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Synergistic Potential Functions for Constrained Attitude Control of Rigid Spacecraft

YUE Cheng-Fei' HUO Tao®* CHEN Xue-Qin> SHEN Qiang® CAO Xi-Bin?

Abstract A synergistic potential functions design method considering attitude constraints is proposed to ensure the
global convergence of attitude while always satisfying attitude constraints during the attitude maneuver. First, an
attitude pointing constraint model is developed, and a soft constraint region is designed for each pointing con-
straint. Then, a family of synergistic potential functions is designed based on the “angular warping”. Next, using
the common fractional and logarithmic forms of repulsive potential functions, a potential function considering the
attitude constraint is designed in the soft constraint region by using the synergistic potential functions and a meth-
od to adjust the distribution of critical points in the soft constraint region by controlling the parameters of this po-
tential function is given. Finally, the designed potential function is used in the controller design. The effectiveness of
the proposed method is verified by numerical simulations using proportional-derivative control as an example.
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1.1 TFSUER

AR LANER I R AR RS S HURITIIT, Tie
R B T ) = R R IEASBEILAE SO(3) := {R €
R¥>3RTR = RR™ = I, det(R) = 1}. I e R¥3ZH#
PLFERE. SO(3) LA B e AF N B s i, & —
ANZERE, OO R A ZACHOH s0 (3) o, so (3) HURE
TG = R FRHRE, Bl s (3) = {S € R¥*? . 8T =
—S}. A TFAEE AR ¢ e R, & CRTEB [ : R —
s0 (3) AWMU [« 50 (3) — RPA:

0 —x3 X9 Y
@ =| 25 0 -z ,[[m]x} —z (1)
—ry I 0

FEBR R, n 4ERALER T NS = {z €
R xTe = 1} N TR BRHEACRMN, S B =
[bij]. WAL E 2, y € R FIHFE B, C € R™*",
WALE SCN (z, y):= 2Ty, (B, C):=tr(B*C). A&
(1 2 YEEOR ||z || = \/(x, =). FFEM FIEECH | Bl =
V/(B, B).EXWE o R¥? — R3(B) = 0.5[B—
BTV, ¢(=B) = ¢(B") = —¢(B). LM A5, 73
MR TRFRE A B SR AR /NI, 0T AT i

G:R—R™" H:R™" 5 R, EXLG(EH) = 2GH -

[Ca0], H(X) = [2522]. s et v A
MNEEME, WV =HoG, WARMESE SN, £
V(t) = (VH(G(t)), G(1)).

VR, Ry, Ry € SO (3), WIS @ : SO (3) x
SO (3) — Rl /2

1)® (Ry, Ry) =0 < Ry = Ry;

2)® (Ry, Ry) = ® (Ry, Ry);

3)® (Ry, Ry) < ® (Ry, R3) + ® (R, Rs).
W Bk 5 @ AR N SO (3) MR R R R
®(RR,, RR;) = ® (R1, Ry), VR € SO (3), Mz
NEAAZ; WFSH L © (R R, ReR) = @ (Ry, Ry),
VR € SO (3), WP A AR, AT EI SO (3)
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R AR, R \/(1 — a2sin® (z/2)) sin® (z/2), 2 € (0, «] I HUE T
® (R, Ry) = arccos (1 (tr (R1R3) — 1)> = A (f\(O), / (W)] .

2 JEBA. 7EIX (] (0, 7] b, BREL f () #HXS T 2 19T

sup arccos ((Ryu, Rou)) (2) iﬁjﬂ%(;) = (1 - 2a?sin’® (v/2)) sin(z/4). HT 242 <

u€es?

1 BE A PR — AR R AN AR R R AT
BN, M R AT LLS N

® (R1RY, I) = sup arccos ((R1 Ru, u))

u€esS?

