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Adaptive Control for High-order Nonlinear Feedforward

Systems With Input and State Delays
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Abstract This paper considers the adaptive stabilization of a class of high-order uncertain nonlinear feedforward systems. The

growth condition on nonlinearities is further relaxed by allowing not only input and state delays but also the unknown growth rate.

By a combined method of adaptive technique, dynamic gain control approach and adding a power integrator technique, a state

feedback controller is designed to guarantee that all signals are bounded, the equilibrium point of the closed-loop system is globally

stable and the original state converges to zero.
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1 Introduction

Feedforward systems have both practical and theoretical

importance. Many physical devices, such as the ball and

beam with a friction term [1], the planar vertical takeoff

and landing aircraft in [2] and the cart-pendulum system

[3], can be described by equations with the feedforward

structure.

This paper considers a class of high-order uncertain non-

linear feedforward systems with input and state delays de-

scribed by

ẋi(t) = xpi
i+1(t) + fi(t, x[i+2](t), u(t), x[i+2](t − di(t)),

u(t − di(t)), θ), i = 1, . . . , n − 1

ẋn(t) = upn (t) (1)

where x[i+2](t) = [xi+2(t), . . . , xn(t)]T ∈ R
n−i−1, and u(t)

∈ R are the system state and control input, respectively. θ

is an unknown parameter vector, which may be constant or

bounded time-varying. For i = 1, . . . , n− 1, di(t) is a time-

varying delay with 0 ≤ di(t) ≤ hi and ḋi(t) ≤ τi < 1, where

hi and τi are known constants; pi ∈ R
≥1
odd := {p

q
∈ R

+:

p and q are odd integers, p ≥ q}; fi is continuous in t

and locally Lipschitz in [x[i+2](t), u(t), x[i+2](t−di(t)), u(t−

di(t))]
T with fi(t, 0, 0, 0, 0, θ) = 0. The initial condition

x(r) is a continuous function on [−h, 0] with h ≥ max{h1,

. . . , hn−1}. System (1) is called as high-order system if

there exists at least one pi > 1 (1 ≤ i ≤ n).

Among the existing results in handling feedforward sys-

tems, much of the attention has been focused on the sta-

bilization of a chain of linear integrators perturbed by an

upper-triangular nonlinear vector field, which is a special

case of system (1) by setting pi = 1. In this case, for sys-

tem (1) with di = 0 and θ = 0, some papers such as [4]

−[8] give the global asymptotic stabilization results. For

uncertain system (1) with di = 0 and θ 6= 0, [9] gives a

design scheme of global adaptive stabilizer. When di 6= 0
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and θ = 0, though intractable difficulties arise in control

design, such as trade-off time-delay effect, identification of

time-delay restriction, some results are obtained for system

(1), see [10], [11] and references therein. A further result

[12] considers the adaptive stabilization problem for feed-

forward system (1) with di 6= 0 and θ 6= 0.

For the high-order case when pi ≥ 1, due to some in-

trinsic features, e.g., the Jacobian linearization is neither

controllable nor feedback linearizable, only a few results

are achieved for feedforward system (1). In [13], system

(1) with input delays but no unknown parameter θ is con-

sidered. For system (1) with di = 0 and θ = 0, [14] and

[15] establish the global asymptotic stabilization. In [16],

an adaptive approach is employed to design a state feed-

back controller for system (1) with di = 0 and θ 6= 0.

However, to the best of the authors’ knowledge, there is

no result reported in the literature on the stabilization of

high-order feedforward uncertain nonlinear system (1) with

both di 6= 0 and θ 6= 0, and this motivates us to consider

this interesting and challenging problem.

In this paper, by using a combined method of adaptive

technique, dynamic gain control approach and adding a

power integrator technique, and solving several difficulties

in the design and analysis, a state feedback controller is de-

signed to guarantee that not only all signals are bounded

but also the asymptotic regulation is achieved. Our work

has two distinctive features. First, the higher power pi ≥ 1,

the existence of input and state delays, and unknown pa-

rameter in nonlinearities render system (1) more general.

Second, due to the higher power, time-varying delays in

both input and state, and unknown parameter, one of the

main difficulties dealt in this paper is to determine the

adaptive dynamic gain and estimation, based on which the

desired adaptive controller is designed by combining the

adding a power integrator technique.

