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by FM-II Model
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Abstract This paper is concerned with state estimation of
two-dimensional (2-D) discrete stochastic systems. First, 2-D
discrete stochastic system model is established by extending sys-
tem matrices of the well-known Fornasini-Marchesini’s second
model into stochastic matrices. Each element of these stochas-
tic matrices is second-order weakly stationary white noise se-
quences. Secondly, a linear and unbiased full-order state esti-
mation problem for 2-D discrete linear stochastic model is for-
mulated. Two estimation problems considered are the designs
for the mean-square bounded estimation error and for the mean-
square stochastic version of the suboptimal H., estimator, re-
spectively. Our results can be seen as extensions of the 2-D linear
deterministic case. Finally, illustrative examples are provided.
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Over the past decades, the research on the state esti-
mation of one-dimensional (1-D) discrete stochastic sys-
tems has been developed successfully, see [1—7] and refer-
ences therein, where the stochastic perturbations are norm
bounded. In [8], the design of linear unbiased full-order
state estimator for discrete-time models with stochastic pa-
rameters and additive finite energy type disturbance signals
is derived in terms of linear matrix inequalities (LMIs),
where stochastic perturbations are governed by white-noise
signals and cause the system matrices to fluctuate around
their deterministic nominal values.

However, an early study of the Hs control problem for
2-D deterministic systems was given in [9]. Few improve-
ments, however, have been made in the past years in this
area. This is not surprising in view of the fact that many
well-known results for 1-D systems are not extendable to
2-D systems, mainly due to the analytical and structural
complexity of 2-D systems. Until very recently, Du et al.
presented LMI solutions to the Ho, control problems for
2-D deterministic systems[lo]. Xie et al. presented Hoo
and robust control problems for 2-D systems with norm-
bounded parameter perturbations'!!. Furthermore, Gao et
al. presented Ho filtering problems for 2-D systems with
stochastic perturbations on system matrices, where the per-
turbations are governed by only a white-noise signal[u].

Along the line of [8], this paper is concerned with state
estimation problems of 2-D discrete stochastic systems.
The 2-D discrete stochastic system model under investiga-
tion is established by extending system matrices of the well-
known Fornasini-Marchesini’s second model into stochas-
tic matrices. Each element of these stochastic matrices is
second-order weakly stationary white noise sequences. In
Section 1, the 2-D discrete stochastic system model is es-
tablished based on Fornasini-Marchesini’s second model.
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Then, in Section 2, a linear and unbiased full-order state
estimation problem for 2-D linear stochastic model is for-
mulated. Two estimation problems considered are the de-
signs for the mean-square bounded estimation error and for
the mean-square stochastic version of the suboptimal Ho
estimator, respectively. Illustrative examples are provided
in Section 3, and we conclude this paper in Section 4.
Notations. For an n-dimensional vector of real ele-
ments x € R™, ||z| = (z"x)'/? denotes the 2-norm, where
the superscript T stands for matrix transposition. For an
n X n symmetric matrix A with real elements A € R™*",
A >0 (A <0), Amax(A) (Amin(A)) mean positive (nega-
tive) definite and its maximum (minimum) eigenvalue, re-
spectively. E{z} and E{z|y} denote the expected value of
x and its expected value conditional on y, respectively.
E{z(i,4)} is written as E{z} and E{z(3, )z (i, )"} is writ-
ten as E{xxT} for a weakly stationary sequence x(i, 7).

1 2-D stochastic system model

In this section, we establish a 2-D discrete stochastic sys-
tem model that each element of system matrices is second-
order weakly stationary white-noise sequences.

First, let us recall the well-known 2-D discrete system de-
scribed by the Fornasini-Marchesini’s second model*314

z(i+1,j+1) = Awx(i, 5+ 1)+ Asx(i + 1,5) +
Biu(i,j + 1) + Bou(i + 1, )
y(ij) = Cx(i,5) + Duli, ) 1)

where ¢, j are integer-valued vertical and horizontal co-
ordinates, respectively, z(i,j) € R"™ is the state vector,
y(i,4) € RP is the output vector, u(i,j) € R! is the in-
put. A, As, Bi, B, C, and D are system matrices with
compatible dimensions.