3)

1T RN HE . R AR T 547 70 T 1) Af R 55
N O =R, I), drc |0, 7] ZAEH T M EN,
Refli =B KA. hE— N MoecRH
Felhw e 52, M f[° € SO(3) H. R(6, u) := eflul”
I +sinf[u]* + (1 — cos0)([u] )2, Hir eflel™ RAERE
Ow)™ A MR FE 2. AT 2245 28 1A e B i B # mT DA
Pl LR, 3 H.0 = ®r = arccos(0.5(tr(R) — 1)).

LSS D CSOB), WRIES MBIV -
SO (3) = Rsq i 2

1)VR € SO (3)\D, V (R) > 0;

2) V(D) = 0.

WV #H A SO(3) LA TH4A D HIFH 4.

MRS58

AT R 5 S5 B Bh I o A g HEL 4
A FE— NI FRAERE, & U R
Pa(R) =tr (A(I - R))

1.2

(4)

4 Ay =0.5(tr(A)T — A), Ay = tr(A2)T — 243,
Az = 0.5(tr(A2)I — Ay), XV, y € R®, B e R¥*3,
R < SO(3), A FHIME AL

D[[z]*y]" = ya™ —ay";

2) tr(Bla]*) = 2B — BT} = —2aT(B);

3) 4Amih < Pa (R) < 4N04h;

4 (AR)|® < (1 - £2h) 4\A%h.

X, e=2A A —sin?( (R, T) /2). TR 1)
AR 2) @ SRR E B, 5 3) A1
4) FIUEHI SRR [19].

NS A SR AR 5

51 1. 4 0<a<a+Aa<n/2, 7€ (0, a+
Aa], W PREL f(z) = 2sinz/(cos a — cos x) I HUH Y
BN [ f(a + Aa), +00).

HUERA. 7EX 18] (o, @ + Aa] b, BREL f () FEXS T 2
E’J%iﬁjﬂ% =2(coszcosa — 1)/(cos o — cosz)? <
0. BRI, PR f(2) PR8I, B f(a 4+ Aa) < f(z) <
0. L]

SIER 2. HFE M a i 202 < 1 I, BREL S (2)

1, BREL f (x) MAgIEIE, B £ (0) < f(2) < f(m). O
I 3. 2 HHa, bW L0<a<m0<b<1,
MR AL f (2) = x — 2bsin? (2/2), = € (a, 7] FIBUETE
BN (f(a), f(m)]-
MERR. 7EIXH [a, 7] £, BRELf () AR T 2 K9
iﬁj’\j%&m):l—bsinx. HT o<1, RELSf (z) ™HE

G, B f (2) > £ (a). ]
1.3 o)A

BRUR S AR A A T RIS Ry €
SO(3) Fow, BEPENH HIREEH Ry € SO(3) &
. R w RIRMRES AR R TRIAEERE, wi R
A B E . R BAR R R g R R, AR
aMIB B A B 12T RN

R, = Ry[w]” (5)

(6)

A, 7 BREHI IE. EXWESIRENR, =

RIR,, & UAEERE R w, = w — Rlw,, WR%E

Wz sl 2 T FE ) 128 5 FE M-
Re = Re[we]x

Jo+w Jw=T

(7)

(8)
X, F=JR 0wy + [RIwy* TR wy, H=[Jw.]*+
[JRIwg]* — J[Rwy]* — [RYwg]*J & — R X FR
FERE. BRI B EHNRBEE R, BT
Y E HFRER Ry, BUEM UL, RAATRB LS
W®Z R AT T

LR A BB AR AR AE S FRBR I, A%
FE— ST 200, BRFLOR 4% B A8 ) 75 2
THREE X, a1 pos, B 19 R bR B R A K
R, THIFRREHR. SR Er e RPERY
PR A% ] (R BBURR AR ), SR ) v € R® SRR
R ARG ) (B4 B 2 AR, R 8%
TELAENB IR, BT A& R o S R L

(Rpr, v) < cos(a), a € (0, g)

Jw.,=Hw,—F+T1

9)

PR, AT rp 34 pR B v 1 H AR 2 AR BT B Y
HREIE T, MRBPESRER BMT I, [
i an 2 2 =X (9).
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Fig.1 Illustration of attitude constraint

