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Adaptive State-feedback

Stabilization for More General

High-order Stochastic
Nonlinear Systems

TIAN Jie1,2 XIE Xue-Jun1,2

Abstract An adaptive state-feedback stabilization is inves-
tigated for a class of high-order stochastic nonlinear systems in
which the upper bound of the function fi(·) depends on the state
xi+1 besides the states x1, · · · , xi and zzz. A smooth adaptive
state-feedback controller is designed, which guarantees that the
closed-loop system has an almost surely unique solution, and the
equilibrium is globally stable in probability. A numerical simu-
lation example is given to show the systematic design and the
effectiveness of controller.

Key words High-order stochastic nonlinear systems, adap-
tive state-feedback controller, global stabilization

Consider the following high-order stochastic nonlinear
system

dzzz = fff0(zzz, x1)dt

dxi = xp
i+1dt + fi(zzz, x̄xxi+1)dt + gggT

i (x̄xxi)Σ(t)dωωω,

i = 1, · · · , n− 1

dxn = updt + fn(zzz, x̄xxn)dt + gggT
n (x̄xxn)Σ(t)dωωω (1)

where (zzzT, x1, · · · , xn)T ∈ Rm+n and u ∈ R represent
the state vector and the scalar control input, respectively,
xxx = (x1, · · · , xn)T ∈ Rn represents the measurable state,
x̄xxi = (x1, · · · , xi), zzz ∈ Rm is referred to as the unmea-
surable unmodeled dynamics, p > 1 is an odd integer, the
functions fi : Rm+i+1 → R, gggi : Ri → Rr are smooth with
fi(0, 0) = 0, gggi(0) = 0, Σ : R+ → Rr×r is Borel measur-
able and bounded, where Σ(t) is defined to be nonnegative
for each t, and ωωω is an r-dimensional independent standard
Wiener process defined on the complete probability space
(Ω,F , P ) with Ω being a sample space, F a filtration, and
P a probability measure.

For this class of high-order stochastic nonlinear sys-
tems, which are neither necessarily feedback linearizable
nor affine in the control input, [1] considered the state-
feedback stabilization problem for the first time. Subse-
quently, [2] designed an adaptive state-feedback controller
for a class of stochastic nonlinear uncertain systems with
unknown control coefficients, and [3] designed a smooth
adaptive state-feedback controller for high-order stochastic
systems with nonlinear parameterization. However, in all
these results of [1−3], the upper bound of the function fi(·)
only depends on the states x1, · · · , xi and zzz. Naturally, one
may ask the following interesting and important question:

If the upper bound of fi(·) depends on the state xi+1

besides the states x1, · · · , xi and zzz, how do we design a
controller for system (1)?
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This paper will solve the problem. By choosing an appro-
priate Lyapunov function and using some flexible algebraic
techniques, a smooth adaptive state-feedback controller is
designed, which guarantees that the closed-loop system has
an almost surely unique solution on [0,∞), and the equi-
librium at the origin is globally stable in probability.

1 Preliminary results
Consider the following stochastic nonlinear system

dxxx = fff(xxx, t)dt + gggT(xxx, t)dωωω, xxx(0) = xxx0 ∈ Rn (2)

where xxx ∈ Rn is the state of system (2), the Borel measur-
able functions fff : Rn+1 → Rn and ggg: Rn+1 → Rn×r are
assumed to be C1 in their arguments, and ωωω ∈ Rr is an r-
dimensional independent standard Wiener process defined
on the complete probability space (Ω,F , P ).

Definition 1[4]. Given any V (xxx, t) ∈ C1,2, for stochastic
system (2), the differential operator L is defined as follows

LV (xxx, t) =
∂V

∂t
+

∂V

∂xxx
fff +

1

2
tr

(
ggg

∂2V

∂xxx2
gggT

)
(3)

where C1,2(Rn×R+;R+) denotes all nonnegative functions
V (xxx, t) on Rn×R+, which are C1 in t and C2 in xxx, and for
simplicity, the smooth function fff(·) is denoted by fff .