This paper is organized as follows: Section 2 gives some

preliminaries. Sections 3 and 4 provide the design and anal-

ysis of the controller, following a simulation example in Sec-

tion 5. Section 6 concludes this paper. Proofs of lemmas

and propositions are given in Appendices A−C.
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2 Mathematical Preliminaries

Notations: R
+ stands for the set of all the nonnegative

real numbers. Let x = [x1, . . . , xn]T ∈ R
n, x̄i = [x1, . . . ,

xi]
T ∈ R

i, and x[i] = [xi, . . . , xn]T ∈ R
n−i+1, i = 1, . . . ,

n−1; Ch = C([−h, 0]; R
n) denotes the set of all the continu-

ous functions mapping [−h, 0] into R
n. ‖x‖ = (

∑n

i=1 x2
i )

1
2 ,

and ‖xt‖Ch
= sup−h≤r≤0 ‖x(t + r)‖ with xt ∈ Ch being

defined by xt(r) = x(t + r), r ∈ [−h, 0].

We give some useful lemmas.

Lemma 1 [17]: For x, y ∈ R, if p ≥ 1 is a constant, then

|x + y|p ≤ 2p−1(|x|p + |y|p), (|x| + |y|)
1
p ≤ |x|

1
p + |y|

1
p ≤

2
1− 1

p (|x|+ |y|)
1
p . If p ∈ R

≥1
odd, then |x−y|p ≤ 2p−1|xp−yp|.

Lemma 2 (Young’s inequality): Let real numbers p ≥ 1

and q ≥ 1 satisfy 1/p + 1/q = 1. Then xy ≤ γ|x|p +
1
q
(pγ)−

q
p |y|q for any x, y ∈ R and any given positive num-

ber γ > 0.

Lemma 3: For given p ∈ R
≥1
odd and x, y ∈ R, there holds

(x − y)
1
p y2− 1

p ≤ − y2

2
+ 22p−3p−2p(2p − 1)2p−1x2.

Proof: See Appendix A. �

3 Design of Adaptive State Feedback

Controller

3.1 Problem Statement

Throughout this paper, we need the following assump-

tion.

Assumption 1: For i = 1, . . . , n−1, there is an unknown

positive constant Θ dependent on θ such that

|fi(·)| ≤ Θ

n+1
∑

j=i+2

(|xj(t)|
pi...pj−1 + |xj(t − di(t))|

pi...pj−1)

+ Θ(|u(t)|pi...pn + |u(t − di(t))|
pi...pn)

(2)

where xn+1(t) = xn+1(t − di(t)) = 0.

Remark 1: In the existing results on high-order feedfor-

ward systems, [13] considers system (1) with input delays

but no unknown parameter θ. For system (1) with di = 0

and θ = 0, [14] and [15] establish the global asymptotic

stabilization. In [16], an adaptive approach is employed to

design a state feedback controller for system (1) with di = 0

and θ 6= 0.

The purpose of this paper is to design a continuous adap-

tive state feedback stabilizing controller

u = u(x, Θ̂),
˙̂
Θ = Ω(x, Θ̂) (3)

such that all signals of the closed-loop system (1) and (3)

are globally uniformly bounded, and system state x(t) con-

verges to zero for any given initial value, where functions

Ω(·) and u(·) are smooth and continuous, respectively, Θ̂ is

the estimate of Θ and will be specified later.

3.2 Design Procedure

We give the design procedure in four parts.

Part I: State transformation

Introduce the following rescaling transformation

zi(t) = L−mi(t)xi(t), v(t) = L−mn+1(t)u(t), i = 1, . . . , n

(4)

where L(t) ≥ 1 is a continuously differentiable and mono-

tone increasing function that will be determined later, mi

is defined as m1 = 1 +
∑n

j=1 p1 . . . pj , mi+1 = (mi − 1)/pi,

i = 1, . . . , n.

With transformation (4), system (1) can be converted

into

żi = L−1(zpi
i+1 − miL̇zi) + φi(t, z[i+2], v, z[i+2](t − di(t)),

v(t − di(t)), θ, L, L(t − di(t))), i = 1, . . . , n − 1

żn = L−1(vpn − mnL̇zn)

(5)

where φi(·) = L−mifi(·), i = 1, . . . , n − 1.

