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Optimal State Estimation for Discrete-time Systems with

Random Observation Delays
HAN Chun-Yan1 ZHANG Huan-Shui1

Abstract This paper investigates the linear minimum mean square error state estimation for discrete-time systems with Markov
jump delays. In order to solve the optimal estimation problem, the single Markov delayed measurement is rewritten as an equivalent
measurement with multiple constant delays, then a delay-free Markov jump linear system is obtained via state augmentation. The
estimator is derived on the basis of the geometric arguments in the Hilbert space, and a recursive equation of the filter is obtained
by solving the Riccati equations. It is shown that the proposed state estimator is exponentially stable under standard assumptions.
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In many signal estimation problems, it is usually as-
sumed that the observation packets are received either im-
mediately or with a constant and known delay[1−2]. How-
ever, in certain new engineering applications, the observa-
tion packets need to be transmitted through a communica-
tion network which may induce considerable and randomly
varying transmission delays. Examples are offered by com-
plex networked sensor systems containing a large number
of low power sensors, as well as complex dynamical pro-
cesses like advanced aircraft, spacecraft, and manufactur-
ing process, where time division multiplexed networks are
employed for exchange of information between spatially dis-
tributed plant components. All these new engineering ap-
plications motivate the development of a new chapter of
control and estimation theory that deals with networked
control systems, in which control and communication issues
are combined together while all the delays and limitation
of the communication channels between sensors, actuators,
and controllers are taken into account.

State estimation for delayed systems was considered in
a number of papers[3−4]. The situation where the observa-
tions were transmitted to the estimator via communication
channels with irregular transmission time was investigated
in [5−6]. The case of randomly delayed measurements was
systematically studied by Ray (see [7−8], and the litera-
ture therein) under the assumption that the sensor delays
did not exceed the sampling rate and form a stationary
sequence of mutually independent random quantities with
a priori known statistics. When the delay process is itself
modeled as a finite-state Markov chain, state estimation
algorithms for a resulting hidden Markov model were pre-
sented in [9], while an H∞ filtering was presented in [10].
However, in [9−10], they only considered the case where
the delay steps were known on-line via time-stamped data.
The case where the transition probabilities were uncertain
was not studied.

In this paper, we study the linear minimum mean square
error state estimation for discrete-time systems subject to
random communication delays, where the delay process is
modeled as a finite-state Markov chain. Different from
[9−10], the Markov delay considered in this paper is not
known in advance. In order to solve the optimal estima-
tion problem, the single Markov delayed measurement is
firstly written as an equivalent measurement with multiple
constant delays, and the estimation problem is then re-

Received April 25, 2008; in revised form October 27, 2008
Supported by National Basic Research and Development Program

of China (973 Program) (2009CB320600), National Natural Science
Foundation of China (60774004), Taishan Scholar Construction En-
gineering of Shandong Government, National Natural Science Foun-
dation for Distinguished Young Scholars of China (60825304)
1. School of Control Science and Engineering, Shandong University,

Jinan 250061, P.R.China
DOI: 10.3724/SP.J.1004.2009.01446

formulated as an optimal linear filter of a class of Markov
jump linear systems via state augmentation[11−15]. A finite-
dimensional recursive filter is obtained in terms of Riccati
difference equations. We also show that the estimator is
stable under standard assumptions.

The rest of this paper is organized as follows. Section 1
introduces the system under consideration. The minimum
variance state estimator is presented in Section 2, and its
stability is studied in Section 3, which requires most of our
efforts. In Section 4, a numerical example is presented to
illustrate the main results. Finally, some conclusions are
drawn in Section 5.