Lemma 1[5]. Let xxx and yyy be real variables. Then, for
any positive integers m, n, and any real number ε > 0, the
following inequality holds

|xxx|m|yyy|n ≤ m

m + n
ε|xxx|m+n +

n

m + n
ε−

m
n |yyy|m+n (4)

Lemma 2[6]. Considering the stochastic system (2),
if there exist a C1,2 function V (xxx, t), K∞ class functions
α1(·) and α2(·), constant c̄ ≥ 0, and a nonnegative func-
tion W (xxx, t) such that

α1(|xxx|) ≤ V (xxx, t) ≤ α2(|xxx|), LV (xxx, t) ≤ −W (xxx, t) + c̄ (5)

then for each xxx0 ∈ Rn,
1) For (2), there exists an almost surely unique solution

on [0,∞);
2) When c̄ = 0, fff(0, t) = 0, ggg(0, t) = 000, and

W (xxx, t) = W (xxx) is continuous, the equilibrium xxx = 0 is
globally stable in probability, and the solution xxx(t) satisfies
P

{
limt→∞W (xxx(t)) = 0

}
= 1.

2 Controller design and stability analysis
For system (1), the following assumptions are needed.
Assumption 1. For the zzz-subsystem, there exists a C2

Lyapunov function U0(zzz) such that

LU0(zzz) ≤ −c|zzz|p+3 + χ̄(x1) (6)

where the positive constant c and smooth function χ̄ with
χ̄(0) = 0 are known.

Assumption 2. For fi(·), gggi(·), i = 1, · · · , n, there exist
known nonnegative smooth functions ϕij(zzz), ψij(x̄xxi), and

ĥi(x̄xxi) such that

|gggi(x̄xxi)| ≤
(
|x1|

p+1
2 + · · ·+ |xi|

p+1
2

)
ĥi (7)

|fi(zzz, x̄xxi+1)| ≤
p−1∑
j=0

|xi+1|j
(
|zzz|p−jϕij(zzz) +

i∑

k=1

|xk|p−jψij

)
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The purpose of this paper is to design a smooth state-
feedback controller for system (1) such that the closed-loop
system is globally stable in probability at the origin.

By (7), it is deduced that for any positive number dij ,

p−1∑
j=0

|xi+1|j |zzz|p−jϕij(zzz) ≤
p−1∑
j=0

j

p
dij |xi+1|p + |zzz|pϕi(zzz) (8)

where ϕi(zzz) =
∑p−1

j=0

p− j

p
d
−j

p−j

ij ϕ
p

p−j

ij (zzz) is a nonnegative

smooth function. Similarly, the following inequality

p−1∑
j=0

|xi+1|j
i∑

k=1

|xk|p−jψij ≤

p−1∑
j=0

i∑

k=1

j

p
dijk|xi+1|p +

i∑

k=1

|xk|p−jψ̂i (9)

holds for a smooth function ψ̂i(x̄xxi) =
∑p−1

j=0

p− j

p
d̄
−j

p−j

ij

ψ
p

p−j

ij , with d̄ij = max1≤k≤i dijk, thus one can obtain

|fi| ≤
p−1∑
j=0

j

p

(
dij +

i∑

k=1

dijk

)
|xi+1|p +

|zzz|pϕi(zzz) +

i∑

k=1

|xk|pψ̂i (10)

Firstly, the following coordinate change is introduced

ξ1 = x1, ξi = xi − x∗i (x̄xxi−1, θ̂), i = 2, · · · , n (11)

where x∗i , i = 2, · · · , n, are the virtual smooth controllers,

θ = sup
t≥0

{max(|ΣΣT| p+3
3 , |ΣΣT| p+3

2 , |ΣΣT|)} (12)

Then, by Itô differentiation rule, one has

dξ1 = xp
2dt + f1dt + gggT

1 Σ(t)dωωω

dξi = xp
i+1dt + fidt−

i−1∑

k=1

∂x∗i
∂xk

(xp
k+1 + fk)dt−

1

2

i−1∑

j,k=1

∂2x∗i
∂xj∂xk

gggT
j ΣΣTgggkdt− ∂x∗i

∂θ̂

˙̂
θdt +

(
gggT

i −
i−1∑

k=1

∂x∗i
∂xk

gggT
k

)
Σdωωω, i = 2, · · · , n (13)

where xn+1 = u. Let GGGT
i = gggT

i − ∑i−1
k=1

∂x∗i
∂xk

gggT
k , i =

2, · · · , n.