Part II: State feedback controller design for system (5)

Step 1: Define z1 = ξ1 and choose V1(ξ1) = ξ2
1/2. From

(5), it follows that V̇1(ξ1)|(5) = −nL−1ξ2
1 − m1L̇L−1ξ2

1 +

L−1ξ1(z
p1
2 − αp1

1 ) + L−1ξ1(α
p1
1 + nξ1) + ∂V1

∂z1
φ1. Choosing

αp1
1 = −g1ξ1, g1 = n, λ1 = m1, γ0 = 1 yields V̇1(ξ1)|(5) =

−nγ0L
−1ξ2

1 − λ1L̇L−1ξ2
1 + L−1ξ1(z

p1
2 − αp1

1 ) + ∂V1
∂z1

φ1.

Step k (k = 2, . . . , n): We start with the following propo-

sition.

Proposition 1: Suppose that there exist a continuously

differentiable Lyapunov function Vk−1(ξ̄k−1) and a series of

virtual controllers α1, . . . , αk−1 defined by

α0 = 0

αp1...pi
i = −giξi

ξi = z
p1...pi−1

i − α
p1...pi−1

i−1 , i = 1, . . . , k − 1 (6)

such that

V̇k−1|(5) ≤ −(n − k + 2)γ0 . . . γk−2L
−1

k−1
∑

i=1

ξ2
i − λk−1LL−1

×

k−1
∑

i=1

ξ2
i + L−1ξ

2− 1
p1...pk−2

k−1

(

z
pk−1

k − α
pk−1

k−1

)

+
k−1
∑

i=1

∂Vk−1

∂zi

φi

(7)

where γ0, . . . , γk−2, g1, . . . , gk−1, λk−1 are positive con-

stants. Then, by defining ξk = z
p1...pk−1

k − α
p1...pk−1

k−1 and

choosing the kth continuous differential function

Vk(ξ̄k) = γk−1Vk−1(ξ̄k−1) + Wk(ξ̄k)

Wk(ξ̄k) =

∫ zk

αk−1

(sp1...pk−1 − αk−1
p1...pk−1)

2− 1
p1...pk−1 ds

(8)

one can design a virtual controller αp1...pk
k = −gkξk such

that

V̇k|(5) ≤ −(n − k + 1)γ0 . . . γk−1L
−1

k
∑

i=1

ξ2
i
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− λkL̇L−1 ·
k
∑

i=1

ξ2
i + L−1ξ

2− 1
p1...pk−1

k

(

zpk

k+1 − αpk

k

)

+

k
∑

i=1

∂Vk

∂zi

φi. (9)

Proof: See Appendix B. �

Hence at step n, by choosing

Vn(ξ) =
n−1
∑

k=1

γk . . . γn−1Wk(ξ̄k) + Wn(ξ)

α0 = 0

αp1...pi
i = −giξi

ξi+1 = zp1...pi
i+1 − αp1...pi

i , i = 1, . . . , n − 1 (10)

one can design the controller as

v = −(gnξn)
1

p1...pn

ξn = z
p1...pn−1
n +

n−1
∑

k=1

( n−1
∏

l=k

gl

)

z
p1...pk−1

k (11)

such that

V̇n|(5) ≤ −γL−1
n
∑

i=1

ξ2
i − λL̇L−1

n
∑

i=1

ξ2
i +

n
∑

i=1

∂Vn

∂zi

φi (12)

where γ = γ0 . . . γn−1, λ = λn.

Part III: Gain assignment

To determine L and Θ̂, we give the following proposition.

Proposition 2: There are positive constants D, ν, such

that

n
∑

i=1

∂Vn

∂zi

φi ≤ nΘDL−(1+ν)
n
∑

i=1

ξ2
i

+ ΘDL−(1+ν)
n−1
∑

k=1

n
∑

i=1

ξ2
i (t − dk(t)).

Proof: See Appendix C. �

Substituting Proposition 2 into (12) yields

V̇n|(5) ≤− γL−1
n
∑

i=1

ξ2
i − λL̇L−1

n
∑

i=1

ξ2
i + nΘDL−(1+ν)

×
n
∑

i=1

ξ2
i + ΘDL−(1+ν)

n−1
∑

k=1

n
∑

i=1

ξ2
i (t−dk(t)).

(13)

Defining a Lyapunov functional

V (t, ξt) = Vn(ξ) +
Θ̃2(t)

2

+ DΘ

n−1
∑

k=1

(

1

1 − τk

∫ t

t−dk(t)

L−(1+ν)(s)

×
n
∑

i=1

ξ2
i (s)ds

)

(14)

where Θ̃(t) = Θ − Θ̂(t) is the parameter estimation error.