2 WREIFERBEIT

2.1 BRESIEFS
FI I AR ORISR 2), B3R E Vv (R (1)) it
R T ) 5
V(R(t) = (VV (R(t), Rlw]") =

tr (VVTR[w]X> -

2(w, ¥ (R'VV)) (10)
HAT S, 24 (RTV) = 0 B, JE i A w A
l, VASKREAEREAR, B IRR H LS
St DURSK. BRIk, & LRV R S an F

CritV = { R € SO (3)|v (R'VV (R)) =0} (1)
Biltn, X TR (4), B AL
VP4 (R)=—-A 12)
CritPy = { R € SO (3)| R"A = AR}
R R TTRE R AL, AR (4) A 44N
ﬁ[ 5[8]
CritPa = {I}U R (7, £ (A)) (13)

A, € (A)Fon AP AR A BRI S

MEEIARE YV, MR 4 DT AR,
T 35 bR KO BE X0 BBt R AR S0 I S I,
Wi N BN E. N T I A RS R, A
AR — e Dl [ ) 3 07 0 38 R AT . 4552 —
MHRBHEIRE Q C N, {Vy}, oo & IRHREL, W
REALIC T RT3 BB AL S R, AR A
) — 5 R HOR SE SR T K 34 B B X T 38 B R
{Vi} geqr WRAFAE—DHHL S > 0, fHi45:

q€Q peQ
ReCritVo\{I} \ p#q

6= min (maxV (R) -V, (R)) >4

TR R ER Ve } e AR IR RLBE I, “IEHAr
JU R MR IX — R RGN, SRS AR )
WCST 1A (BRALIG T ); “Pp R R AG 7E AN 35 ok £
Il S0, AFAE 55— A BN T 5 EBUE B AR 34 08 4
WY A AR I T 5 eR BOI AT I, A kSt
) H AR ASYCSK.

N U IR A BR B A AR I R A R
B BRI RN — R EEIT AT 2 A e
HIG A AR, X 2 NGRS AET Pa A
Py a, VU35 bR K Bt sf ) 25 £ iy 28 0D 6 ) 25 35 b 5
Hig R m Rk R5 WA 2 frs, HAUIRE N M 5
3. ER—HAERE P a (K P, a) BIEHIT
BIEAE ¢, (Bt ) B ZI, H3E N 3508 0P e 1 AE B R I
Fi AR, S BT B eR OB P ) 8 A ) UK Dk
N, BENE. NEERZ I S B S, K et
NI ZIEAT Ve, Wil 2 Fow, 78 t3 B %, B30
AT R P a ARG 5 ) 35 R B ik
SH, ML AELE A BREL Py 4 1EZ 5 A H I HUE 5
ik, Bk, fEVRA A, M4 A R 2 A AE ¢ B %I
TERTHEAT RV, Py 4 BEHE 3 Py a; [FIFEAE ¢
B2, B Py 4 Bk R P14, SR -GS H R4
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N T RO RS R HOR, & WU T - SO (3) — 3.0 — o (R
SO (3)A: 95| kP, (R)
T(R, k, Pa, u) — FPARW*R  (15) g |/
e 2.0+
P, ke R, we 2 WU T H1E RN e # A =P
R e I8 R RIS, 12 IRzl 55 RE e 48 Bom st & g
AR, Bt w ML F) ke Pa (R) PRI 24 =LoT A
I, #iid R, = T(R, k, Pa, u) = Ry R, Ho'h Ry £ = sl i
BN TRFFERE. 2 Q = {1, 2}, ¢ € Q, HZH ki R
FE0 < V2| Allp < LI, WHFRIBAREUE {P, a(R)}4eo % o5 10 L5 20 25 30
AT B T T SR JUEE
P, A (R) = Pa(T (R, (—1)%, u, Pa))  (16) K3 kPa (R) RUEEHIEE ©p FI22H0HIZL
Fig.3 The change curve of the range of kP4 (R) with ®g

I H, A
¥ (R'VP, 4 (R)) = 0" (R)Y (R:VPa(R.))
{T(CritP%A) = CritPy
(17)
K, ©(R) = I +2kR"w)(VPa (R) R)'R.

