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Model-free Policy Gradient-based Reinforcement Learning Algorithms for

Optimal Control of Unknown Stochastic Systems

DU Cheng-Long' HAN Jie' LI Fan-Biao' GUI Wei-Hua'

Abstract This paper investigates the optimal control problem of a class of Markov stochastic jump systems
(MSJSs) with unknown dynamics by two novel model-free policy gradient (PG)-based reinforcement learning (RL)
algorithms. Firstly, for MSJSs with partially unknown model information, an analytical form of model-free PG is
derived based on the sampling data of MSJSs and the solutions to coupled Lyapunov equations, and a partially
model-free PG-based RL optimal control algorithm is proposed, where the predefined performance index is directly
minimized. As the fact that the necessary data for solving the coupled Lyapunov equations and calculating the PG
can be extracted from the same trajectory of the system sampling data, without the need to collect additional
sampling data, the sampling complexity of the algorithm is significantly reduced. Furthermore, in order to com-
pletely eliminate the dependence on the model information of MSJSs, the PG is estimated through random perturb-
ation feedback gain, and a completely model-free PG-based RL algorithm is proposed to achieve optimal control of
MSJSs with completely unknown dynamics. Finally, simulation results are presented to demonstrate the efficiency
and superiority of the proposed two model-free PG-based RL optimal control algorithms.
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z(t) € Dy, 7(t) € pt} (19) > mPi(k, h—1) (24)
j=i+1

Hdp ) py(k) MIERMA (10) 52, F A, KT
SCHk [38], #4& Lyapunov /72 (10) g AT LAk
AR AR LA 4% Lyapunov 77 23k

Pi(k, h)(A; + BiK;(k)) + (A; + B;K;(k))" Pi(k, h) +

KX (k)R K;(k) +Q2+Zm] (k, h—1) +

j=1
N
> miPi(k,
j=i+l

Hrr, Pk, 0) =0; h AIERET. B (20)
R U SR, R Sk [35) FR KT VR e — A

h—1)=0 (20)

B %, B b RIEAK) 75 Py (k, h—1) B A
BRI 7 Py (k, By, Fo g <o K (20) B0
e

Py(k, h)(A; + BiK;(k)) + (A; + B;K; (k)T Py(k, h) +

K (k)R K; (k) +QZ+Z7r” (k, h) +

j=1
N
> Pk,
j=i+1
Hrdr, Pk, 0) = 0. FEEREMNE, ﬁ)ﬂﬂi?‘ﬁff(ﬁﬁ’]
BE YT mi Pk, h) ARE BRI YO iy x
Pi(k, h— 1), BUESEHL T AR AICSIOR FE. i (21)
CIESS
SRk, h(n) =
— &' (t) (i Pi(k, h) + K (k) RiKi (k) + Qi +

i—1
> miiPi(k, h Z i P
j=1

Jj=i+1

h—1)=0 (21)

i (R, h—1))a(t)
(22)

Xt BT RER) P MEEAT AR ), AT 4G
(@' (r) @2 (1)) vec(Pi(k, h)) =

t+r
- mi/t (¥ (1) ® 2% (7))d7 vec(P;(k, h)) —

t+kK
/t (.TT(T) ® ZET(T))dT vec(Q;(k, h)) (23)

k> 0 JURFERIRE. B4, (23) AT LA S 0 3 %
ek

D;gvecs(

Pi(k, h)) = —Dyzvec(Qi(k, h)) (25)

I B 2 R AR R u(t) = Ki(k)x(t)
PG RBFRBENLR S (1) AT 7850 B 5 R 4R, v
PLRAIE (D, Dyg) ™ WIAFEAERY. T2, 40 R R R AAL:
vees(Py(k, h)) = —(D},D;s) "' D}, Disvec(Q;(k, h))

(26)
ik, #44 Lyapunov 7 #2 (10) BIf#ER] Lk
IERCR MRS Lyapunov J7F2 (21) k15, MiX L)y
TRl (25) TGRS 7 ORI B2, $5H
Wi Ki(k+1), i€ N HEHN:
Ki(k+1)=

Ki(F) — 8Qk(m(t)|x(;)Kf(2))t, r(t) €p)

Ki(k) — 27kE{ /t HTS(Riu(t) +

B;H(k)x(t))xT(T)dT’x(t) €Dy, r(t) € pt}

(27)
ZENEIECEE
J]H_l(l‘(t) € Dy, T(t) S Pt) <
Ji(x(t) € Dy, 7(t) € pr) < 00 (28)

H, Ji(x(t) € Dy, r(t) € pe) AR, B Jio((t) €

Di, 1(t) € pr) < oo BUILTES k YR ARRT, 75 ftds
WIRR% Ki(k), i € N TT BLRAIE T /R R K B AL & 4
(1) 7R PE. KRAE (28) TT LA, 7658 b+ 1

YRR, ARFE R 85 Ko (k + 1), i € N 38R TA]
PAPRIE S /R BHRBENL R S (1) I35 AR k.