Similar to the well-estabilished stochastic model of 1-D
system[g], we consider the following 2-D discrete stochastic
system:

z(i+1,j+1) = Ai(i,7+Dz(i, 7+ 1) + Biw(i,j+1) +
Az(i+1,5)z(i+ 1, 5) + Baw(i + 1, )
C(i,j)x(i, j) + Dw(i, j) )
where ¢, j are integer-valued vertical and horizontal co-
ordinates, respectively, z(i,j) € R™ is the state vector,
y(4,7) € R? is the output vector, w(i,j) € R™ is a stochas-
tic l2-type signal with

E(Y > llwli, i)} < oo ®3)

i=0 j=0

y(3,5)

The elements of the parameter matrices A1(4,75), A2(4,7),
and C(i, 7) are second-order, weakly stationary, white-noise
sequences, whose level can be described by their expecta-
tion and variance. Bi, Bg, and D are constant matrices.
The sequences {A1(3,7), A2(7,7), C(i,7)}, {w(i,7)} for all
(¢,7) > (0,0), and z(0,0) are assumed to be mutually un-
correlated.

Define the decomposition of A1 (3, j), A2(Z, ), and C(4, j)
as

A(i,7) = E{A1(i,5)} + A1(i, ) = A1 + A1 (4, 5)
As(i,j) = B{A2(5,5)} + A2(4, ) = Az + As(i,j) (4)
C(i,j) = B{C(i,4)} +C(i,§) = C+ C(i,j)

where the bar denotes expectation and index (4, j) is deleted
when a variable is constant. We can consider that the terms

A1(3,7), A2(4,7), and C(1, j) can be seen as stochastic per-
turbations to the matrices A1, Az, and C, respectively.

Remark 1. Model (2) is more general than the model
established in [15]. If we define Ai(i,5) = Mwv(i,j), and
As(i,5) = Nv(i,j) where M and N both are deterministic
matrices, and v(%, j) is a white-noise signal, then model (2)
is simplified to the model established in [15].

Remark 2. Uncertainties in a plant are most often rep-
resented by additive noise. If the parameter variations are
large, then representation of uncertainties is done by mul-
tiplicative noise or more generally, its representation by
stochastic parameters is more realistic. Also digital control
systems where the sampling occurs stochastically result in
systems matrices are of stochastic parameters. So, we in-
troduce stochastic uncertainty into the system matrices of
model (1).

Throughout the paper, we make the following assump-
tions.

Assumption 1. The boundary condition is independent
of w(i, j) and is assumed to satisfy

N

. 2 2

Jim B {Z(nx(o, I? + ek, 0)] )} <o
k=1

Assumption 1 has been used in many literatures** =12,

Assumption 2. The system described by (2) is asymp-
totically stable.

Asymptotic stability for 2-D deterministic systems has
been developed successfully[lﬁﬂo]7 which is a prerequisite
for the design of state estimator.

To begin with, we recall an important lemma that will
be frequently used in the derivations of our main results.

Lemma 1P, Given constant matrices M, L, and R
of appropriate dimensions where M and R are symmetric
and R > 0, then the inequality M 4+ LT RL < 0 holds if and
only if

M LT
L M

-R™' L
L _R_l :| <0 or |:

| <o

2 State estimation

In this section, two estimation problems that are con-
sidered are the designs for the mean-square bounded esti-
mation error and for the mean-square stochastic version of
the suboptimal H., estimator, respectively. The main ad-
vantage of Ho, estimation is that its performance criterion
includes the worst case of system performance in terms of
its energy gain.

First, the following theorem gives a prerequisite for the
design of state estimator.

Theorem 1. For the 2-D discrete stochastic system (2),
if there exists a positive-definite matrix P satisfying

aP 0
\I/—\I/1—|: 0 ﬁP:|<0 (5)
where
Wy Wi
v, =
! { Ul o }
with

Uiy = E{A] (4,5 + 1)PA(, 5 + 1)}
Ui = B{AT (6,5 + 1)PAs(i +1,5)}
Wao = B{A;3 (i + 1, ) PA2(i + 1,5)}
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and
a, >0, a+p=1
Then, there exists a scalar § > 0 such that

> > Bl Iy < 5ZE{HJB (k, O)II* + (0, k)|*}

i=0 j=0 k=0
(6)

The proof of Theorem 1 is in Appendix A.

Remark 3. Theorem 1 is established based on the fact
that there are no control terms in the system (2), and it is
a prerequisite for the design of state estimator given below.

