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Adaptive State-feedback
Stabilization for More General

High-order Stochastic
Nonlinear Systems

TIAN Jie!:2 XIE Xue-Jun'?

Abstract An adaptive state-feedback stabilization is inves-
tigated for a class of high-order stochastic nonlinear systems in
which the upper bound of the function f;(-) depends on the state
z;+1 besides the states xq,---,z; and 2. A smooth adaptive
state-feedback controller is designed, which guarantees that the
closed-loop system has an almost surely unique solution, and the
equilibrium is globally stable in probability. A numerical simu-
lation example is given to show the systematic design and the
effectiveness of controller.
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Consider the following high-order stochastic nonlinear
system

dz = f(z,z1)dt
dzx; = .Z‘f+1dt + fi(2z,Zip1)dt + giT(a":i)Z(t)dw,

i=1,---,n—-1

da, = uPdt + fr(2,2,)dt + g (,)2(t)dw (1)
where (27,21, -+ ,2,)T € R™™ and v € R represent
the state vector and the scalar control input, respectively,
z = (z1, 7:tcn)T € R" represents the measurable state,
z; = (x1, - ,x;), 2 € R™ is referred to as the unmea-
surable unmodeled dynamics, p > 1 is an odd integer, the
functions f; : R™T* - R, g, : R* — R" are smooth with
£i(0,0) =0, g;(0) =0, £ : Ry — R"™" is Borel measur-
able and bounded, where X(t) is defined to be nonnegative
for each ¢, and w is an r-dimensional independent standard
Wiener process defined on the complete probability space
(2, F, P) with Q being a sample space, F a filtration, and
P a probability measure.

For this class of high-order stochastic nonlinear sys-
tems, which are neither necessarily feedback linearizable
nor affine in the control input, [1] considered the state-
feedback stabilization problem for the first time. Subse-
quently, [2] designed an adaptive state-feedback controller
for a class of stochastic nonlinear uncertain systems with
unknown control coefficients, and [3] designed a smooth
adaptive state-feedback controller for high-order stochastic
systems with nonlinear parameterization. However, in all
these results of [1—3], the upper bound of the function f;(-)
only depends on the states x1, - -- ,x; and z. Naturally, one
may ask the following interesting and important question:

If the upper bound of f;(-) depends on the state x;11
besides the states i1, -+ ,x; and 2z, how do we design a
controller for system (1)7
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This paper will solve the problem. By choosing an appro-
priate Lyapunov function and using some flexible algebraic
techniques, a smooth adaptive state-feedback controller is
designed, which guarantees that the closed-loop system has
an almost surely unique solution on [0,00), and the equi-
librium at the origin is globally stable in probability.

1 Preliminary results

Consider the following stochastic nonlinear system

dz = f(z,t)dt + ¢" (z,t)dw, z(0) =z0 € R" (2)
where £ € R" is the state of system (2), the Borel measur-
able functions f: R"™!1 — R" and g: R""! — R™ " are
assumed to be C! in their arguments, and w € R" is an r-
dimensional independent standard Wiener process defined
on the complete probability space (2, F, P).

Definition 1™, Given any V (z,t) € C'2, for stochastic
system (2), the differential operator L is defined as follows

ov. v, 1 <a2v T) @)

LV (z,t) = BT %f+ S| 95,29

where C1?(R"™ x R ; R+) denotes all nonnegative functions
V(z,t) on R™ x Ry, which are C! in ¢t and C? in z, and for
simplicity, the smooth function f(-) is denoted by f.

Lemma 101, Let z and y be real variables. Then, for
any positive integers m, n, and any real number € > 0, the
following inequality holds

m m+n n - m4n
_m n 4
L e L )

m n
<
=™yl T

Lemma 2. Considering the stochastic system (2),
if there exist a C*? function V(x,t), Ko class functions
a1(-) and aq(-), constant ¢ > 0, and a nonnegative func-
tion W (z,t) such that
a1(lz]) < V(e t) < aa(lz|), LV(x,t) < -W(z,t)+¢ (5)
then for each 2o € R",

1) For (2), there exists an almost surely unique solution
on [0, c0);

2) When ¢ = 0, f(0,t) = 0, g(0,t) = 0, and
W(z,t) = W(z) is continuous, the equilibrium 2 = 0 is
globally stable in probability, and the solution z(¢) satisfies
P{lim; o W(z(t)) =0} = 1.