Consider the Lyapunov function V0(zzz) =
∫ U0(zzz)

0
η(s)ds,

where η(s) > 0 is a C1 nondecreasing function for ∀s ≥ 0.
It follows from Assumption 1 that for any smooth function
4(zzz) > 0, one can find a nondecreasing function η(·) such
that

LV0(zzz) ≤ η(U0(zzz))(−c|zzz|p+3+χ̄)≤−h(zzz)|zzz|p+3+χ (14)

where |χ(x1)| ≤ |x1|p+3γ(x1), γ(x1), and h(zzz) are smooth

positive functions, and
1

2
h(zzz) ≥ 4(zzz).

We now give the design process of the controller.
Step 1. Define the first Lyapunov candidate function

V1(zzz, ξ1, θ̃) = V0(zzz) +
1

4
ξ4
1 +

1

2
θ̃2

where θ̃ = θ − θ̂. By (3), (11), (13), and (14), we have

LV1 ≤ −h(zzz)|zzz|p+3 + |ξ1|p+3γ(x1) + ξ3
1xp

2 + ξ3
1f1 +

1

2
tr

(
ΣTggg13ξ2

1ggg
T
1 Σ

)
− θ̃

˙̂
θ (15)

According to (10) and (11), there exist nonnegative smooth
functions ϕ1(zzz), ψ1(x1), and h1(x1) such that

|f1| ≤ b1|x2|p + |z|pϕ1(zzz) + |ξ1|pψ1, |ggg1| ≤ |ξ1|
p+1
2 h1 (16)

where 0 < b1 =
∑p−1

j=0
j
p
(d1j + d1j1) ≤ 1

2
, ψ1 = ψ̂1, and

h1 = ĥ1.
Suppose that x∗2(x1, θ̂) = −β1(x1, θ̂)ξ1, where β1 ≥ 0 is

a smooth function to be chosen. Then, one has

b1ξ
3
1x∗p

2 (x1, θ̂) = −b1ξ
p+3
1 βp

1 (x1, θ̂) ≤ 0 (17)

By (15) and (16), we have

LV1 ≤ −h(zzz)|zzz|p+3 + |ξ1|p+3γ(x1) + 2b1ξ
3
1x∗p

2 −
2b1ξ

3
1x∗p

2 + ξ3
1xp

2 + b1|ξ1|3|x2|p +
3

p + 3
ε111ξ

p+3
1 +

|zzz|p+3∆1(zzz) + |ξ1|p+3ψ1 +
3

2
ξp+3
1 h2

1θ − θ̃
˙̂
θ (18)

where ∆1 =
p

p + 3
ε
− 3

p

111 ϕ
p+3

p

1 (zzz). Choosing the virtual con-

trol

x∗2(x1, θ̂) = −β1ξ1 =

(
1

b1

(
c1 + γ + ψ1 +

3

p + 3
ε111 +

3

2
h2

1

√
1 + θ̂2

)) 1
p

ξ1 (19)

and substituting it into (18), then by (17), we get

LV1 ≤ −(h(zzz)−∆1(zzz))|zzz|p+3 + (1 + b1)|ξ1|3|xp
2 − x∗p

2 | −
c1ξ

p+3
1 + θ̃(τ1 − ˙̂

θ) (20)

where τ1 =
3

2
ξp+3
1 h2

1, c1 > 0 to be chosen.

Remark 1. In this paper, we assume that p > 1. When
p = 1, the design process is simpler.