Noting that L(t) is increasing and using (13) and (14) ren-

der

V̇ |(5) ≤− γL−1
n
∑

i=1

ξ2
i − λL̇L−1

n
∑

i=1

ξ2
i − Θ̃

˙̂
Θ

+
2nDΘL−(1+ν)

1 − τ̄

n
∑

i=1

ξ2
i

= − L−(1+ν)

(

γLν + λL̇Lν −
2nD

1 − τ̄
Θ̂

) n
∑

i=1

ξ2
i

+ Θ̃

(

2nD

1 − τ̄

n
∑

i=1

ξ2
i −

˙̂
Θ

)

where τ̄ = max1≤k≤n−1{τk}. Choosing

L̇ = max

{

L−ν

λ

(

−γLν +
2Dn

1 − τ̄
Θ̂ + µ

)

, 0

}

,

L(r) = L0 ≥ 1

˙̂
Θ =

2nD

1 − τ̄

n
∑

i=1

ξ2
i , Θ̂(r) = Θ̂0 > 0 ∀r ∈ [−h, 0] (15)

one obtains

V̇ |(5) ≤ −L−(1+ν)µ
n
∑

i=1

ξ2
i (16)

where µ is a positive constant.

Part IV: State feedback controller of system (1)

By (4) and (11), one gets the state feedback controller

of system (1) with the form

u(t) = − Lmn+1(t)

(

n
∑

k=1

( n
∏

j=k

gj

)

L−mkp1...pk−1(t)

× x
p1...pk−1

k (t)

) 1
p1...pn

(17)

where L(t) is dynamically updated by (15).

4 Main Result

We state the main result of this paper.

Theorem 1: If Assumption 1 holds for system (1), then

under the adaptive state feedback controller (15) and (17),

1) All the closed-loop states are bounded in [−h, +∞).

2) The equilibrium point (x, Θ̂) = (0, Θ) of the closed-

loop system (1), (4), (10) and (15) is globally stable.

3) limt→+∞ x(t) = 0.

Proof: 1) Firstly, we prove that the state Γ(t) := [L(t),

Θ̃(t), z(t)]T of the closed-loop system (5), (11) and (15) is

bounded in [−h, +∞). By the existence and the contin-

uation of solution, Γ(t) := [L(t), Θ̃(t), z(t)]T is defined on

a time interval [−h, tM ), where tM > 0 may be finite or

infinite. Next we give the proof in three steps.

a) We now prove that [Θ̃(t), z(t)]T is bounded in [−h,

tM ). Obviously, Vn(t, ξ(t)) is positive definite and radially

unbounded on ξ(t). By Lemma 4.3 in [18], there is a K∞

function ρ1(·) such that

V (t,Υt)) ≥ Vn(t, ξ(t)) +
Θ̃2(t)

2
≥ ρ1(‖Υ(t)‖) (18)

where Υ(t) = [Θ̃(t), ξ(t)]T . Noting that
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n−1
∑

k=1

D

1 − τk

∫ t

t−dk(t)

L−(1+ν)(s)
n
∑

i=1

ξ2
i (s)ds

≤

n−1
∑

k=1

Dhk

1 − τk

n
∑

i=1

sup
−hk≤r≤0

ξ2
i (t + r)

≤
Dhn2

1 − τ̄

(

sup
−h≤r≤0

‖Υ(t + r)‖

)2

and using (8), (10), (14) together with Lemma 1 and the

mean value theorem, one gets

V (t, Υt) ≤ 2

n
∑

i=1

γi−1 . . . γnξ2
i (t) + ‖Υ(t)‖2

+ n2D
h

1 − τ̄
(‖Υt‖Ch

)2

≤ 2n

n
∑

i=1

γi−1 . . . γn(‖Υt‖Ch
)2 + (‖Υt‖Ch

)2

+ n2D
h

1 − τ̄
(‖Υt‖Ch

)2

:= ρ2(‖Υt‖Ch
)

where ρ2(·) is a K∞ function. Combining this with (18)

yields

ρ1(‖Υ(t)‖) ≤ V (t, Υt) ≤ ρ2(‖Υt‖Ch
). (19)

Since ρ1(·) and ρ2(·) are K∞ functions, there is a β =

β(ε) > ε > 0 such that ρ2(ε) ≤ ρ1(β) for any ε > 0. By (15)

and (19), one obtains that if ‖Υ0‖Ch
< ε, then ρ1(‖Υ(t)‖)

≤ V (t, Υt) ≤ V (0, Υ(0)) ≤ ρ2(‖Υ0‖Ch
) < ρ2(ε) ≤ ρ1(β),

∀t ∈ [0, tM ), which implies that ‖Υ(t)‖ < β, ∀t ∈ [−h, tM ).