2 Controller design and stability analysis

For system (1), the following assumptions are needed.
Assumption 1. For the z-subsystem, there exists a C?
Lyapunov function Up(2) such that

LUo(2) < —clz""* + x(a1) (6)

where the positive constant ¢ and smooth function x with
x(0) = 0 are known.

Assumption 2. For f;(-), g,(-),i=1,--- ,n, there exist
known nonnegative smooth functions ;;(2), 9:;(Z:), and

h;(Z;) such that

pt1l pE1\ ~
9:@)] < (]2 +-+ |2l 2 ) (7)
p=l . . i .
fi(z, 1) < |aia ) (|Z\pfj<ﬁz‘j(z) +)° |Ik\pﬂ1/)ij>
§j=0 k=1



No.9

TIAN Jie and XIE Xue-Jun: Adaptive State-feedback Stabilization for - - -

1189

The purpose of this paper is to design a smooth state-
feedback controller for system (1) such that the closed-loop
system is globally stable in probability at the origin.

By (7), it is deduced that for any positive number d;j,

Z |ziga 2"

pl‘

< Z dzg|$z+1|p + ‘Z|p(pl( ) (8)

1P—J j' =7
Zp p J(pZZ J

smooth function. Similarly, the following inequality

p—1 i
Z |ig1 )’ Z |k |P I epiy <
Z Z dwk|xl+l|p + Z ‘xk|p ]UJ (9)

JOkl

where ¢;(z) = (2) is a nonnegative

holds for a smooth function 1/31(:1_:2) = >P7

f; 7 with d;; = max;<g<; dijx, thus one can obtain

1

p—
|f1| S Z (dz] +Zdwk)|xz+l|
Jj=

k=1

lz|"pi(2

)+Z |k | i (10)
k=1
Firstly, the following coordinate change is introduced

5121'1, fi:x’i*x:(jiflvé)a 7:223"'7” (11)

where ], ¢ = 2,--- ,n, are the virtual smooth controllers,

6’—Sup{IMX(IEETI LEETE T 12)

Then, by Ito differentiation rule, one has

dé = xgdt+f1dt—|—ng ( )dw
\ Oz}
g, = 2%, dt + fidt — ax (@b, + fr)dt —
1 = 82 T 81':A
5 9, 895 g; £53)3 g, dt — —-6dt +
Pyt 00
(T (%ng)zdw, i=2,---,n (13)
k
where 2n41 = u. Let Gf = Zk ¢ 8% i =
2,---,m.

Consider the Lyapunov function Vy(2) = fOU[)(z) n(s)ds,

where 7(s) > 0 is a C' nondecreasing function for Vs > 0.
It follows from Assumption 1 that for any smooth function
A(z) > 0, one can find a nondecreasing function 7(-) such
that

LVo(2) < n(Uo(2))(—cle["*?+X) < —h(2) 2" +x  (14)

where |x(z1)] < |21|P™3y(z1), (1), and h(z) are smooth
1
positive functions, and §h(z) > A(z).

We now give the design process of the controller.
Step 1. Define the first Lyapunov candidate function

Vi(z,61,0) = Vo(z) + §1+ 92

where § = 6 — 6. By (3), (11
LVi < —h(2)[2]""? + " y(@) + Elad + &1 f1 +

1
St (2 g13g%ng2) — 66 (15)

), (13), and (14), we have

According to (10) and (11), there exist nonnegative smooth
functions ¢1(2), ¥1(x1), and hi(z1) such that

il < bulaal + 2Pei(2) + (&P, g, | < [€2]°F ha (16)
1 1 N
where 0 < b; = Zfzé %(du + dij1) < > Y1 = 91, and

hi = hi. X R
Suppose that z5(x1,0) = —f1(x1,0)&1, where 51 > 0 is
a smooth function to be chosen. Then, one has

bi&izs? (21,0) = —bi €780 (21,0) <0 (17)
By (15) and (16), we have
LVI < —h(2)|2|"7? + |& Ty () + 26167257 —
201625 + &b + b & | za|” +

E111€f+3

p+3
3 ~ A
|27 A (2) + €l P + SETTR0 - 00 (18)

p _3 pt3
where A; = ?6115’ ¢, 7 (2). Choosing the virtual con-
p
trol
1 3
w3 (21,0) = —pr&s = (Cl +v+ 91+ €111 +
by p+3

gh§\/1+é2>>5& (19)

and substituting it into (18), then by (17), we get
LVi < —(h(z) = Au(2)) 2" + (14 bo) & P — a3”| —
& 4 0(m —0) (20)

where 11 = f£p+3h1, c1 > 0 to be chosen.