Notations. The notation in this paper is fairly stan-
dard. Rn denotes the n-dimensional Euclidean space.
Rm×n denotes the norm bounded linear space of all m×n
matrices. For L ∈ Rn×n, LT indicates the transpose
of L, and L ≥ 0 (L > 0) means that the symmet-
ric matrix L is positive semi-definite (positive definite).
For a collection of N matrices D1, · · · , DN , with Dj ∈
Rm×n, diag{Dj} ∈ RNm×Nn represents the diagonal ma-
trix formed by Dj in the diagonal, and zero elsewhere. In
addition, L⊗K ∈ Rmr×ns stands for the Kronecker prod-
uct for any L ∈ Rm×n and K ∈ Rr×s, and E[·] represents
the operator expected value.

1 Problem statement

Consider the following discrete-time linear system

xxx(k + 1) = Axxx(k) + Cwww(k) (1)

yyy(k) = Hxxx(k − d(k)) + vvv(k) (2)

where xxx(k) ∈ Rn is the state, www(k) ∈ Rr is a process distur-
bance, yyy(k) ∈ Rm is a sensor measurement, and vvv(k) ∈ Rm

is a noise. Here, d(k) represents the random time delay. We
make the following assumptions for the above system.

Assumption 1. www(k) and vvv(k) are null mean second-
order, independent, wide-sense, stationary sequences with
covariance matrices Qw and Qv, respectively.

Assumption 2. The initial state xxx(0) is also a second-
order, independent, wide-sense, stationary sequence with
null mean and covariance matrix E[xxx(0)xxxT(0)] = V .

Assumption 3. d(k) is a discrete-time Markov chain
with finite state space {0, 1, · · · , d}, and transition proba-
bility matrix Λ = [λij ], i, j = 0, 1, · · · , d. We set πi(k) =
P (d(k) = i) and denote πππ(k) = [π0(k), π1(k), · · · , πd(k)]T,
which satisfies the difference equation πππ(k) = ΛTπππ(k − 1).

Assumption 4. xxx(0) and {d(k)} are independent of
{www(k)} and {vvv(k)}.

Remark 1. All matrices A, C, H, and Λ could be func-
tions of k and the argument has been dropped here for
simplicity in Notations.
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It is clear from Assumptions 1 and 2 that xxx(k) and yyy(k)
are sequences of second-order random vectors, and we shall
denote by Fk the σ-field generated by the random vec-
tors and variables {xxx(s), yyy(s), d(s); s = 0, · · · , k}. From
(2) and Assumption 2, we get that E(yyy(k)) = 0. Define
L{yyy(s)|0≤s≤k} the linear space spanned by the observation
yyy(s), s = 0, · · · , k. For any rrr,ηηη ∈ L{yyy(s)|0≤s≤k}, the inner
product 〈.; .〉 in L{yyy(s)|0≤s≤k} is given by 〈rrr;ηηη〉 = E(rrrηηηT),
and therefore rrr and ηηη are orthogonal if 〈rrr;ηηη〉 = 0. In ad-
dition, for any second random vector rrr(k), we shall de-
note r̂rr(k|k) as the estimator of rrr(k) given L{yyy(s)|0≤s≤k}.
From the geometric arguments as in [16], the linear mean
square filter of r̂rr(k|k) satisfies the following properties:
r̂rr(k|k) ∈ L{yyy(s)|0≤s≤k}, and rrr(k) − r̂rr(k|k) is orthogonal
to L{yyy(s)|0≤s≤k}.

Then, the optimal estimation problem can be stated as:
Given the observation {yyy(s)|0≤s≤k}, find a linear mean
square error estimator x̂xx(k|k) of xxx(k).

2 Construction of the state estimator

In this section, we shall present a solution to the optimal
estimator via the state augmentation and the projection
theory in the Hilbert space.