Hence, Υ(t) is bounded in [−h, tM ), so is [Θ̃(t), z(t)]T be-

cause of (10).

b) We prove that L(t) is bounded in [−h, tM ). Noticing

that L(r) ≡ L0, ∀r ∈ [−h, 0], hence, we only need to prove

that L(t) is bounded in [0, tM ). Suppose that there is a

finite T ∈ [0, tM ) such that γLν(T ) = 2nD
1−τ̄

Θ̂(T ) + µ, which

indicates L̇(t) = 0, ∀t ∈ [T, tM ). Hence, L(t) is bounded in

[−h, tM ). Otherwise, there are two cases.

Case 1: γLν(t) > 2nD
1−τ̄

Θ̂(t) + µ, ∀t ∈ [0, tM ). It follows

from (15) that L(t) ≡ L0, ∀t ∈ [0, tM ).

Case 2: γLν(t) ≤ 2nD
1−τ̄

Θ̂(t) + µ, ∀t ∈ [0, tM ). Obviously,

L(t) is bounded in [0, tM ) since Θ̂(t) is bounded in [0, tM ).

c) We show that tM = +∞. From above analysis, we

know that Γ(t) is bounded in [−h, tM ), which implies that

tM is not an escape time, i.e., tM = +∞.

Secondly, since z(t) and L(t) are bounded in [−h, +∞),

it follows from (10) that x(t) is bounded in [−h, +∞).

2) For each ε > 0, (19) implies that ρ2(0) < ρ1(ε) ≤

ρ2(ε). Then, by the intermediate value theorem, there is

a 0 < δ1 ≤ ε, such that ρ2(δ1) = ρ1(ε). Since ρ2 is in-

creasing, then by choosing 0 < δ = δ(ε) < δ1 ≤ ε, one

gets ρ2(δ) < ρ2(δ1) = ρ1(ε). If ‖Υ0‖Ch
< δ, it follows from

(16) and (19) that ρ1(‖Υ(t)‖) ≤ V (t, Υt) ≤ V (0, Υ0) ≤

ρ2(‖Υ0‖Ch
) < ρ2(δ) < ρ1(ε), t ≥ 0. Hence for ‖Υ0‖Ch

< δ

< ε, there holds ‖Υ(t)‖ < ε, t ≥ 0. This proves the sta-

bility of the closed-loop Υ-system at Υ = 0. Since (4) and

(10) are equivalent transformations, the equilibrium point

(x, Θ̂) = (0, Θ) of the closed-loop system (1), (4), (10) and

(15) is globally stable.

3) We prove limt→+∞ x(t) = 0. On one hand, (16) and

(19) imply that V (t, Υ(t)) is monotonically nonincreasing

and bounded below by zero, and hence limt→+∞ V (t, Υ(t))

exists and is finite. Suppose L(t) ≤ l, l > 0. Then

∫ +∞

0

ξ2
i (s)ds

≤ −
1

µ

∫ +∞

0

L1+ν(s)V̇ (s, Υ(s))ds

≤

∫ +∞

0

ξ2
i (s)ds ≤ −

l1+ν(s)

µ

∫ +∞

0

V̇ (s, Υ(s))ds

=
l1+ν

µ
(V (0, Υ(0)) − lim

t→+∞
V (t, Υ(t))) < +∞.

On the other hand, the boundedness of Υ(t) over [−h,

+∞) implies that Υ̇(t) is bounded uniformly in t. Thus,

Υ(t) is uniformly continuous in t over [−h, +∞), and so

is ξ2
i (t). Using Barbalat’s lemma in [19], one obtains

limt→+∞ ξi(t) = 0. With (4), (10), for i = 1, . . . , n, one has

|xi(t)| = Lmi(t)|ξi(t)−
∑i−1

l=1(
∏i−1

j=l gj)z
p1...pl−1

l (t)|
1

p1...pi−1

≤ Lmi(t)
∑i−1

l=1((
∏i−1

j=l gj)|L
−ml (t)xl(t)|)

1
p1...pi−1 + Lmi(t)

· |ξi(t)|
1

p1...pi−1 . When i = 1, one has limt→+∞ x1(t) = 0

from α0 = 0. Then, one can recursively prove that

limt→+∞ x2(t) = · · · = limt→+∞ xn(t) = 0. �

5 Simulation Example

Without loss of generality, we consider a simple system:

ẋ1(t) = x
11
9

2 (t) + θu
11
9 (t − d1(t)) cos x1(t)

ẋ2(t) = u(t) (20)

where d1(t) = 1 + sin t/2 and θ is an unknown constant.