PRI, JeT Bk #r, ar AR RS & (A AR
i, ARSI 28 K (k), @ € N AT DUBRAIE 5 JR B R
BENLR S (1) Mt tE. Ao, fE BA VIR
FasE I 25 K (0), i e N FISRIE BRI (27) HOTE
DR, AT RN TAE R k € Zso, ¥ Ty (2(t) €
Dy, r(t) € pr) < Jp(x(t) € Dy, r(t) € pr) <

PETOR, IEM Y k — oo B, Ji(z(t) € Dy, 7(t) €
po) BB BB J* (2(t) € Dy, 7(t) € pr).
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FR4E (27), 7T LATS H:
0Qr(z(t)|x(t) € Dy, r(t) € pt) Ou(r)

du(r) oK, (k) ° (29)
AR A&
Riu(t) + B} Pi(k)x(t) = 0 (30)
Hp
K;(k) = —R; ' B} Fi(k) (31)

Hr, Py(k) 2 (10) MME—fi#. % K;(k) = —R; "B} x
Pi(k) fRN (10), ATEAKE (10) 5 N:

Pi(k)A; + AT Pi(k) — Z5(k) + Qs +
N
> miiPi(k) =0 (32)
j=1

Hh =2(k) = Py(k)B;R; BT Py(k). 2T 5 H 1, 4%
A HEL Riccati 7712 (32) BAME—fE Py, BI Pi(k)
=Py Bk, BRI NEN, A K(k) = K7, Py(k)
= Pr, H Ji(z(t)€ Dy, 7r(t) € pr) = J*(x(t) € Dy, 7(t)
€ pt)-

R, A limg oo Ki(k) = K, limg_ o0 Pi(k) =
Py, Hlimg oo Jp(x(t) € Dy, 7(t) € pr) = J*(x(t) €
Dy, r(t) € p). BIL, MR T D/REFRBENLR S (1)
{1 R I 1 ) . O
2.2 FEETERREBERLEIRMITHEE

AT T — o e 4 TR SR o P AL
S AR R, DAIRE AR SR R A N R 3
RENIH/REHRBENL RS (1) i sl b, %
SRV 11 SR W o R S 5 BB L 5 30 S A 38 2 A 1145 31,
T T ML KRB RBENL R S (1) AT TS .
L5305 TOR R S B P v Al 2 D) BOEAE LG, e
F R SR W Ao P8 i A 2% =) SRV AR A o B A2 2R (1 B F 3
ST B .

TE 2 H 56 4 TO A5 SR Wi Bf S SN 2 3] BVE
I, B & MBS E SCUL T R R

UiL ti_ +T
Q=58 ( / (@™ () Que(r) +

u;FH_ (7)Ryuq (7))dr —

i
-

th_+Ty
/ti (I‘T(T>Qil’(7') + uiTh (T)Riug,— (T))dT)

Qi = [0, Qut, -,

R lezZ;0<t) <t <. <ti; T, RRAEM

BATHF A wi (1) = (Ki(k) + BUL)2(7) 5 wi—(7) =
(Ki(k) — BU;)x(7); U & — MNER™™ L3545y
ARIBEHUAERE Hagi 2 (UL = 1; B =2 — PR T.
Fefohth, HEHE SCHR [36], 213 4y 7 B R %
£ (9).

BE ), Wit se 4 o R SR AR i wim Ak o7 ) Bk,
WYL 2 s, AT %2 B2 R MRS /%15
IRBLR R BRI R AR K, i e NV

4 AFETEE 1 AR E S oA R R
T B i Ak 2 ) Bk SvEs 2 wh ) SR EE SE Ao B AL
Pl i aa R, Bk 2 R4 T — R R T AUE
J7ik, AT SE AR I R 8h 112 DR BHR R G
s 1) A, A AR R B BRI N H R

HiE 2. T LiRBIRIEHE B e I BE

L WIghAb: NI /7 R B A a8 K (0), i € N,

Y& >0, Ny >0, Ty >0, Ty >0 LLE—A/NP € > 0;

2: for k=0 — oo do

30 RN ERBIRBENLRSE (1) FEI0 w(t) = K;(k) x
x(t), IRBUBATI KA T, 1 N, 20 RFESIE,

40 I R BE & I BEALE BN H R IR N, SRR
TERBAIIRIRES, W Qi € N

5: for . =0—1do

6: WA K (k+1) = Ki(k) — 22:Q;, ¥ Ki(k +
1);

T if |K;(k+1) — K;(k)|| <e, Vi € N then

8: Bk &3

9: end if

10: end for

11: end for

12: &8l K;(k + 1).