2.1 Preliminaries

Let φi(k) represent an indictor of the Markov process
d(k), which is defined as follows

φi(k) =





1, if d(k) = i

0, otherwise

Then, at time k, the observation equation (2) can be refor-
mulated as

yyy(k) =

d∑
i=0

φi(k)Hxxx(k − i) + vvv(k) (3)

For a given time k, delay d(k) can only take one value
from set {0, 1, · · · , d}, and thus, only one number of set
{φ0(k), φ1(k), · · · , φd(k)} is 1 and the rest of the members
should be zero. Hence, φi(k) satisfies

φi(k)× φj(k) = 0, i 6= j (4)

At the sampling time k, if we augment the state-variable
as

x̄xx(k) = [ xxxT(k) xxxT(k − 1) · · · xxxT(k − d) ]T

then the discrete-time system (1) and (2) can be written as

x̄xx(k + 1) =




A 0 · · · 0 0
I 0 · · · 0 0
0 I · · · 0 0
...

...
. . .

...
...

0 0 · · · I 0




x̄xx(k) +




C
0
...
0
0




www(k)

(5)

yyy(k) = [ φ0(k)H φ1(k)H · · · φd(k)H ]x̄xx(k) + vvv(k)

(6)

As discussed in [1], the correct initialization of the aug-
mented state and its covariance are given by

x̄xx(0) , [

(d+1) blocks︷ ︸︸ ︷
0, · · · , 0 ]T

V̄ , E[x̄xx(0)x̄xxT(0)] = diag{V,

d blocks︷ ︸︸ ︷
0, · · · , 0}

Denote

θθθ(k) = [φ0(k) φ1(k) · · · φd(k)]T (7)

Since delay d(k) can be chosen to be only one value among
{0, 1 · · · , d} at each time k, it is implied that only one value
is 1 in set {φ0(k), φ1(k), · · · , φd(k)} and the others are ze-
ros. So, it is not difficult to show that θθθ(k) is a homoge-
neous Markov chain with the state space

S = {eee0, eee1, · · · , eeed}
where eeei is an (d + 1) × 1-dimensional vector with all its
components null except the (i + 1)-th one is equal to one.
It is obvious that P (θθθ(k + 1) = eeej |θθθ(k) = eeei) = P (d(k +
1) = j|d(k) = i) = λij and P (θθθ(k) = eeei) = P (d(k) =
i) = πi(k). Thus, we can conclude that θθθ(k) has the same
transition probability matrix as d(k), as well as the same
initial distribution. By the definition of θθθ(k), we describe
system (5) and (6) as follows

x̄xx(k + 1) = Āx̄xx(k) + C̄www(k) (8)

yyy(k) = H̄θ(k)x̄xx(k) + vvv(k) (9)

where

Ā =




A 0 · · · 0 0
I 0 · · · 0 0
0 I · · · 0 0
...

...
. . .

...
...

0 0 · · · I 0




, C̄ =




C
0
...
0
0




H̄θ(k) = [ φ0(k)H φ1(k)H · · · φd(k)H ]

It can be seen that the obtained system representation is
a delay-free jump linear system with one mode modeled
by a homogeneous Markov chain. However, at time k, the
random communication delay d(k) is unknown in advance,
and thus, the new jumping parameter θθθ(k) representing
the same jumping properties as d(k) cannot be determined
at the same time. In this paper, we shall estimate x̄xx(k)
and θθθ(k) synchronously by introducing the new stochastic
variables

zzzi(k) = x̄xx(k)1{θθθ(k)=eeei}, i = 0, 1 · · · , d (10)

zzz(k) = [zzzT
0 (k) zzzT

1 (k) · · · zzzT
d (k)]T (11)

where 1{.} stands for the Dirac measure, that is, for any
ωωω ∈ S,

1{θθθ(k)=eeei}(ωωω) =





1, if θθθ(k)(ωωω) = eeei

0, if θθθ(k)(ωωω) 6= eeei

From the definition of zzzi(k), we have clearly that

x̄xx(k) =

d∑
i=0

zzzi(k)

Thus, the state estimator ˆ̄xxx(k|k) can be obtained via the
estimator of zzzi(k).