Now we consider system (2). Suppose a linear unbi-
ased full-order state estimator (one-step-ahead predictor)
is used:

#(i+1,j+1) =
E{A:1(i,j+ 1)}a(i, 5+ 1) +
E{Ax(i +1,5)}2(i + 1,5) +
Kily(i,j +1) = E{C(,j + 1)}e(i, 5+ 1)] +
Kely(i+1,5) = E{C(+ L j)}a(i +1,7)] (7)

Define the following estimation error

Then, we have
eli+1,j+1) =

(A1 — K1O)e(i,j + 1) + (A2 — K2C)e(i + 1,7) +
Biw(i,j+1) 4 Bow(i +1,5) +
(A — K1O)x(i,5 + 1) + (A — K2 O)a(i + 1, §)

where
th:Al—Ah A2:A2_A2
Bi =B, — K\D, By = By — KoD
c=c-C

The main estimation result can be summed up as follows.

Theorem 2. Consider state estimator (7). If there exist
matrices @ > 0, Y1, Ys, and scalars 71 > 0 and 2 > 0, such
that

—aQ 0 0 0 =
0 —-06Q 0 0 =P

0 0 —-mI 0 23 |<o0 (10)
0 0 0 —’72[ :4
= = =5 B -Q

where

then K7 and K2 are found by K; = Q_lYl and Ko =

Q™ 'Ys, respectively, and we obtain
N+1

E{Z TN +1—4,/)Qe(N +1 —j,j)} <

Jj=0

E{e™(0,00Q¢(0,0)}+ (1 +72)B{ D (i, )7} +

=0 j=0
N
202max(ME{ 3 (la(k, O + 20,0} (11)
k=0
where
1T IIio
H =
[ TR U }
for all N > 0, with
I = BE{(A, - K,:C)"Q(A;, — K.C)}
T2 = E{(4, — K:0)TQ(A4s — K»C)}
o1 = E{(4s — K2:0)TQ(A: — K10)}
[y = B{(As — K»,C)"Q(Az — K2C)}
Furthermore, we define
(i, j) = Le(i, j) (12)
If instead of (10), the following is true:
Tll TIQ
1
{TE TQQ%O (13)
where
[ —a@Q 0 0 0
o 0 —-8Q 0 0
= 0 0 —-mI 0
|0 0 0 —7yl
[ ATQ-C"Y! 0 yaLt 0
v, - | A2Q-Cvy 0 0 VALY
2= BfQ-D™Y" o 0 0
| BTQ-DTY;" 0 0 0
[-@ 0 0 o0
0o —@ o0 o
Te=1 o9 o _1 o
0 0 0 -I
then, we have
B{ Y Y I:6.01°} <
1=0 =0
E{[le(0,0)[*} + (31 +72) {ZZHWZJ I”}+
1=0 =0

26Mmax(IDE{ Y (la(k, 0)I + (0, B)[*) | (14)

k=0

The proof of Theorem 2 is in Appendix B.

Remark 4. Theorem 2 provides a sufficient condition
for state estimation of 2-D discrete stochastic systems. It
can be seen as an extension of reported results in [8,22].
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When we assume A; and Az are deterministic, it means
that no stochastic uncertainty is present in system (7), and
assuming zero initial and boundary conditions, that is,

e(i,j)=0, i=0, j=0
then,
E{ Y Y eI’} < (n +32)B{ 323 llw(i I}
i=0 j=0 i=0 j=0

(15)
which has been obtained in [22].

3 Numerical examples

In this section, we illustrate our results for 2-D discrete
stochastic system (2) through examples. All computations
in this section are carried out by Matlab 7.5.0.

Example 1. Consider stable system (2) with the fol-
lowing system matrices

E{A1(3,5)} = { éjﬁ 1.115 }

A= %90 o5 |t

B{Ao(i 1)} = { 8:2 0(.)2 }
Aatio) = | o5 90 |otid)
BiCG.d} =[2 117, 6= gon | v6d)
we[82] me[ ]
b=1, L:[lo5 1.015}
e B{u(i.)} = 0

{ Epa

If we define o = 0.9, B = 0.1, from Theorem 2, we
can find a linear unbiased full-order state estimator, which
. . 0.8917 0.0667
satisfies (11) with K; = [ 1.0667 } K, = { 0.1750 }

and the corresponding matrices

Q= | L2110 —0.0657
~ | —0.0657 0.7914
1.0097 0.0692
n= { 0.7856 } ,  Y2= { 0.1341 ]
71 =1.1697, 42 =1.1697

respectively.
Furthermore, using LMI (13
ased full-order state estimator which satisfies (1