Remark 1 In this paper, we assume that p > 1. When
p =1, the design process is simpler.

Step i, 2 < i < n. Assume that at step i—1, there exists
a smooth state-feedback virtual control

2} (Zim1,0) = —Bi1(Zi—1,0)&i1 (21)
such that

(z)) —;izll (c;C — Slcjk) X

Vi, < —(h(z) -
j=k+

£+3 < 36$k) <7'i71 — é) +

1+ di—1)|§i—1| |z} — 23] (22)
where ;1 > 0 is a smooth function and V;—1 = Vy(2) +
1 i—1 1 N2
1 et &+ 50 :
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Then, define the i-th Lyapunov candidate function V; =

Viei + i{?. From (13) and (22), it follows that
i1 i1 i1

LV; < —(h(z) -3 Ak(z)) - <ck -> cjk> pH3y
k=1 k=1 j=k+1

+ (L4 dima) || x

Ixf—w?’|+£§’( Z

) —

i—1
1 8233:( T

- LT SgP, . —
B = B:Ejﬁxkgj gk) + 8wy

30xi 5 1 Ty qr2AT
& Y 0+ 2tr(2 G:36,G; %) (23)

By (10), (11), (19), and (21), there exist nonnegative
smooth functions oy (2 ) i (Zk, 0), he(Z:,0), k =2,--- 4,
hll(xl,H) and hso (%, 9) such that

[fe] < blzra]” + |2/ pr(2) +
pEl
9 < (a7 +

=2 9zt
9i — Z (9231 9
k=1
i—1

62$: T
PPN
j%::l 20z ;0xy, gj g

(1&]” +
iy ‘§k|%> R

i
ptl
< Z|5k|‘“2 hia

o 1€k )P

IGi| =

Z PR [ZET] (24)

Suppose that x,(Z;, ) = —3:(&s, )fi, where 3; > 0 is
a smooth function to be chosen. Then, one has

bi&lwih (%:,0) = —b:iP Bl (%:,0) <0 (25)

By (7) and (24), a direct calculation gives

) 8u(2) ) " -
» . k=1
> (Ck— > Cﬂv) v

k=1 j=k+1

(9 + 253&”’“) (71— 0) +

— 9, €3 *p + 2b, 53 *p

LV; < —(h(z) -

i—1

3 — 3

+) e+
k=1

€1 z+l+b ‘é‘l 7,+1

K3 z+l K3 z+1
38(131 T — 381? 38$k€p+3H
o0 et
i—1
3axk£p+3H +£p+3H +
00

d axz

€f+3Hi2 (é + é) (26)
where ¢ >0, k=1,---,i — 1 are design parameters, H;;
and H;2 are smooth nonnegative functions, 7, = 7;_1 +
&r T3 H;5. For (26), the following two inequalities hold

30y,

ry;

ox* 2
14 (sz u H) €5 (27)

k=2

30T - '8231
TR

Z €l |€x|” Hrzléx]* <

p+3

3

= 3 B Ox}

Z mslk% \/1 + < 86: Hk2§k) gip+3 +
k=1

S p+3 | Ox} 5\ pes

where e;51 >0, k=1,---
Hi = ghf. By letting

,4— 1 are design parameters, and

Cik = Cik + —5€ikl (29)

+ 3
2
1‘255’) +

2 ox*
kHz i
Z 1+(§k 2) +\/H<ae

p+3
3

i—1 3 ox* 2 3
Zp+3‘k1\/1+<aész2§’§) + Hi

and substituting (29) into (26), LV; in (2

Hi

6) becomes

LV; < —(h(z)— i Ak(z)) |2[P T3 —

k=1
[
-
k=1

Cjk) X
k+1
erts 4 ( 335%) ( *) n
(I+0b )|§Z| |$z+1 - :C'L-‘,-l (30)

by choosing the smooth virtual control zj,
i1 (%,0) = —Bi(%4,0)&
1
. 1 " »
Bi(Z:,0) = (F (Ci+Hi2 \ 1+92+Hi1)) (31)

where ¢; > 0 is a design parameter to be chosen.