In light of (11), the observation equation can be written
equivalently as

yyy(k) = H̄zzz(k) + vvv(k) (12)

where

H̄ = [H0 H1 · · · Hd] ∈ Rm×n(d+1)2

Hi = [0 · · ·H · · · 0] ∈ Rm×n(d+1)

i = 0, 1, · · · , d
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that is, Hi has all elements being zeros except for the
(i + 1)-th block being H. To derive the optimal filter, we
first define the innovation sequence as

εεε(k) = yyy(k)− ŷyy(k|k − 1) (13)

where ŷyy(k|k − 1) is the projection of yyy(k) onto the linear
space of

L{yyy(s)|0≤s≤k−1} (14)

Then, from (12), we get

εεε(k) = H̄z̃zz(k|k − 1) + vvv(k) (15)

where z̃zz(k|k− 1) = zzz(k)− ẑzz(k|k− 1) with ẑzz(k|k− 1) is the
projection of zzz(k) onto the linear space of (14). It is well
known that the elements of the sequence {εεε(s)|0≤s≤k−1}
are mutually uncorrelated and spans the same linear space
of (14). Thus, the estimation problem can be transformed
into the one given the innovation sequences generated by
(15).

2.2 Optimal estimator

In order to calculate the covariance matrices of the esti-
mator errors and thus compute the optimal estimator, we
first define the following matrices associated with the sec-
ond moment of the above variables. Given the time instant
k, we define

Z(k) = E[zzz(k)zzzT(k)] ∈ Rn(d+1)2×n(d+1)2

Zi(k) = E[zzzi(k)zzzT
i (k)] ∈ Rn(d+1)×n(d+1)

Ẑ(k|l) = E[ẑzz(k|l)ẑzzT(k|l)] ∈ Rn(d+1)2×n(d+1)2

P (k|l) = E[z̃zz(k|l)z̃zzT(k|l)] ∈ Rn(d+1)2×n(d+1)2

Then, from the definitions of Zi(k) and Z(k), the following
lemma is obtained.

Lemma 1. For any given time k, the covariance matrix
of zzzi(k) satisfies the following difference equation

Zj(k + 1) =

d∑
i=0

λijĀZi(k)ĀT +

d∑
i=0

πi(k)λijC̄QwC̄T (16)

where the initial value Zi(0) = πi(0)V̄ , i = 0, 1, · · · , d.
Proof. For any given time k, we have from (8) that

Zj(k + 1) = E[zzzj(k + 1)zzzT
j (k + 1)] =

d∑
i=0

λijĀZi(k)ĀT +

d∑
i=0

πi(k)λijC̄QwC̄T

so (16) is hold. Recalling that E[x̄xx(0)x̄xxT(0)] = V̄ , we get
the initial covariance matrix Zi(0) = πi(0)V̄ . ¤

In the following, we shall present the Riccati difference
equation for P (k|k − 1).

Theorem 1. For a given time instant k, the covariance
matrix of the estimation error z̃zz(k|k − 1) can be obtained
by solving the following Riccati equation

P (k + 1|k) = ĀP (k|k − 1)ĀT + B(Q(k)) +

diag{
d∑

i=1

λijπi(k)C̄QwC̄T} −

ĀP (k|k − 1)H̄T(H̄P (k|k − 1)H̄T +

Qv)−1H̄P (k|k − 1)ĀT (17)

P (0| − 1) = diag{π0(0)V̄ , · · · , πd(0)V̄ }

where Ā = ΛT ⊗ Ā and

B(Q(k)) = diag

{
d∑

i=0

λijĀZi(k)ĀT

}
−

Ādiag{Zj(k)}ĀT (18)

Proof. Considering the geometric argument as in [16],
the estimator ẑzz(k|k − 1) satisfies the following equations

ẑzz(k|k − 1) = E[zzz(k)((yyy)k−1)T]cov((yyy)k−1)−1 × ((yyy)k−1)

(19)