SIFE 4. Uk MA R 2\AL < 1H F
T (R, k, Pa, u) # I, YR € SO (3)\I.

IERR (RGE.). B 3R € SOB)\I, 118 R, =
LN R, =ePaB®W" R = RrRIE Ry = R %
FEH| @ pr = O, MBI, H g, = kPA(R) =
dr. HT RAI, dg >0, FHE 1.2 TR 3),
CIESE

0 < 4kA21h < kPa (R) < 4kXAL A (18)
X, h=sin? (Pgr/2). Mk E %
f(®R) = Pg — 4kAAL sin? (q’;‘) (19)

WIEGIFE 3, 22602 < 1, f(®R) > f(0) =
0. X5 kPa (R) = ®r FJ&, KB ARSL. O

G A XS T S BEKRWME 3 PR,
kPa (R) M kPa (R) 73 3 RAEETT 3) 515 2
) kPa (R) H)_EIRANT BREG A ER RS @ 5 HIAAL 2K
Xt VR € SO (3)\I, i ®r > kPa (R) UHZ KL, B
JE AL TC e A B B T “Hah” ), VIR
FARLTC IR FE R, AN Bk A T

5 PRI Z 7SI HI RO 1 B 25 R Bk 1 T

MU R A8 WIUR LA AL T A g LA, iR
AR Z B B BN R AR T B AR S 1.2 15 Py
H. X SOB) FI—AFHEN:

E= {R. € S0 (3)

arccos(RyR.7, v) € (o, a + Aa) }

2.2

(20)

VTS SUT AR B R DX, A X
o34 R HOH AT B D). D9 4 R SR L T 5
ARSZ IR 4 A HE, A SCHET 7 0 F U 5 R
FAT 4 W 3D il
%um{%Aumaﬂmx
Py a(Re),

R.cFE

i (21)

KA, o+ Aa < 1/2, Aa RGBS, P, a(R.)
REAER B ARE A IR TR, Po (R.) R
VI ) T 3B 1 A5 RS )l P 094 B K, DA 53 B0
A Po (R.) Al:

b b

P Re = a — a
o (Re) (cosa —rTRIv) (cosa —rTRlvg)
(22)

K, vy = RYv; a Mo 2B/ IERISEL, STk (13,
21-22] Bla = 180a = 2, AICHFEE — BB HLET A
TR a > 0. FELIRHPLESHLE T, WTREAFAE S A%
AR, A S5 T S Rl 2 20O ) . B
kUL, AR R AR B T AR LRI
B, AR A RSN RLR XA, R U2
W R TR M Ryr MIZEIEFE M v MA/DT o+ Aa
I, DDyt b 5 ek A, DR A TR R AN ZRR
U] SE LR AS LB R AT 6 A4 5 1 A R
A TR 5 B RS

535 XNVR.€E, ®gr, €, 7], ¢ = arccos(Ryr,
v) — (a+ Aa).

IERR. FEFHERE RAEM T AL RS, S
B R AL e . BRI E AR, MR RT /)5 1A
BRI e R K AEER. X VR, € F,
BURSRY T Eh B R ARARIA), e 2078 arccos(Ryr,
v) — (@ + Aa). FILGIHE 5 BT O
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EI 1. SR g(2) =sin® (2/2). K H L
A Ry, BURHFR 7] 26 5 R ASE T (0 B B 4% 1R
el v ORI, A Agy A58 1.2 WHTE X, e
513 5 Frag . 4 hy = sin(a + Aa)/(cos a — cos(a +
Aa)), hg =sin’(e — 4kAAL g(€))/2. AL S K k.
Aa =P SR RFRE A 5 2

V2| Al < 1
2kNAL <1

max

26% < 1 (23)