Obviously, h1 = 1.5, τ1 = 0.5, and Assumption 1 holds

with |f1| ≤ θ|u(t − d1(t))|
11
9 .

Before designing the controller, we introduce the coordi-

nate transformation z1 = L− 31
9 x1, z2 = L−2x2, v = L−1u.

Then, system (20) can be rewritten as

ż1 = L−1

(

z
11
9

2 −
31

9
L̇z1

)

+ φ1

ż2 = L−1(v − 2L̇z2) (21)

where φ1 = L− 31
9 f1. Define ξ1 = z1 and choose V1 = 1

2
ξ2
1 .

Then V̇1|(21) = −2L−1ξ2
1 + L−1ξ1(z

11
9

2 − α
11
9

1 ) − 31
9

L̇L−1ξ2
1

+ L−1ξ1(α
11
9

1 + 2ξ1) + ∂V1
∂z1

φ1. By choosing α
11
9

1 = −2ξ1,

γ0 = 1, λ1 = 31
9

, one has V̇1|(21) = −2L−1ξ2
1 +L−1ξ1(z

11
9

2 −

α
11
9

1 ) − 31
9

L̇L−1ξ2
1 + ∂V1

∂z1
φ1.

Define ξ2 = z
11
9

2 −α
11
9

1 , W2 =
∫ z2

α1
(s

11
9 −α

11
9

1 )2−
9
11 ds and

choose V2 = γ1V1 + W2. Then

V̇2|(21) ≤
−2γ1

L
ξ2
1 −

31γ1L̇

9L
ξ2
1 +

v − α2

L
ξ

11
13
2 +

α2

L
ξ

11
13
2

+
γ1ξ1

L

(

z
11
9

2 − α
11
9

1

)

−
2z2L̇

L
ξ

13
11
2

+
8|ξ2|

L

(

|z2|
11
9 +

31

9
L̇|z1|

)

+
∂V2

∂z1
φ1. (22)
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Fig. 1. The responses of the closed-loop system (20) and (23).

Using Lemmas 1−3, one deduces that γ1L
−1ξ1(z

11
9

2 −

α
11
9

1 ) ≤ γ1
3

L−1ξ2
1 + 3γ1

4
L−1ξ2

2 , −2L̇L−1ξ2z2 ≤ −L̇L−1ξ2
2 +

5.7L̇L−1ξ2
1 , 8L−1|ξ2|(|z2|

11
9 + 31

9
L̇|z1|) ≤

2
3
γ1L

−1ξ2
1 + (8 +

216
γ1

)L−1ξ2
2 + 0.5L̇L−1ξ2

2 + 370L̇L−1ξ2
1 , substituting these

into (22) and choosing the controller v(t) = −(g2ξ2)
9
11 , g2

= ( 7γ1
4

+ 8 + 216
γ1

)p1 = 673.9, γ1 = 5.7+370+1
λ1

= 112.2,

λ2 = 0.5, one gets V̇2|(21) ≤ −γL−1(ξ2
1 + ξ2

2) − λL̇L−1(ξ2
1

+ ξ2
2) + ∂V2

∂z1
φ1 ≤ −γL−1(ξ2

1 + ξ2
2) − λL̇L−1(ξ2

1 + ξ2
2) +

DL−2θ
∑2

i=1(ξ
2
i + ξ2

i (t − d1(t))), where γ = γ0γ1 = 112.2,

λ = 0.5, D = 2γ1g2 = 151 200. Then, by choosing V = V2

+ θ̃2

2
+ Dθ

1−τ1

∫ t

t−d1(t)
(ξ2

1(s)+ξ2
2(s))ds, L̇ = max{L−1

λ
(−γL+

4Dθ̂ + 2), 0},
˙̂
θ = 4D(ξ2

1 + ξ2
2), it leads to V̇ |(21) ≤

−L−2(γL + λLL̇− 2Dθ̂
1−τ1

)(ξ2
1 + ξ2

2) + θ̃( 2D
1−τ1

(ξ2
1 + ξ2

2)−
˙̂
θ) ≤

−2L−2(ξ2
1 + ξ2

2).