ẑzz(k|k) = ẑzz(k|k − 1) + E[zzz(k)εεεT(k)]E[εεε(k)εεεT(k)]−1 ×
(yyy(k)− ŷyy(k|k − 1)) (20)

where (yyy)k−1 = (yyyT(0), · · · , yyyT(k − 1))T.
It has been shown that

yyy(k) = H̄zzz(k) + vvv(k) (21)

and the corresponding innovation sequence can be given as

εεε(k) = H̄z̃zz(k|k − 1) + vvv(k) (22)

From Assumption 4, vvv(k) is independent of {θθθ(k), (yyy)k−1}.
Then, we have

〈βββTvvv(s);αααT(yyy)s−1〉 = E[vvvT(s)βββαααT(yyy)s−1] =

βββαααTE(vvvT(s))E((yyy)s−1) = 0 (23)

which shows that vvv(k) is orthogonal to L{yyy(s)|0≤s≤k−1}.
Similar reasoning indicates the orthogonality between
z̃zz(k|k − 1) and vvv(k). Recalling that ẑzz(k|k − 1) ∈
L{yyy(s)|0≤s≤k−1} and z̃zz(k|k − 1) is orthogonal to
L{yyy(s)|0≤s≤k−1}, we obtain that ẑzz(k|k − 1) is orthogonal
to z̃zz(k|k − 1). Then, from (21) and (22), we get

E[εεε(k)εεεT(k)] = H̄P (k|k − 1)H̄T + Qv (24)

E[zzz(k)εεεT(k)] = P (k|k − 1)H̄T (25)

Recalling that E[yyy(k)] = 0, we have from (19) that

ẑzzj(k|k − 1) =

E[zzzj(k)((yyy)k−1)T]cov((yyy)k−1)−1((yyy)k−1) =

d∑
i=0

λijĀẑzzi(k − 1|k − 1) (26)

where it has been readily shown that cov((yyy)k−1) > 0. The
initial state ẑzz(0| − 1) = E[zzz(0)] = 0. Owning to (26), the
following relationship between ẑzz(k|k−1) and ẑzz(k−1|k−1)
is obtained

ẑzz(k|k − 1) = Āẑzz(k − 1|k − 1) (27)

where Ā = ΛT ⊗ Ā.
In view of (20), (24), and (25), we obtain the recursive

formulation of the linear mean square filter as follows

ẑzz(k|k) = ẑzz(k|k − 1) + K(k)(yyy(k)− H̄ẑzz(k|k − 1)) (28)

where

K(k) = P (k|k − 1)H̄T(H̄P (k|k − 1)H̄T + Qv)−1

From (28), and after writing that yyy(k)− H̄ẑzz(k|k − 1) =
H̄z̃zz(k|k − 1) + vvv(k), ẑzz(k|k − 1), z̃zz(k|k − 1), and vvv(k) are
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orthogonal among themselves, we get

E[ẑzz(k|k)ẑzzT(k|k)] =

Ẑ(k|k − 1) + K(k)[H̄P (k|k − 1)H̄T + Qv]KT(k) =

Ẑ(k|k − 1) + K(k)H̄P (k|k − 1) (29)

In light of (27), we have

Ẑ(k + 1|k) = ĀẐ(k|k)ĀT (30)

Ẑ(0| − 1) = E(ẑzz(0| − 1))E(ẑzzT(0| − 1)) = 0

Meanwhile, in view of Lemma 1, (16) can be reformulated
as

Z(k + 1) = ĀZ(k)ĀT + B(Q(k)) +

diag

{
d∑

i=0

πi(k)λijC̄QwC̄T

}
(31)

B(Q(k)) = diag

{
d∑

i=0

λijĀZi(k)ĀT

}
− ĀZ(k)ĀT

Z(0) = diag{π0(0)V̄ , · · · , πd(0)V̄ }

Considering (29) ∼ (31) and noting that P (k|k − 1) =

Z(k)− Ẑ(k|k − 1), we get

P (k + 1|k) = ĀP (k|k − 1)ĀT + B(Q(k)) +

diag{
d∑

i=0

πi(k)λijC̄QwC̄T} − ĀK(k)H̄P (k|k − 1)ĀT (32)