EI 2. FHEW AR 1 ~ 3 B L RBHREENL
R4t (1), EHEEIT N (8), 4 WM e
G Ki(0), i € N, 52203 4 W2 %A (9), T
2, AT DL I 58 4 TO A R K A FE B AY 5 ) B 2
2] B AR BN (5), oM AE eR A%
B, M T A e N, W2 im0 Ki(k) = K,
limy o0 Pi(k) = P, limp_yo0 Ji(x(t) € Dy, 1(t) € pt)
= J*(z(t) € Dy, r(t) € pr)-

WERR. ] 1. Bk, SEEEHIE R K,(0), i
eN, T (1) —R¥ITRER.

BBk k>0, BOREE ARG K (k),
i€ N BRBETHIR D /RBLRBENL RS (1) M kasE
PE, #EFRIGUEBITESE b+ 1 JOEART ) A i) 3
i Ki(k+1), i € N ABSRARESE PRUE S /R B R BEHL R
gt (1) MTkaE . &
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S 51 &

Qur(x(t)|(t) € Dy, r(t) € pr) =

E{ /tt+oo (z"(1)Qiz(r) + UT(T)Riu(T))dT‘

x(t) € Dy, r(t) € pt} (33)

Horbt, D, A py S BURI] ¢ AR 2 () FIBERS (1)
94346 T 4977 RasE Il B35 Ko (k) i € AV DA
RAEBKIN T, BRA:

B{ [ 7 )ua(r) + o (r) Rear)t]

.’L'(t + Tt) € DtJth, T(t + Tt) € thth} ~ 0 (34)

B Dy, Mpeiq, 53R Z ¢ + Ty RS 2(t
+ Ty) FIBEES r(t + Ty) BI50AG. KBk, AT LA 31
Qr(z(t)|z(t) € Dy, r(t) € pt) =~
4T,
E{ / («" (1) Qia(r) + u" (r) Ryu(7))dr|
¢
x(t) € Dy, r(t) € pt} (35)
F4E (35), AT LATS

OQk(x(t)|x(t) € Dy, r(t) € pt) ~
OK;(k)

olgi( ] Q) +

ujy (1) Riuiy (7))dr —

/tt+Tt (2" (7)Qix(7) + u;_ () Ryu; - (T))dT) ‘

o) € Dy, (0 < ) (36)
HH T4 > 05 wig (1) = (Ki(k) + BUa(7); i (1) =
(Ki(k) — BU)a(7); U; & —MNHER™ " L5154
FIBEAAE RS B U] = 1. BRI, 420 a8 K (k +
1) @i PLF 77 U5
Ki(k+1)=

9Qk(x(t)|z(t) € Dy, 7(t) € pr)
T OK; (k)

G (17) A1 (18), AT LAHE Y (28). Kk, H
(37) ATHHGLE H, 7E58 & + 1 UOEARHT, AR i1y
i Ki(k+1), ie N o] LU R B /R B R BE LR S
(1) FI3 77 R e .

Rk, 2R el o] LL7S 3 1) 7R3 & UOEARI,
AR Ki(k), i € N AT LARRAR 2 R B R B ML

Ki(k) -

(37)

R (1) MBI RENE; 2) MTAEE k € Zso, HEH]
U5 RS AR G 25 KG(0), 4 € N ORI SIS G
(27) BB OL T, A5 Jiga(2(t) € Dy, r(t) € pr) <
Ji(z(t) € Dy, 7(t) € pr) < 00 JMOL; 3) limy 00 Ki(k)
= K7, limy_so Py(k) =P}, limg_ o0 Ji(2(t) €D;, (1)
€ py) = J*(x(t) € Dy, r(t) € py). ZBUE, YT TR
FBERBENLRSE (1) Hme e fa i i) 8. O

¥ 5. Sk L RUETE 2 Z M EEXOIE T H
V21 e — PR AR B e ) B T B 2 PSR
RS B8 A R AG O T B Rl o i i) | £ %
MR GHEME A RHS BRI HRE B; ORI,
S 1 ATRRAICRFE ST 2% B2, DLBE i 1R SRAE RO
SCHLL R R RBENLRSE (1) IR IEH]. SR1, 24 5
25 o A4 1) o N R (R AR TR A JEL 3 SR B i), B0
2 AL B 2 SRR A SE e o R R 1K) 7 23R4S
HRELHRBENL R S (1) RIS F, £
21 AN 2 SERR R A Y, R EE R AR R
TR 1 2 [A) AT LA

3 FELR

FIEEE 5 A L RREREENL AR S (1),
A GUH RS 4 Al AN RE G T

[ 0.15 0.10 [0
A1 = s B1 =
0 —0.15 ] 5 ]
[ —0.15 0 [ 4
Ay = , By =
0.10 0.15 0
e [0 012 a0 ]
3 — 0 0 ) 3 — 3
PV R I ]
T3 07T |4
0 -0.14 [0
As = , Bs =
0.11 025 5
DS 5 R N R A 1R
~0.32  0.32 0 0 0
0 —036 0.36 0 0
= 0 0  —0.40 0.40 0
0 0 0 —044 044
0.48 0 0 0  —048

Horp RV 1 RS 2 B8 T L. B8 Qi = I,
i€N,R =08, Ry=09, Rs3=1.0, Ry =11, R;
—1.2. HE 1 MEEZ 2 FRENS BB E N,
=1/(k+1), N,=10, T, =10s, T, = 0.001s LA K%
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e; = 0.001.