In summary, the actual adaptive controller is designed

as

u = −L

(

2022L− 31
9 x1 + 674L− 22

9 x
11
9

2

) 9
11

L̇ = 2L−1 max
{

−112.2L + 604 800θ̂ + 2, 0
}

L(r) = L0 ≥ 1 ∀r ∈ [−1.5, 0]

˙̂
θ = 604 800 ×

(

5L− 62
9 x2

1 + L− 44
9 x

22
9

2 + 4L− 53
9 x1x

11
9

2

)

θ̂(r) = θ̂0 > 0 ∀r ∈ [−1.5, 0]. (23)

In this simulation, we choose θ = 0.12 and the initial

value [x1(r), x2(r), L(r), θ̂(r)]T = [0.01, 0.02, 1.5, 0.15]T for

any r ∈ [−1.5, 0]. Fig. 1 demonstrates the effectiveness of

controller.

6 Conclusions

This paper considers the adaptive stabilization of a class

of high-order uncertain nonlinear feedforward systems. A

state feedback controller is designed which the equilibrium

point at the origin, but also guarantees the uniform bound-

edness of all the other closed-loop signals.

Two interesting problems remain unexplored: a) Un-

der Assumption 1, how to design an output feedback con-

troller to stabilize nonlinear feedforward system (1)? b) For

stochastic nonlinear systems, many results have been ob-

tained in recent years, e.g., [19]−[37], but most of these pa-

pers consider lower-triangular systems. To our knowledge,

only [38] and [39] consider the control design of stochastic

nonlinear feedforward systems, and requires known growth

rate for the system nonlinearities. Therefore, anther im-

portant problem is whether the result in this paper can be

extended to stochastic nonlinear feedforward systems with

unknown growth rate.

Appendix A Proof of Lemma 3

Proof: From Lemma 1, one has |(x−y)
1
p +y

1
p | = |(x−y)

1
p −

(−y)
1
p | ≤ 2

1− 1
p |x|

1
p , which implies that −2

1− 1
p |x|

1
p − y

1
p ≤ (x

− y)
1
p ≤ 2

1− 1
p |x|

1
p − y

1
p . When y ≥ 0, by Lemma 2, it can be

deduced that (x − y)
1
p y

2− 1
p ≤ (2

1− 1
p |x|

1
p − y

1
p )y

2− 1
p ≤ − y2

2

+ 22p−3p−2p(2p − 1)2p−1x2. When y < 0, following the above
analysis, one can obtain the same conclusion. �

Appendix B Proof of Proposition 1

Proof: Using (5)−(8), Lemma 1 and the mean value theorem
yields

V̇k|(5) ≤ −(n − k + 2)γ0 . . . γk−1L−1

k−1
∑

i=1

ξ2
i − λk−1γk−1

L̇

L

k−1
∑

i=1

ξ2
i

+ L−1ξ
2− 1

p1...pk−1
k

(

z
pk
k+1 − α

pk
k

)

+ L−1ξ
2− 1

p1...pk−1
k α

pk
k

+
k
∑

i=1

∂Vk

∂zi

φi + γk−1L−1ξ
2− 1

p1...pk−2
k−1

(

z
pk−1
k − α

pk−1
k−1

)

− mkξ
2− 1

p1...pk−1
k L̇L−1zk +

(

2 −
1

p1 . . . pk−1

)

2
1− 1

p1...pk−1
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× L−1|ξk| ×
k−1
∑

i=1

∣

∣

∣

∣

∂α
p1...pk−1
k−1

∂zi

∣

∣

∣

∣

· (|zi+1|
pi + miL̇|zi|). (24)

Using (6) and Lemmas 1 and 2 lead to

γk−1

L
ξ
2− 1

p1...pk−2
k−1 (z

pk−1
k − α

pk−1
k−1 ) ≤

γ0 . . . γk−1

3L
ξ2

k−1 +
π1

L
ξ2

k

(25)

where

π1 = 4p1...pk−2−1 γk−1

2p1 . . . pk−2

× (
3(2p1 . . . pk−2 − 1)

2p1 . . . pk−2γ0 . . . γk−2

)2p1...pk−2−1.

With Lemma 3, one has

−
mkL̇

L
ξ
2− 1

p1...pk−1
k zk ≤ −

mkL̇

2L
ξ2

k +
π2L̇

L
ξ2

k−1 (26)

where

π2 = 22p1...pk−1−3(p1 . . . pk−1)
−2p1...pk−1

× (2p1 . . . pk−1 − 1)2p1...pk−1−1mkg2
k−1.