Step iii, 2 ≤ i ≤ n2 ≤ i ≤ n2 ≤ i ≤ n. Assume that at step i−1, there exists
a smooth state-feedback virtual control

x∗i (x̄xxi−1, θ̂) = −βi−1(x̄xxi−1, θ̂)ξi−1 (21)

such that

LVi−1 ≤ −
(

h(zzz)−
i−1∑

k=1

∆k(zzz)

)
−

i−1∑

k=1

(
ck −

i−1∑

j=k+1

cjk

)
×

ξp+3
k +

(
θ̃ +

i−1∑

k=2

ξ3
k
∂x∗k
∂θ̂

) (
τi−1 − ˙̂

θ
)

+

(1 + di−1)|ξi−1|3|xp
i − x∗p

i | (22)

where βi−1 > 0 is a smooth function and Vi−1 = V0(zzz) +
1

4

∑i−1
k=1 ξ4

k +
1

2
θ̃2.
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Then, define the i-th Lyapunov candidate function Vi =

Vi−1 +
1

4
ξ4

i . From (13) and (22), it follows that

LVi ≤ −
(

h(zzz)−
i−1∑

k=1

∆k(zzz)

)
−

i−1∑

k=1

(
ck −

i−1∑

j=k+1

cjk

)
ξp+3

k +

(
θ̃ +

i−1∑

k=2

ξ3
k
∂x∗k
∂θ̂

)
(τi−1 − ˙̂

θ) + (1 + di−1)|ξi−1|3 ×

|xp
i − x∗p

i |+ ξ3
i

(
fi −

i−1∑

k=1

∂x∗i
∂xk

(xp
k+1 + fk)−

1

2

i−1∑

j,k=1

∂2x∗i
∂xj∂xk

gggT
j ΣΣTgggk

)
+ ξ3

i xp
i+1 −

ξ3
i
∂x∗i
∂θ̂

˙̂
θ +

1

2
tr(ΣTGGGi3ξ2

i GGG
T
i Σ) (23)

By (10), (11), (19), and (21), there exist nonnegative

smooth functions ϕk(zzz), ψk(x̄xxk, θ̂), h̄k(x̄xxi, θ̂), k = 2, · · · , i,

hi1(x̄xxi, θ̂), and hi2(x̄xxi, θ̂) such that

|fk| ≤ bk|xk+1|p + |zzz|pϕk(zzz) + (|ξ1|p + · · ·+ |ξk|p)ψk

|gggk| ≤
(
|ξ1|

p+1
2 + · · ·+ |ξk|

p+1
2

)
h̄k

|GGGi| =
∣∣∣∣gggi −

i−1∑

k=1

∂x∗i
∂xk

gggk

∣∣∣∣ ≤
i∑

k=1

|ξk|
p+1
2 hi2

∣∣∣∣
i−1∑

j,k=1

∂2x∗i
2∂xj∂xk

gggT
j ΣΣTgggk

∣∣∣∣ ≤
i−1∑

k=1

|ξk|phi1|ΣΣT| (24)

Suppose that x∗i+1(x̄xxi, θ̂) = −βi(x̄xxi, θ̂)ξi, where βi ≥ 0 is
a smooth function to be chosen. Then, one has

biξ
3
i x∗p

i+1(x̄xxi, θ̂) = −biξ
p+3
i βp

i (x̄xxi, θ̂) ≤ 0 (25)

By (7) and (24), a direct calculation gives

LVi ≤ −
(

h(zzz)−
i∑

k=1

∆k(zzz)

)
|zzz|p+3 −

i−1∑

k=1

(
ck −

i−1∑

j=k+1

cjk

)
ξp+3

k +

i−1∑

k=1

c̄ikξp+3
k +

(
θ̃ +

i−1∑

k=2

ξ3
k
∂x∗k
∂θ̂

) (
τi−1 − ˙̂

θ
)