Then, (17) is immediately obtained from (32) with P (0| −
1) = Z(0)− Ẑ(0| − 1) = diag{π0(0)V̄ , · · · , πd(0)V̄ }. ¤

Note that for the case with no jumps (d = 0), we would
have B(Q(k)) = 0, and therefore, (17) would reduce to the
standard recursive Riccati equation for the Kalman filter.
In the following, we shall give an analytical solution to the
optimal filtering by applying the geometric arguments.

Corollary 1. Considering (1), (2), and given time k >
d, the optimal filter x̂xx(k|k) is given by

x̂xx(k|k) = [I 0 · · · 0]ˆ̄xxx(k|k) (33)

ˆ̄xxx(k|k) =

d∑
i=0

ẑzzi(k|k) (34)

where ẑzzi(k|k) is the (i+1)-th element of ẑzz(k|k), and ẑzz(k|k)
satisfies the following recursive equation

ẑzz(k|k) = ẑzz(k|k − 1) + P (k|k − 1)H̄T ×
(H̄P (k|k − 1)H̄T + Qv)−1 ×
(yyy(k)− H̄ẑzz(k|k − 1)) (35)

ẑzz(k|k − 1) = Āẑzz(k − 1|k − 1), ẑzz(0| − 1) = 0 (36)

where P (k|k − 1) can be computed by (17).
Proof. The proof of this theorem is apparent and omit-

ted here. ¤
In Corollary 1, we consider the case that the initial value

E[xxx(0)] = 0. While E[xxx(0)] = µµµ 6= 0, it can be shown
that equations (33) ∼ (36) are also satisfied. On the other
hand, the obtained estimation algorithm can be applied to
a broader class of systems which involve Markov jumping
parameters and jumping delays simultaneously.

3 Stability of the state estimator

Stability of the estimator is essential when estimation is
performed over a long period of time. As is well known, the
observation delays are the source of potential instability. In
this section, we show that the proposed estimator is stable
provided that the following assumptions hold.

Assumption 5. System (1) and (2) is mean square
stable (MSS) according to the definition in [11].

Assumption 6. The Markov chain d(k) is ergodic.
It follows from Assumption 6 that limk→∞ P (θθθ(k) = eeei)

exists and it is independent of θθθ(0). We define

πi = lim
k→∞

P (θθθ(k) = eeei) = lim
k→∞

πi(k)

With regard to Assumptions 5 and 6, and Proposition 8
in [11], we see that Q(k) → Q as k → ∞, where Q =
(Z0, · · · , Zd) is the unique solution of

Zj =

d∑
i=0

λij(ĀZiĀT + πiC̄QwC̄T), j = 0, · · · , d (37)

Now, we introduce an operator for any positive semi-
definite matrix L as follows

T (L) = ĀLH̄T(H̄LH̄T + Qv)−1

and let infl≥k πi(l) > 0 hold for all i = 0, 1, · · · , d (since
πi(k) → πi > 0 as k → ∞, we have that this number
exists). Defining αi(k) = infl≥k πi(l + k), then we get

πi(k + k) ≥ αi(k) ≥ αi(k − 1) (38)

k = 1, 2, · · · , i = 0, 1, · · · , d

and αi(k)→πi(k →∞) exponentially fast.
In the following, we define

R(k + 1) = ĀR(k)ĀT + B(Q̄(k)) +

diag

{
d∑

i=0

αi(k)λijC̄QwC̄T

}
−

ĀR(k)H̄T(H̄R(k)H̄T + Qv)−1H̄R(k)ĀT

where R(0) = 0 and Q̄(k) = (Z̄0(k), · · · , Z̄d(k)) with

Z̄j(k + 1) =

d∑
i=0

λij(ĀZ̄i(k)ĀT + αi(k)C̄QwC̄T)

Z̄j(0) = 0, j = 0, 1, · · · , d

The rest of this section is devoted to proving the stability
of the covariance matrix of the estimation error. In doing
so, the following fact will play a key role.