) we obtain a linear unbi-
4) with

0.9166 0,0710
K= { 1.1500 } K= { 0.1710
ing matrices

} , and the correspond-

1.0602 2.8487

v, — { 5.3842 } 7 Y — { 0.5040 }

4.5438 1.0602
°=| |

4.2479 0.5624

vy =3.6377, 2 = 2.8611

respectively.
If we define o = 8 = 0.5, from Theorem 2, we can find
a linear unbiased full-order state estimator, which satisfies

. 0.8917 0.0667 L
(11) with Ky, = { L0667 } Ky = { 0.1750 ], which is
the same as the case « = 0.9, [ = 0.1. The corresponding
matrices
0= 1.6900 —0.0988
— | —0.0988  1.0591
1.4015 0.0954
Y= { 1.0416 } 1= { 0.1788 }
v1 = 1.4515, v2 = 1.4515
respectively.

Furthermore, using LMI (13), we obtain a linear un-

biased full-order state estimator which satisfies (14) with

0.9163 0.0641

K= { 1.1506 ] K= [ 0.1722
ing matrices

} , and the correspond-

0= 434.6163 —24.0097

T | —24.0097 283.4869
v, _ | 370.6330 v, | 237441
17| 304.1923 27| 47.2628
v =446.2730, 2 = 446.2730

respectively.
Example 2. Consider stable system (2) with two state
variables x1, x2, and the following system matrices

E{A1(i,j)} = [ ?,é 0.015 }

A= %90 o5 |t

B{A(i,j)} = [ 05 42 }

0 0.05

As (i, 5) = { 005 0 }v(m‘)

BeG.iN=(2 1]7  Cei=| oo |
Bl:{gigg}’ 322{025}
D

1, L:[

where
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{ E{U(iaj)v(mvn)} =1, (17‘7) = (mvn)
E{v(i, j)v(m,n)} =0, (i,5)

We cannot find matrices @ > 0, Y3, Y2, and scalars 1 >
0 and 72 > 0 which satisfies (11). So from Theorem 2, we
cannot find an estimator which can satisfy (11).

Remark 5. It is noted that, different from the 1-D Ho
case, the condition for the existence of 2-D H. estimators
is only sufficient but not necessary because the available
Lyapunov stability condition for 2-D systems involved in
the derivation of the Ho, estimator is only sufficient.

4 Conclusions

State estimation of 2-D discrete stochastic systems is in-
vestigated in this paper. First, 2-D discrete stochastic sys-
tem model is established by extending system matrices of
the well-known Fornasini-Marchesini’s second model into
stochastic matrices. Then, linear unbiased full-order state
estimation problem is formulated. Illustrative examples are
provided. Our results can be seen as extensions of the
2-D deterministic case. However, the conditions for the
existence of 2-D H., estimators are only sufficient but not
necessary.

Appendix A The proof of Theorem 1

Proof. From Assumption 2, system (2) is asymptotically
stable, we have

lim B {|2(,)]*} =0

itj—

which implies

>3 B{lla(@, I} < oo

Now, let us determine the supremum of (Al). Let a function
V' (i,7) be defined as

V(i,j) = =" (4, 5) Px(i, j) (A1)

Now, consider the following index

J=W1 - W, (A2)

with
Wi =E{V(i+1j+1)|@j+1),=(@+17)} (A3)
We=aV(i,j+1)+BV(i+1,j) (A4)

Then, we have

J=E{z"(i4+ 1,5+ 1V)Px(i+1,5+1)|2}—
ax™(i,7 + 1)Px(i,j+1)—
BxT(i+1,)Px(i+1,5) =
E{(A1(i,7 + D@, + 1)+ As(i + 1, )z + 1,5))TPx
(Ar(6 g+ Vi, 5+ 1) + A0 + 1, 5)2(i + 1,5))} —
az™ (i, + 1)Px(i,j +1)—
Bz (i +1,5)Px(i+1,7) (A5)

x(i,j +1)

tera=| 0115

] ; (A5) can be rewritten as

J=zTUz <0 (A6)
Therefore, for £ # 0, we can obtain
Wy —-W,  &T(-¥)z
W, TPz

_ >\min (_‘Il)
>\max (P)