+

ξ3
i xp

i+1 + bi|ξ3
i xp

i+1| − 2biξ
3
i x∗p

i+1 + 2biξ
3
i x∗p

i+1 +

ξ3
i
∂x∗i
∂θ̂

τi − ξ3
i
∂x∗i
∂θ̂

τi +

i−1∑

k=2

ξ3
k
∂x∗k
∂θ̂

ξp+3
i Hi2 −

i−1∑

k=2

ξ3
k
∂x∗k
∂θ̂

ξp+3
i Hi2 + ξp+3

i H̄i1 +

ξp+3
i Hi2

(
θ̂ + θ̃

)
− ξ3

i
∂x∗i
∂θ̂

˙̂
θ (26)

where c̄ik > 0, k = 1, · · · , i− 1 are design parameters, H̄i1

and Hi2 are smooth nonnegative functions, τi = τi−1 +
ξp+3

i Hi2. For (26), the following two inequalities hold

−
i−1∑

k=2

ξ3
k
∂x∗k
∂θ̂

ξp+3
i Hi2 ≤

i−1∑

k=2

√
1 +

(
ξ3

k

∂x∗k
∂θ̂

Hi2

)2

ξp+3
i (27)

−ξ3
i
∂x∗i
∂θ̂

τi ≤
∣∣∣∣
∂x∗i
∂θ̂

∣∣∣∣
i∑

k=1

|ξi|3|ξk|pHk2|ξk|3 ≤

i−1∑

k=1

3

p + 3
ε
− p

3
ik1

√
1 +

(
∂x∗i
∂θ̂

Hk2ξ3
k

)2

p+3
3

ξp+3
i +

i−1∑

k=1

p

p + 3
εik1ξ

p+3
k +

√
1 +

(
∂x∗i
∂θ̂

Hi2ξ3
i

)2

ξp+3
i (28)

where εik1 > 0, k = 1, · · · , i−1 are design parameters, and

H12 =
3

2
h2

1. By letting

cik = c̄ik +
p

p + 3
εik1 (29)

Hi1 =

i−1∑

k=2

√
1 +

(
ξ3

k

∂x∗k
∂θ̂

Hi2

)2

+

√
1 +

(
∂x∗i
∂θ̂

Hi2ξ3
i

)2

+

i−1∑

k=1

3

p + 3
ε
− p

3
ik1

√
1 +

(
∂x∗i
∂θ̂

Hk2ξ3
k

)2

p+3
3

+ H̄i1

and substituting (29) into (26), LVi in (26) becomes

LVi ≤ −
(

h(zzz)−
i∑

k=1

∆k(zzz)

)
|zzz|p+3 −

i∑

k=1

(
ck −

i∑

j=k+1

cjk

)
×

ξp+3
k +

(
θ̃ +

i∑

k=2

ξ3
k
∂x∗k
∂θ̂

) (
τi − ˙̂

θ
)

+

(1 + bi)|ξi|3|xp
i+1 − x∗p

i+1| (30)

by choosing the smooth virtual control x∗i+1

x∗i+1(x̄xxi, θ̂) = −βi(x̄xxi, θ̂)ξi

βi(x̄xxi, θ̂) =

(
1

bi

(
ci + Hi2

√
1 + θ̂2 + Hi1

)) 1
p

(31)

where ci > 0 is a design parameter to be chosen.
Finally, when i = n, xn+1 = x∗n+1 = u is the actual con-

trol. By choosing the actual control law and the adaptive
law:

u(x̄xxn, θ̂) = −βn(x̄xxn, θ̂)ξn,
˙̂
θ = τn =

n∑

k=1

Hk2ξ
p+3
k (32)

where βn ≥ 0 and H12, · · · , Hn2 are smooth functions, we
get

LVn ≤ −1

2
h(zzz)|zzz|p+3 −

n∑

k=1

(
ck −

n∑

j=k+1

cjk

)
ξp+3

k (33)

where Vn(zzz, ξξξ, θ̃) = V0(zzz) +
∑n

k=1

1

4
ξ4

k +
1

2
θ̃2, ∆(zzz) =∑n

k=1 ∆k(zzz) with ξξξ = (ξ1, · · · , ξn).
Now, we state the main results as follows.
Theorem 1. If Assumptions 1 and 2 hold for the high-

order stochastic nonlinear system (1), under the smooth
adaptive state-feedback controller (32), we have

