Pi)}

then the closed-loop system is exponentially stabilizable
under the memoryless state feedback control (6) for the
initial state x(0) ∈ B(κρ).

Proof. Consider the following Lyapunov function can-
didate:

V (x(t), rt) = xT(t)P (rt)x(t) (15)

From the definition of infinitesimal generator, L , in [9],
for each rt = i, i ∈ S , we have

L V (x(t), i) =

xT(t)

(
ÃT

i Pi + PiÃi +
N∑

j=1

qijPj

)
x(t) +

xT(t)PiBi∆u(t) + ∆uT(t)BT
i Pix(t) +

xT(t)
m∑

j=1

Sat(uj(t))PiNjix(t) +

xT(t)

m∑

j=1

Sat(uj(t))N
T
jiPix(t)

From Lemma 1, for any given γ > 0, we can obtain

L V (x(t), i) ≤

xT(t)

[
ÃT

i Pi+PiÃi +
N∑

j=1

qijPj+
1

γ
PiBiB

T
i Pi

]
x(t)+

xT(t)

[
γWi(ρ) + 2

m∑

j=1

Sat(uj(t))PiNji

]
x(t)
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Using (13), it follows

L V (x(t), i) ≤ −

(
λmin(Qi) − 2

m∑

j=1

Uj ||PiNji||

)
||x(t)||2

(16)

From (14), it follows that there exists a positive scalar β > 0
such that

β = min
i∈S

[λmin(Qi) − 2
m∑

j=1

Uj ||PiNji||]

L V (x(t), i) ≤ −β||x(t)||2

For any positive scalar α, and ∀i ∈ S

L [eαtV (x(t), i) ≤ [−β + αη]eαt||x(t)||2

where η = maxi∈S{λmax(Pi)}. Obviously, we could always
choose α such that αη ≤ β.

Using the Dynkin′s formula, we can obtain

E{V (x(t),i)eαt} ≤ V (x0, r0) +
∫ t

0

[−β + αη]eαs||x(s)||2ds ≤ V (x0, r0)

Taking γ = mini∈S{λmin(Pi)}, we have

E{||x(t)||2} ≤ γ−1V (x0, r0)e
−αt

Up to now, we have shown that memoryless state feedback
control law (6) together with conditions (13) and (14) guar-
antees the exponential stability of the system (8) in mean
square.

min
i∈S

{λmin(Pi)}||x(t)||2 ≤ V (x(t), rt, t) ≤

max
i∈S

{λmax(Pi)}||x(0)||2

Then, we have

||x(t)|| ≤

√√√√√
max
i∈S

{λmax(Pi)}

min
i∈S

{λmin(Pi)}
||x(0)|| = κ−1||x(0)||

So, the initial condition x(0) ∈ B(κρ) ensures that the
trajectory of any system solution x(t) lies in the set B(ρ). �

3 Stochastic stabilizability of time-delay
systems with the memoryless state-
feedback control

In this section, we consider the upperbound of the de-
layed parameter, τ∗, such that the stochastic stabilizability
of system (8) ensures the stochastic stabilizability of the
corresponding delayed system (1) for any 0 < τ (t) < τ∗.

Theorem 2. Assume that system (8) is exponentially
stabilizable under the memoryless state feedback control
(6) with conditions (13) and (14); then, for all τ (t) < τ∗,

τ∗ =
λmin

i∈S

(γWi(ρ) + Qi) − 2Γ1i,r −
γ

1 − h̄
λmax

i∈S

Wi(ρ)

2max
i∈S

||Pi(A2i + BiKi)||
√

2(Γ2i,r + Γ3i,r)

(17)

where

Γ1i,r = max
i∈S

m∑
j=1

Uj ||PiNji|| + max
i,r∈S

√
‖PiBi(Kr − Ki)‖

2

1 − h̄

Γ2i,r = max
i∈S

(||A1i||+
m∑

j=1

Uj ||Nji||)
2

Γ3i,r =

2 max
i,r∈S

(||A2i + BiKr||
2 + ||Bi||

2λmaxWr(ρ))

1 − h̄
the closed loop system (1) is exponentially stabilizable un-
der the memoryless state feedback control (6) for the initial
state x0 ∈ B(κρ).