It gives that
Wl < Amin(_ql)

1
W2 - Amax(jj) +
Amin (=¥ Amin (=¥
Let o =1-— # Since # > 0, we obtain o < 1.
Amax (P) Amax (P)
Obviously,

Wy
0<—<o<1

Hence, we have
E{z"G+1,j+ )Pz +1,5+1)| %} <
o(az®(i,j + D) Px(i,j + 1) + fa" (i + 1, ) Pz(i + 1,5))
Taking expectation of both sides, we can obtain

E{zT(i+1,j+ 1)Px(i+1,j+ 1)} <
a(E{axT(i,j+1)Pw(i,j+1)+ﬁ:cT(i+1,j)Pw(z’H,j)}()A )
7
From (A7), it can be established that

E{zT(k + 1,0)Pz(k + 1,0)} = E{z" (k + 1,0)Pz(k + 1,0)}
E{z"(k,1)Px(k,1)} <

o(E{az™(k — 1,1)Pz(k — 1,1) + Bz (k,0) Pz (k,0)})
E{z"(k —1,2)Pz(k — 1,2)} <

o(B{az™ (k—2,2)Px(k—2,2)+ 82" (k—1,1)Px(k—1,1)})

(A8)
E{zT(1,k)Pz(1,k)} <
o(E{az™(0,k)Pz(0,k) + Bz (1,k — 1) Pz(1,k — 1)})
E{z"(0,k + 1)Pz(0,k + 1)} = E{z"(0,k + 1) P=(0,k + 1)}

Adding both sides of the inequalities (A8) yields

B{ ki:le(k—f— L—j,))Pa(k+1-5,7)} <
o (E{ Z 2 (k = j,j)Pa(k = j,3) )+

E{z"(k+ 1,0)Pz(k + 1,0)}+
E{zT(0,k + 1)Pz(0,k + 1)} (A9)

Using this relationship iteratively, we can obtain

k+1
B{ Y aT(h+1 -5 j)Pelk+1-3j)} <
j=0
k+1
E{ S oifaT (k41— 4,0)Pa(k + 1 — j,0)+
j=0

0,k +1— 5)Px(0,k+ 1 — j)]} (A10)
Applying Rayleigh’s inequality, we obtain
k+1
o Amax (P)
E E+1—4,0)%F < /==
{3 lethr1=3.001} < S

k+1
E { > o0 (lle(k+1—5,0)]2 + [l«(0,k +1—j)|7] }

j=0
(A11)
Now denote X} = ZLO lz(k — j,7)||?, then we have
N N
B{ Y A} <o) E{lalk,0)I7 + 20, k)| (A12)
k=0 k=0
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where
Amax(P) (1 —o™)
Amin(P) (1 —0)

Appendix B The proof of Theorem 2
Proof. First, by Lemma 1, LMI (10) is equivalent to

iy T2 s Taa
F’1T2 Pop Taz oy
T B S
14 24 34 44

= <0

with

'y = ATQA, + CTKTQK,C —
ATQK,C - CTKTQA, — aQ

I =ATQA, + CTKTQK.C —
ATQK>C — CTKTQA,

s =ATQB, +CTKTQK,D —
ATQK,D - CTK{QB,

Iy =ATQB; + CTKTQK,.D —
ATQK>D — CTKTQB-

Tes = ATQA, + CTKF QK,C —
ATQK,C — CTKF QA — BQ

T3 = ATQB, + CTKJ QKD —
ATQK\D — CTKIQB,

oy = ATQB, + CTKIQK.D —
ATQK>D — CT"K; QB>

I's3 = BYQB, + DTKTQK,D —
BTQK:D — D"K{QB: — 1

T3 = Bl QB>+ DTKTQK,D —
BTQK.D - D*K}QB,

Tw = By QB>+ DTKI QKD —
BYQK>D — DKy QBo — o1

For V(i,5) = €T (¢,5)Qe(i, ) > 0, consider

J=G1 — G,
with
Gi = E{VGi+1Lj+1)[n}
Gy = aV(4,j+1)+6V(3E+1,5)+
Yillw(@, 5+ DI +r2llw +1,5)|
where

e(i,j+1)T 77
e(i+1,5)"
_ | =i+ 1T
TT a4 LT
w(i,j+1)T
wl+1,7)"
Substituting (9) into (B2) yields