BE 1 AE BIRBCE N 5 ST A R A 1 A 2
Fios. B 1 RoR T YERESR AR A SR . 2= T & 2
TR K (k), TCLHR A AR R AE R ISR K. 0K
— MBS AR, X T RS A, A TR
B; BRI SR BERBENL R SE (1), Heam izl ) i
A LAE I P 5 S A 98 2 TR AR TR SR gt B P S o > B
AR 0T RE 2, 76 A R By BIAREN B 1L
™, iR R E 3 FE 4 R, HR s 2] 4
REHEIE 1AL, WM HIA SO H ) 58 4 o
TSR L o A 2 > S, W) A R R AR AR R A IS
SEA AR R DL T I B 2R B R B AL 2R St fo 0 42 il )
A, FA R BN T IR

0.8

0 5 10 15 20
ISR K

Bl R 1 IPERE AR

Fig.1 The performance index of algorithm 1

0 :5 1.0 1.5 20
IEAUH K
K2 B0k 1 ROEsHIE s R RE K (k)
Fig.2 The control gain matrix K;(k) of algorithm 1

0 5 1.0 1.5 20
IEARIKEL k
B3 Hik2 ftkee iR
Fig.3 The performance index of algorithm 2

UEAh, MR ELE 1 AER T RAE AR I3 T A
ML, KL Rk 2 BT R, TEARME R AIAE R 2
tho R 2 P, PR SR B AT ET =47 g
RIS 8. 5005 1 SR 55 2 ME R e L

— . R, R 2 MG — T LR EH, H
1B AT RN 100 s, 5L 2 Mas 4T IR A
2000 000 s. IX— LK, Bk 1 FIREE RES
E A2

Gk & 3145 B PR BE K R B A 4 D P
u= Kz EHTH/RERMILRS (1), /K 5 A
NI SRS R, RGN K 6 Fiw,

k) - Ki|

k) = K| |-
k) = K]
—~|[K,(k) - Kill|]

0 5 10 15 20
IEARE K

B4 BE 2 I s A K (k)
Fig.4  The control gain matrix K;(k) of algorithm 2

®2 R 1M 2 AERFE R TT I HUEL

Table 2  Comparison between algorithm 1 and
algorithm 2 in sampling efficiency
Hik AP 5% 2
REHE N, 10 10
FAHL T E T, (s) 10 10
KA T, (s) 0.001 0.001

AL (s) N.T; =100  N,T; % = 2000 000

6
adr
i
8
W& 2+
0 1 1 1 1 1
0 0.5 1.0 1.5 2.0 2.5 3.0
e /s
K5 REEEHEL
Fig.5 System mode evolution
0.2F
=
S
W0 W
701 - N N X X X 4
0 0.5 1.0 1.5 2.0 2.5 3.0

18] /s

Bl 6 RGURESHN
Fig.6  System state response
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g
¥

Eitd 51 %

Hp A RS A= % . 4R IE T it i i)
P T R SRS 6 R 5 A 2 ST SR, AE SRR B A
Iy EGE e ARRBN T A B R BERBENLAR St (1) MR
ADIC Hl T SN ) R AT PR AT 2

4 ZERIE

AR BAT R 73 BUSE 4R RN 75 1) S 2R
KBRS, Beit 1 87 oA R A 58 4 Jo R AL 1) ik
TSR L A s A S Bk, DA R f e A5 ] )
AL, I SRR AR AT R K, PR T —
ol o3 Jo AR Y 1 A L s Ak 2 S Bk, T v
TSI RE R AR RS, ok T HR > AR FNB )y
R BERBEHL A e i) S L4z il i) . SRR, s %
S A5 2 A BE LIRS A T S HR L, it 1 — g
TR IR SR f P A 2 51 SR, I A AN
LRFBERFENL R SRR B, ik 7 72 R
FNB 735 By IR B R BE AL 2R G 1) de e 2 ) e . a5
HUE D7 FISE 1 e Hh SRS B B s fb 7 3] SR
BEFNTATYE. FEASKRIBT T, AR E— DR
A B R R (0 7 A TO R R S P i A 2
Ik, FREUI TR R 3 WA 2 R T AT R
[ 2.
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