Finally, when ¢ = n, &n41 = 41 = u is the actual con-
trol. By choosing the actual control law and the adaptive
law:

Jj=

w(@0,0) = —Bu(@n, )60, 0=,

= Hw&™ (32)
k=1

where 3, > 0 and His, -+, Hn2 are smooth functions, we

get
1 n n
LV, < —3h(z)lal"" ~ > (ck - ‘Z cj-k> 7 (33)
k=1 Jj=k+1

where Va(z,€,0) = Vo(s) + i, 164 + 37,
D ko1 Dk(2) with &= (&1, &n).

Now, we state the main results as follows.

Theorem 1. If Assumptions 1 and 2 hold for the high-
order stochastic nonlinear system (1), under the smooth
adaptive state-feedback controller (32), we have

1) The closed-loop system has an almost surely unique
solution on [0, c0) for each (zo,zo,00);

Alz) =
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2) The equilibrium (z,£, é) = (0,0,0) of the closed-loop
system is globally stable in probability;

Proof. By choosing all the design parameters ¢, and
cjk to satisfy ¢ > 377y ik, k=1,---,n, by (33) and
Lemma 2, Theorem 1 can be proved immediately. |

3 An example

Consider the following stochastic nonlinear system
1 .2
dz = —z 1+§sm Ty | dt
3 2 145 . 1 .
dxy = xydt + x125dt + gml sinzy [ 1+ 3 sint | dw
dzs = u’dt + zx% sin zodt + x122 (1 + é sin t) dw (34)
6

1
Choose Up(z) = 5% and Assumption 1 is satisfied with
c = 1. It is easy to obtain that Assumption 2 is satisfied.
Choosing &1 = 1, Vo(z) = CUp(z), and considering Vi =
Vo + iﬁf + %92, one gets

3 ~ A
LV = —Cle|* + &laf + &1 + (S 016191 %) — 00 <

—Cl2l® = 2l + (1 + o) & '3 — 25°| + 6(n — 6)

by choosing the virtual smooth control

Th = — (%(01 + 1 (z1) + gh%\/ﬂ)) ’ & (35)

where ¢1(z1) = P1(z1), hi(z1) = ha(z1), 71 = 3E0h3 (1),
and c; > 0 is the design parameter to be chosen.

Next, by defining & = x2 — x5 and Vo = Vi + if%, a
direct calculation gives

LV < =Clz|° — c1&f + (1 + b)[& |23 — 23°| +

a *
39T (34 ) —

0(m — é) +&f2 - 5287961

1.50%x3 5
S8 a1 B8 g+ &’ +
1

LT Gusedaly) - a;;é (36)

Then, by (23) ~ (31), one can obtain the updating law and
the smooth control u as follows

A 3 ~
0=m= 55%?(9@) + Hao(Zo, 0)£5

u = —faés = —(CQ + Ha2\/1 + 62 + H21)%§2 (37)

where co > 0 is a design parameter, H2; and Hsz are
smooth functions.

Choose ¢1 = 4 > co1 = 3.75, c2 = 0.5 > 0, and the
initial values z(0) = 1, z1(0) = 0.8, z2(0) = —1.5, 6(0) =
1.4. Fig.1 gives the response of the closed-loop system
consisting of (34) and (37).

4 Conclusion

For system (1) in which the upper bound of f;(-) de-
pends on the state x;4+1 besides the states x1,--- ,x; and z,
an adaptive state-feedback controller is designed to guar-
antee that the equilibrium at the origin is globally stable

in probability. A remaining problem to be currently inves-
tigated is how to design a controller by using the dynamic
signal method" 8! or stochastic small-gain theorem™ for a
more general system with stochastic inverse dynamics.

1 '“:\ —=,
g N
ok .
g h
8
2
,2 I I 1 I 1 1
0 0.5 1 1.5 2 2.5 3
t/s
10 T T T T T
-
0 fymi———
E
£ -10
O
-20
30 . . . . .
0 0.5 1 1.5 2 2.5 3
t/s
Fig.1 The response of the closed-loop system (34) and (37)
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