From (10) and Lemmas 1 and 2, it follows that

(

2−
1

p1 . . . pk−1

)

2
1− 1

p1...pk−1 L−1|ξk|
k−1
∑

i=1

∣

∣

∣

∣

∂α
p1...pk−1
k−1

∂zi

∣

∣

∣

∣

× (|zi+1|
pi + miL̇|zi|) ≤ 3π3L−1|ξk|

k
∑

i=1

|ξi|+2π3m1L̇L−1

× |ξk|
k−1
∑

i=1

|ξi| ≤ AL−1|ξk|
2 +

2γ0 . . . γk−1

3
L−1|ξk−1|

2

+ γ0 . . . γk−1

k−2
∑

i=1

L−1|ξi|
2 +

mk

4
L̇L−1|ξk|

2

+
8m2

1π2
3

mk

L̇L−1|ξk−1|
2 +

8m2
1π2

3

mk

L̇L−1

k−2
∑

i=1

|ξi|
2 (27)

where

π3 = 12 max
1≤i≤k−1

(p1 . . . pi−1Π
k−1
j=i gj(1 + g

1− 1
p1...pk−1

i−1 ))

× max
1≤i≤k−1

(2 + g
p1...pi−1
i + g

p1...pi−1
i−1 )

and

A = 3π3 +
27π2

3

8γ0 . . . γk−1

+
9π2

3

4γ0 . . . γk−1

.

Substituting (25)−(27) into (24) yields

V̇k|(5) ≤ −(n − k + 1)γ0 . . . γk−1L
−1

k
∑

i=1

ξ2
k +

(

z
pk
k+1 − α

pk
k

)

L

× ξ
2− 1

p1...pk−1
k +

k
∑

i=1

∂Vk

∂zi

φi +
α

pk
k

L
ξ
2− 1

p1...pk−1
k + (A + π1

+(n − k+1)γ0 . . . γk−1)
ξ2

k

L
−

mkL̇

4L
ξ2

k−

(

γk−1λk−1−π2−
8m2

1π2
3

mk

)

×
L̇

L
ξ2

k−1 −

(

γk−1λk−1 −
8m1

2π2
3

mk

)

L̇

L

k−2
∑

i=1

ξ2
i .

Choosing γk−1 such that γk−1λk−1 − π2 −
8m2

1π2
3

mk
> 0 and

defining λk = min{
mk

4
, γk−1λk−1 − π2 −

8m2
1π2

3
mk

}, gk = (A + π1

+ (n − k + 1)γ0 . . . γk−1)
p1...pk−1 , one gets (9). �

Appendix C Proof of Proposition 2

Proof: From the definition of mi, it can be deduced that
mjpi . . . pj−1 − mi = −(1 +

∑ j−2
k=i pi . . . pk) ≤ −(1 + pi) for i =

1, . . . , j − 1, j = i + 2, . . . , n + 1, which together with L ≥ 1 im-
ply that L−mi+mjpi...pj−1 ≤ L−(1+pi). Hence, by (2), (4), (10),
Lemmas 1 and 2, the mean value theorem and L(t−di(t)) ≤ L(t),
we have

∂Vn

∂zi

φi =





( n−1
∏

k=i

γk

)

∂Wi

∂zi

+
n
∑

j=i+1

( n−1
∏

k=j

γk

)

∂Wj

∂zi



 φi

≤
BibiΘ

L1+pi

n
∑

j=i−1

|ξj |
2− 1

p1...pi−1

n
∑

j=i+1

(

|ξj |
1

p1...pi−1 + |ξj(t

− di(t))|
1

p1...pi−1

)

≤
ΘDi

L1+pi

n
∑

j=i−1

(|ξj |
2 + |ξj(t − di(t))|

2)

(28)

where

bi = max
i+2≤j≤n+1

{1 + g

1
p1...pi−1
j−1 }

Bi = 4Ci

n
∑

j=i

n−1
∏

k=j

γkπi−1,j−1, πi−1,j−1

= p1 . . . pi−1(
j−1
∏

l=i

gl)(1 + g
1− 1

p1...pj−1
i−1 )

Di = Bibi(1 −
1

2p1 . . . pi−1

)

Ci = 1 +
2p1 . . . pi−1

2p1 . . . pi−1 − 1
(

p1 . . . pi−1 − 1

2p1 . . . pi−1 − 1
)
1− 1

p1...pi−1 .

Defining D = max1≤i≤n−1{Di} and ν = min1≤i≤n−1{pi},

one gets Proposition 2. �
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