Lemma 2. For each k = 0, 1, · · · , we have

0 ≤ R(k) ≤ R(k + 1) ≤ P (k + 1 + k|k + k) (39)

Proof. It follows from the same arguments as in
Lemma 3 in [13]. ¤

Theorem 2. Suppose that Assumptions 1, 5, and 6
hold. Consider the algebraic Riccati equation given by

P = ĀP ĀT + B(Q) + diag

{
d∑

i=0

λijπiC̄QwC̄T

}
−

ĀP H̄T(H̄P H̄T + Qv)−1H̄P ĀT (40)

satisfies (37), where Q = (Z0, · · · , Zd). Then, there exists
a unique nonnegative definite solution P to (40). More-
over, Ā − T (P )H̄ is a stable matrix, and for any Q(0) =
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(Z0(0), · · · , Zd(0)) with Zi(0) ≥ 0, i = 0, 1, · · · , d, and
P (0| − 1) ≥ 0, we have that P (k + 1|k) given by (16) and
(17) satisfies P (k + 1|k) → P, k →∞.

Proof. From MSS of (1) and Proposition 5 in [11],
we have that rσ(Ā) < 1. According to the standard re-
sults for algebraic Riccati equations, there exists a unique
positive semi-definite solution P to (40) and moreover
rσ(Ā − T (P )H̄) < 1. Furthermore, P satisfies

P = (Ā − T (P )H̄)P (Ā − T (P )H̄)T + B(Q) +

diag{
d∑

i=0

λijπiC̄QwC̄T}+ T (P )QvTT(P ) (41)

Define N(0) = P (0| − 1) and

N(k + 1) = (Ā − T (P )H̄)N(k)(Ā − T (P )H̄)T +

B(Q(k)) + diag

{
d∑

i=0

λijπi(k)C̄QwC̄T

}
+

T (P )QvTT(P ) (42)

Let us show by induction on k that N(k) ≥ P (k|k − 1).
Since

P (k + 1|k) = B(Q(k))+

diag{
d∑

i=0

πi(k)λijC̄QwC̄T}+ T (P )QvTT(P ) +

(Ā − T (P )H̄)P (k|k − 1)(Ā − T (P )H̄)T−

(T (k)− T (P ))(H̄P (k|k − 1)H̄T + Qv)×

(T (k)− T (P ))T (43)

we have from (42) and (43) that

(N(k + 1)− P (k + 1|k)) =

(Ā − T (P )H̄)(N(k)− P (k|k − 1))(Ā − T (P )H̄)T +

(T (k)− T (P ))(H̄P (k|k − 1)H̄T + Qv)×

(T (k)− T (P ))T (44)

By definition, N(0) = P (0| − 1). Suppose that N(k) ≥
P (k|k − 1). From (44), we have that N(k + 1) ≥
P (k + 1|k). Therefore, we have shown by induction that
N(k) ≥ P (k|k − 1) for all k = 0, 1, · · · . From Assump-
tions 5 and 6, we have that Q(k) → Q as k → ∞ and

diag{∑d
i=0 λijπi(k)C̄QwC̄T} → diag{∑d

i=0 λijπiC̄QwC̄T}
as k → ∞ exponentially fast. From rσ(Ā − T (P )H̄) < 1
and Proposition 2 in [11], we get that N(k) → N as k →∞,
where N satisfies

N = (Ā − T (P )H̄)N(Ā − T (P )H̄)T + B(Q)+

diag{
d∑

i=0

λijπiC̄QwC̄T}+ T (P )QvTT(P ) (45)

and N is the unique solution to (45). Recalling that P
satisfies (41), we have that P is also a solution to (45) and
from uniqueness, P = N .