1) The closed-loop system has an almost surely unique

solution on [0,∞) for each (zzz0,xxx0, θ̂0);
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2) The equilibrium (zzz, ξξξ, θ̃) = (000,000, 0) of the closed-loop
system is globally stable in probability;

Proof. By choosing all the design parameters ck and
cjk to satisfy ck >

∑n
j=k+1 cjk, k = 1, · · · , n, by (33) and

Lemma 2, Theorem 1 can be proved immediately. ¤

3 An example
Consider the following stochastic nonlinear system

dz = −z

(
1 +

1

2
sin2 x1

)
dt

dx1 = x3
2dt + x1x

2
2dt +

1

3
x2

1 sin x1

(
1 +

1

8
sin t

)
dωωω

dx2 = u3dt + zx2
1 sin x2dt + x1x2

(
1 +

1

8
sin t

)
dωωω (34)

Choose U0(z) =
1

6
z6, and Assumption 1 is satisfied with

c = 1. It is easy to obtain that Assumption 2 is satisfied.
Choosing ξ1 = x1, V0(z) = CU0(z), and considering V1 =

V0 + 1
4
ξ4
1 + 1

2
θ̃2, one gets

LV1 = −C|z|6 + ξ3
1xp

2 + ξ3
1f1 +

3

2
tr(ΣTg1ξ

2
1gT

1 Σ)− θ̃
˙̂
θ ≤

−C|z|6 − c1ξ
6
1 + (1 + b1)|ξ1|3|x3

2 − x∗32 |+ θ̃(τ1 − ˙̂
θ)

by choosing the virtual smooth control

x∗2 = −
(

1

b1

(
c1 + ψ1(x1) +

3

2
h2

1

√
1 + θ̂2

)) 1
3

ξ1 (35)

where ψ1(x1) = ψ̂1(x1), h1(x1) = ĥ1(x1), τ1 = 3
2
ξ6
1h2

1(x1),
and c1 > 0 is the design parameter to be chosen.

Next, by defining ξ2 = x2 − x∗2 and V2 = V1 + 1
4
ξ4
2 , a

direct calculation gives

LV2 ≤ −C|z|6 − c1ξ
6
1 + (1 + b1)|ξ1|3|x3

2 − x∗32 |+
θ̃(τ1 − ˙̂

θ) + ξ3
2f2 − ξ3

2
∂x∗2
∂x1

(x3
2 + f1)−

1

2
ξ3
2
∂2x∗2
∂x2

1

gT
1 ΣΣTg1 + ξ3

2u3 +

1

2
tr(ΣTG23ξ2

2GT
2 Σ)− ξ3

2
∂x∗2
∂θ̂

˙̂
θ (36)

Then, by (23)∼ (31), one can obtain the updating law and
the smooth control u as follows

˙̂
θ = τ2 =

3

2
ξ6
1h2

1(x1) + H22(x̄2, θ̂)ξ
6
2

u = −β2ξ2 = −
(
c2 + H22

√
1 + θ̂2 + H21

) 1
3
ξ2 (37)

where c2 > 0 is a design parameter, H21 and H22 are
smooth functions.

Choose c1 = 4 > c21 = 3.75, c2 = 0.5 > 0, and the

initial values z(0) = 1, x1(0) = 0.8, x2(0) = −1.5, θ̂(0) =
1.4. Fig. 1 gives the response of the closed-loop system
consisting of (34) and (37).

4 Conclusion
For system (1) in which the upper bound of fi(·) de-

pends on the state xi+1 besides the states x1, · · · , xi and zzz,
an adaptive state-feedback controller is designed to guar-
antee that the equilibrium at the origin is globally stable

in probability. A remaining problem to be currently inves-
tigated is how to design a controller by using the dynamic
signal method[7−8] or stochastic small-gain theorem[9] for a
more general system with stochastic inverse dynamics.

Fig. 1 The response of the closed-loop system (34) and (37)
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