Proof. Consider the following Lyapunov function can-
didate:

V (x(t), rt, t) = xT(t)P (rt)x(t) (18)

From the definition of infinitesimal generator, L , in [9],
together with conditions (13) and (14), for any scalar β >
0, and for each rt = i, rt−τ(t) = r, i, r ∈ S we have

L [eβtV (x(t), i, t)] ≤ βeβtxT(t)Pix(t) +

eβtxT(t)[−γWi(ρ) − Qi]x(t) +

2eβtxT(t)PiB̄i[x(t − τ (t)) − x(t)] +

γeβtxT(t − τ (t))Wr(ρ)x(t− τ (t)) +

2eβtxT(t)PiBi[Kr − Ki]x(t − τ (t)) +

2eβtxT(t)Pi

m∑

j=1

Sat(uj(t − τ (t)))Njix(t) (19)

where B̄i = A2i + BiKi.
Using the Dynkin′s formula, we have

E
{
eβT V (x(T ), rT , T ) |x(0), r0, 0

}
≤

V (x(0), r0, 0) + MirE

{∫ T

0

eβs||x(s − τ (s))||2ds

}
+

[
βλmax

i∈S

(Pi) − λmin
i∈S

(γWi(ρ) + Qi) + a1 + a2+

2max
i∈S

m∑

j=1

Uj ||PiNji||

]
E

{∫ T

0

eβs||x(s)||2ds

}
+

max
i∈S

||PiB̄i||
2

a1
E

{∫ T

0

eβs||x(s) − x(s − τ (s))||2ds

}

(20)

where Mir =
max

i,r∈S
||PiBi(Kr−Ki)||

2

a2
+γλmax

i∈S

Wi(ρ), and a1, a2

are any positive scalars to be designed.
Now, for any τ (t) ≤ τmax ≤ T,

E

{∫ T

0

eβs||x(s) − x(s − τ (s))||2ds

}
=

E

{∫ T

0

eβs||

∫ s

s−τ(s)

[B(rv)∆u(v − τ (v)) +

B̃(rv, rv−τ(v))x(v − τ (v)) + A1(rv)x(v) +

m∑

j=1

Sat(uj(v − τ (v)))Nj(rv)x(v)]dv||2ds

}
(21)

where B̃(rv, rv−τ(v)) = A2(rv) + B(rv)K(rv−τ(v)). By
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Lemma 2, we have

E

{∫ T

0

eβs||x(s) − x(s − τ (s))||2ds

}
≤

2τmax max
i∈S

||Ao
i ||

2E

{∫ T

0

eβs

∫ s

s−τmax

||x(v)||2dvds

}
+

2τmax max
i,r∈S

||Bo
ir ||

2×

E

{∫ T

0

eβs

∫ s

s−τmax

||x(v − τ (v))||2dvds

}

where

||Ao
i ||

2 =

[
||A1i|| +

m∑

j=1

Uj ||Nji||

]2

||Bo
ir ||

2 = 2
[
||B̃ir||

2 + ||Bi||
2λmaxWr(ρ)

]

Letting θ = v − τ (v), we have

∫ T

0

∫ s

s−τmax

‖x(v)‖2eβsdvds ≤

a3 +
eβτmax − 1

β

∫ T

0

‖x(v)‖2eβvdv (22)

and
∫ T

0

eβs

∫ s

s−τmax

‖x(v − τ (v))‖2dvds ≤

a4 +
e2βτmax − eβτmax

β(1 − h̄)

∫ T

0

‖x(θ)‖2eβθdθ (23)

where

a3 =
eβτmax − 1

β

∫ 0

−τmax

‖x(v)‖2eβvdv

a4 =
eβτmax − 1

β(1 − h̄)

∫ 0

−2τmax

‖x(θ)‖2eβ(θ+τmax)dθ

Substituting (21)∼ (23) into (20), we get the following
results

E
{
eβT V (x(T ), rt, T ) |x(0), r0, 0

}
≤

V (x(0), r0, 0) + a5 + a6E

{∫ T

0

||x(s)||2eβsds

}
+

2τmax max
i∈S

[||PiB̄i||
2(a3 max

i∈S
||Ao

i ||
2 + a4 max

i,r∈S
||Bo

ir ||
2)]

a1

where

a5 = Mir

eβτmax

(1 − h̄)

∫ 0

−τmax

‖x(θ)‖2eβθdθ

a6 = βλmax
i∈S

(Pi) − λmin
i∈S

(γWi(ρ) + Qi) +

2max
i∈S

||PiB̄i||
2τmax

a1
×

eβτmax − 1

β

[
max
i∈S

||Ao
i ||

2 +
eβτmax

1 − h̄
max
i,r∈S

||Bo
ir||

2

]
+

Mir

eβτmax

(1 − h̄)
+ a1 + a2 + 2max

i∈S

m∑

j=1

Uj ||PiNji||

It is easy to see that

a∗
1 = arg min

a1∈R+
a6 =

√

2max
i∈S

||PiB̄i||2τmax
eβτmax − 1

β
×

√

max
i∈S

||Ao
i ||

2 +
eβτmax

1 − h̄
max
i,r∈S

||Bo
ir||

2

a∗
2 = arg min

a2∈R+
a6 =

√√√√max
i,r∈S

‖PiBi(Kr − Ki)‖2eβτmax

1 − h̄

and if the following inequality is satisfied

λmin
i∈S

(γWi(ρ) + Qi) >

2

√

2τ 2
max

[
max
i∈S

||PiB̄i||2(max
i∈S

||Ao
i ||

2+
1

1 − h̄
max
i,r∈S

||Bo
ir||

2)