Therefore,

P (k|k − 1) ≤ N(k) (43)

and N(k) → P as k → ∞. From (46), it follows that
0 ≤ R(k) ≤ R(k + 1) ≤ N(k + 1 + k), and thus, we can
conclude that R(k) → R whenever k →∞ for some R ≥ 0.
Moreover, from the fact that αi(k) → πi and Q̄(k) → Q as
k →∞, we have that R satisfies (41). From uniqueness of
positive semi-definite solution to (41), we can conclude that
R = P . From (46) and (39), R(k) ≤ P (k + k|k − 1 + k) ≤
N(k + k). Since N(k) → P and R(k) → P as k → ∞, we
get that P (k|k − 1) → P as k →∞. ¤

With Theorem 2, we obtain sufficient conditions for the
convergence of the error covariance matrix to a stationary
value for the linear minimum mean square error (LMMSE)
estimation. It is shown that if the system is MSS and the
Markov delay is ergodic, then the error covariance matrix
will converge to the unique nonnegative definite solution of
an algebraic Riccati equation associated with the problem.
Moreover, the filter equation with the stationary gain will
be stable.

4 Numerical example

In this section, we present a numerical example to illus-
trate the previous theoretical results. Consider a dynamic
system described in (1) and (2) with the following specifi-
cations:

A =




0.9 0

0 0.5


 , CCC =




2

2


 , HHH = [0.15 0.3]

and we denote that xxx(k) = [xT
1 (k), xT

2 (k)]T. For the con-
venience of illustration of the proposed results and without
loss of generality, we assume that the Markovian delay d(k)
is restricted to the set {0, d} with transition probabilities:

p00 = P (d(k + 1) = 0 | d(k) = 0) = 0.85

p0d = P (d(k + 1) = d | d(k) = 0) = 0.15

pd0 = P (d(k + 1) = 0 | d(k) = d) = 0.7

pdd = P (d(k + 1) = d | d(k) = d) = 0.3

The initial conditions are as follows: xi(0) ∼ N(0, 1),
p0(0) = P (d(0) = 0) = 0.5, pd(0) = P (d(0) = d) = 0.5.
In the actual system, we use xxx(0) = 1 for all the simulation
trials to generate zzz0(k) and zzzd(k). Furthermore, {www(k)}
and {vvv(k)} are mutually independent noise sequences. In
this example, we consider three kinds of distributions for
the noises: normal (with µ = 0 and σ = 1), uniform (with
parameters a = −1 and b = 1), and T-distribution (with
parameters v = 20 and δ = 0). The state estimation perfor-
mances were evaluated by averaging over 50 Monte Carlo
simulations from k = 0 to 200.

The simulation results are obtained as follows. Figs. 1
and 2 represent the real states and their estimators subject
to different noises and random delay d(k) ∈ {0, 5} based on
the given path. Fig. 3 shows the square root of the mean
square errors (RMS) subject to different delays. It can be
seen from the simulation results that the obtained linear es-
timator for systems with Markovian time delay are tracking
well to the real state value and the proposed method is effi-
cient to different noises and delays, that is, the estimation
scheme proposed in this paper produces good performance.
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Fig. 1 Trajectories of state x1: real state value (solid line) and
its estimations (dashed lines) subject to different noises and

Markovian delay d(k) ∈ {0, 5} based on the given path

Fig. 2 Trajectories of state x2: real state value (solid line) and
its estimations (dashed lines) subject to different noises and

Markovian delay d(k) ∈ {0, 5} based on the given path

Fig. 3 RMS state estimation errors for system with different
noises and Markovian delay d(k) ∈ {0, 5}

5 Conclusion

This paper has addressed the state estimation problem
in an environment where state measurements are sent over
a communication network. The random delay introduced
by the network is modeled as a finite-state Markov chain.

Complete analytical solution has been obtained by solving
the recursive Riccati equations. It has been shown that

the proposed state estimator is exponentially stable under
standard assumptions.
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