Ay
/)\;ggx (1 _ 52) < 2a/)\minh1h2

14 4ky/Ma3 (1 — €2)

5 BRI {V, (R.)} e, 76 BT 7 T I 5
AR RO B, AR 58 7T DL R A5
T AE R 0T R8 BS AS BB LRSS

SERR. LTS, XHIEW h % Y B 155

TEST IS
v = arccos(Ri v, r) € o, a + Aq]

p=cosa— 7 Rlvg = cosa —cosy (24)
R, = e(—l)"kPI«x(l:le)[U]XRe = RrR,
X VR, € E, IRAEFHRBOR T E SHE, 7115

VV,(R.) = PoVP, a+ P, aVPo (25)
T2
¢ (RIVVy (R.)) = Pot (RIV P, a) +
P, av (RIVP) (26)

:—thja 1/J (R;fqu,A) EEfQ (17) é{i\l’:'j, VPO ?s}:

VP (R, = -2 [

O(R.), |~ p

op ab
= 1 = rT o (27)
3

FIFPERT 1) st o 1€ X, A:
ab
pa+1
ab
W

LR )

Y (R:VPo (Re)) =

P (R;fvdrT) =

[Rg'vdrT — rvERe} v

¥ R, A5 (28) AR (26), 7T45:

& (RIVVF (R.)) = 2 [aPA (R.) [;]X (Blva)

a

¥ (REVPq,A)] (29)

4 =1 (RIVP, o) Fl y=aPa(R,)[r]* x
(Rgvd) /p .
1) X VR, € E, iE#H ||y||[fA1E FR.
)y 1 2 YO
aPa (R;)siny
“cosa— cosy

lyll = (30)

T RTR. = R., ®g1 = Or,, MHERK =
AN ERAPREAZNM, F:

bp, <O (R;Rcv Rc) + ®r, < Pr, + Pr. (31)

M B R ER T 7T, @R, = kPa (R.).

YokAAL < 1HF, 5B 4 or, TR (31) B,
CIECE

Op. > Dr — kPa(R.) >0 (32)
R 3), B:
Pgr, > Pr, — 4L 9(PR,) (33)

WHESI B 5, X VR, € E, ®g, €[, 7). FIH G|
3, Uk AR 260 AL < 1Y
PR, >e— 4k)‘$a1xg (6) = Puin (Re, I) (34)
L, X VR, € B, 345 Pa (R )AFERVIMH, HI:
R BIEE 1, v %0
Y1l = |Yllsn = 4arishahs (36)
2) Xt VR, € E, iE# ||| 72 7E LR,
3 (17) Nz, FIH ¢ (-B) =+ (BY), A:
o = |I+2kRIuy(-AR!) 'R, | "W(-RTA) =
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~

MATER 4), A:

[(ARL)| < \/4M5 (1 - €2 (@) g (Pr,)
(41)

|[H(ARD)|| < \/4\85 (1 - €9 (Pr,)) g (¥r,)
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262 < 1, FIAHBIHE 2, A:

AR < Jda(1-¢)  (43)
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cosa —rTRlv,

Py (R.) =a—bln (49)
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AH, av by e RFEL AL 2.2 T, RS HAE
H IR LSRG B T & 4 RS 2 80t 2
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{x+ =z (62)
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B R GRS T4 2 M R, 8RBT R,
B MR A B AR (7). 2 (8) HEBLE L.
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ST P W~ R R T
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N T B UE R A D) e ], AR REAT T3 R
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B 1 Fios. #0IX 3 AN LIRS, SR
ZH Ao 2359 10°, 5o 8°. RN K Be B i
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K, BEB ST N w =103, 04, 0.6]7, u=w/
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Table 1  Attitude constraints in the inertial frame
lhic] i1 v I o (°)
C71 [0.5237, 0.7208, 0.4540]" 20
C72 [~0.5530, 0.7612, —0.3387]" 15
CZ3 [—0.1488, —0.9393, 0.3090]" 25
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