]
+

2

√√√√max
i,r∈S

‖PiBi(Kr − Ki)‖2

1 − h̄
+ 2max

i∈S

m∑

j=1

Uj ||PiNji||+

γ

1 − h̄
λmax

i∈S

Wi(ρ) (24)

one can always choose β > 0 such that a6 = 0, and

E
{

eβT V (x(T ), rt, T ) |x(0), r0, 0
}
≤

2max
i∈S

||PiB̄i||
2τmax

a∗
1

(a3 max
i∈S

||Ao
i ||

2 + a4 max
i,r∈S

||Bo
ir ||

2) +

V (x(0), r0, 0) + a5

which means, for all T > τmax,

E
{
‖x(t)‖2} ≤



2max

i∈S
||PiB̄i||

2τmax

a∗
1

(a3 max
i∈S

||Ao
i ||

2 + a4 max
i,r∈S

||Bo
ir||

2) +

V (x(0), r0, 0) + a5

]
λ−1

min
i∈S

(Pi)e
−βt

From condition (24), we can obtain the upperbound of
the delayed parameter, τ∗, such that the stochastic stabil-
ity of ordinary delay-free system (8) ensures the stochastic
stability of the corresponding delayed system (1). The up-
perbound τ∗ can be expressed as (17). �

Remark 2. Since the delayed bilinear systems suffer
from input saturation and are driven by two modes, there

are three negative terms, λmin
i∈S

(γWi(ρ))−
γ

1 − h̄
λmax

i∈S

Wi(ρ),

−2max
i∈S

m∑
j=1

Uj ||PiNji||, and −2 max
i,r∈S

√
‖PiBi(Kr − Ki)‖

2

1 − h̄
in (17). The first term comes from control saturation, the
second one from bilinearity, and the third one from con-
trol gain mismatching due to the input delay. These terms
narrow the range of acceptable delay.

4 Simulation

Consider a time-delayed uncertain jump linear system
(1) in R2 with two regimes rt ∈ S = {1, 2}. The dynamics
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of the system are described as:

A11 =

[
0.6 −0.8
1 0.3

]
, A12 =

[
−1.5 0.6
1.2 −2.5

]
, B1 =

[
0.1
0.1

]

A21 =

[
0.4 −0.2
0 0.5

]
, A22 =

[
−0.5 0.4
−0.2 −0.5

]
, B2 =

[
0.2
0

]

N11 =

[
0.02 −0.02
−0.03 −0.04

]
, N12 =

[
0.04 −0.03
−0.05 0.03

]
, Ū = 5

ϕ(s)=

[
3 cos(s)

− sin(s) − 3 cos2(s)

]
, [πij ]2×2 =

[
−40 40
10 −10

]

Let γ = 0.2; from Theorem 1, we can obtain the following
solutions and initial state bound guaranteeing the stochas-
tic stability of system (8) with the control (6):

P1 =

[
1.0724 0.2600
0.2600 0.6655

]
, P2 =

[
0.9522 0.2605
0.2605 0.5962

]

K1 =

[
0.1332
0.0926

]T
, Q1 =

[
2.0672 −0.1326
−0.1326 2.2198

]

Q2 =

[
1.9317 −0.2833
−0.2833 2.3514

]
, K2 =

[
0.1904
0.0521

]T

x(0) ∈ B(164.3), ρ = 253.2492

Without loss of generality, we choose h̄ = 0, 0.2, 0.5,
0.7, and 0.9. Then, we calculate the corresponding allow-
able upperbound value for the time-varying delays in Table
1.

Table 1 Allowable τ∗ for different h̄

h̄ 0 0.2 0.5 0.7 0.9

τ
∗ 0.2025 0.2003 0.1914 0.1719 0.0915

That is to say, if we assume the derivatives of the time-
varying delays are not larger than h̄, then for any arbitrary
time varying delay whose value is restricted in [0, τ∗], we
could conclude that the stochastic stability of delay-free
system (8) ensures the stochastic stability of correspond-
ing delayed system (1) with memoryless feedback control
(6).

5 Conclusion

The stability and control design of time-delay Markovian
jump bilinear systems with saturating actuators have been
studied. We have estimated the closed-loop stability region
and upperbound of the delayed parameter τ∗ such that if
the system is stochastically stabilizable without delay the
delayed system retains its stochastic stabilizability only if
the delay time is within this upperbound. Finally, numeri-
cal examples demonstrate our results. However, it may be
noted that, this paper only did initial investigation on the
stability of jump systems driven by two modes of jumping
parameters. The time-delay term and the bilinear term of
the system in this paper is treated as the potential cause of
instability and performance degradation, which must lead
to conservative results. To reduce conservatism of the re-
sults, our future work focuses on making the best use of
the time-delay and bilinearity information.
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