J = e(i,5)" Te(i, 5) + B{(i,5) "TI5(3, 5) }

R (iyj +1)
where e(i,j) = | 50T | #.0) = { w115
w(i + l,j)
Hll 1_«[12 .
H = { H;FQ sz :| Wlth
I, = E{(4 - K.0O)TQ(A, — K.C)}
I, = E{(Al - )TQ(A2 - KZC)}
I = E{(Az - )TQ(A2 - K2C)}

(B3)

, and

Note that if (10) holds, then for Y7 = QK; and Y> = QK>, due
to (B1), the first term in (B3) is negative definite. Let us denote
(B3) as

J = =" (i,5)(-T)e(é, 5) + B{Z" (i, /)12 (4, 5) }

Due to the second-order nature of the stochastic parameters and
using Rayleigh’s inequality, we obtain

J < =" (6,5)(-T)e(i, 5) + Amax(ME{|| £(3,5) [P} (B4)

or

E{eT(i+1,j+1)Qe(i+1,j+1) | n} <
e" (1,5 + 1)Qe(4,j + 1) + Be™ (i + 1,5)Qe(i + 1, )+
Mllw(E, j+ DI? 4+ y2llw@ + 1, 5)[1°+

Amax (ME{[| 2(3, 5) I} = €™ (4, 4)(—T)e (i, 5) (B5)

Applying expectation operation on both sides of (B5
using the property of nested expectations, yields

) and

E{e"(i4+1,j+1)Qe(i +1,j + 1)} <
E{ae™(i,j + 1)Qe(i,j + 1) + BeT (i + 1,5)Qe(i + 1,5)+
Mllw(d, i+ DII* +v2llwl@ +1,5)I1* 1+

Amax (IE{]| 2(3, 5) 12} (B6)

From the relationship (B6), it can be established that

E{eT(k+1,0)Qe(k +1,0)} =
E{e"(k + 1,0)Qe(k + 1,0)}
E{e"(k,1)Qe(k, 1)} <
E{aeT(k —1,1)Qe(k — 1,1) + Be (k,0)Qe(k, 0) }+
NE{lw(k — 1,1)[} + v BE{lw(k, 0)|*}+
Amax (IE{[|z(k — 1,1)[|? + ||z (k, 0)[|*}
E{e™(k —1,2)Qe(k — 1,2)} <
E{ae™(k —2,2)Qe(k — 2,2)+
BeT(k—1,1)Qe(k — 1,1)}+
NE{lwk - 2,2)|} + 1E{lw(k — 1, 1)} +
Amax (E{[|z(k — 2,2)[|* + ||l=(k — 1,1)]|*}

: (B7)
E{e"(1,k)Qe(1,k)} <
E{ae™ (0,k)Qe(0,k) + BeT(1,k — 1)Qe(1,k — 1) }+
NE{[w(0, &)1} + 72 E{w(1, & — 1)[*}+
Amax (ME{[|2(0, k)| + [l=(1, & — 1[I}
E{e™(0,k + 1)Qe(0,k + 1)} =
E{eT(0,k +1)Qe(0,k + 1)}

Adding both sides of the inequalities yields

k+1
B{Y "k +1-j,/)Qe(k +1—3j,j)} <

j=0

> B{e™ (k= .)Qe(k — 3.)}+

'Mw

Il
<)

(rn +12)B{ Y llolk = 3,17} +

ok —5,5)1%}

J

2Amx(n)E{

HMR‘

(B8)
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Summing up both sides of (B8) from k = 0 to k = N, we obtain

N k+1
B >3 (k4 1-57)Qelk+1-3 N} <
S BT (k — 7.7)Qelk — 4.7)) +
(n 1B XX llwk — 3.1} +
2o (DE{ 3 3 1otk — 5.9)I} (B9)

or

N+1

E{Z

(N +1-7,7)Qe(N +1 -7, J)}
B{E(0,00Qe0,00) + (n +9)B{ 32 32 (i I} +

(B10)

A {Eijzij 2, )12}

which directly implies (11). The fact that (13) implies (14) can
similarly be shown with the addition of ||z(¢,7)||?, where z(4, j)
is given in (12). This is used in (B2) and going through the same
procedure yields

E{f}inzmu}
E{]le(0,0)[} + %+72)E{§§ (i, )12} +

5 A (IDE {f (lek, 0 + 2@} (B11)

O
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