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1 Introduction

Feedforward systems have both practical and theoretical
importance. Many physical devices, such as the ball and
beam with a friction term [1], the planar vertical takeoff
and landing aircraft in [2] and the cart-pendulum system
[3], can be described by equations with the feedforward
structure.

This paper considers a class of high-order uncertain non-
linear feedforward systems with input and state delays de-
scribed by

ai(t) = aii (8) + fi(t, 2y (1), u(t), 2pre) (t — di(t)),
u(t — di(t)), ),
in(t) = uPm (t) (1)

i=1,...,n—1

where 2(i12)(t) = [Tit2(t),...,za()]" € R*7' and u(?)
€ R are the system state and control input, respectively. 6
is an unknown parameter vector, which may be constant or
bounded time-varying. For i =1,...,n—1, d;(t) is a time-
varying delay with 0 < d;(t) < h; and dl(t) < 7 < 1, where
h; and 7; are known constants; p; € ]Rfdld = {% e R*:
p and ¢ are odd integers, p > ¢}; fi is continuous in ¢
and locally Lipschitz in [x(; 2] (t), u(t), ji12)(t—di(t)), u(t—
d;(t)]T with f:(¢,0,0,0,0,0) = 0. The initial condition
z(r) is a continuous function on [—h, 0] with A > max{h1,

.y hn—1}. System (1) is called as high-order system if
there exists at least one p; > 1 (1 <14 < mn).

Among the existing results in handling feedforward sys-
tems, much of the attention has been focused on the sta-
bilization of a chain of linear integrators perturbed by an
upper-triangular nonlinear vector field, which is a special
case of system (1) by setting p; = 1. In this case, for sys-
tem (1) with d; = 0 and § = 0, some papers such as [4]
—[8] give the global asymptotic stabilization results. For
uncertain system (1) with d; = 0 and 0 # 0, [9] gives a
design scheme of global adaptive stabilizer. When d; # 0
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and 6 = 0, though intractable difficulties arise in control
design, such as trade-off time-delay effect, identification of
time-delay restriction, some results are obtained for system
(1), see [10], [11] and references therein. A further result
[12] considers the adaptive stabilization problem for feed-
forward system (1) with d; # 0 and 6 # 0.

For the high-order case when p; > 1, due to some in-
trinsic features, e.g., the Jacobian linearization is neither
controllable nor feedback linearizable, only a few results
are achieved for feedforward system (1). In [13], system
(1) with input delays but no unknown parameter 6 is con-
sidered. For system (1) with d; = 0 and 6 = 0, [14] and
[15] establish the global asymptotic stabilization. In [16],
an adaptive approach is employed to design a state feed-
back controller for system (1) with d; = 0 and 6 # 0.
However, to the best of the authors’ knowledge, there is
no result reported in the literature on the stabilization of
high-order feedforward uncertain nonlinear system (1) with
both d; # 0 and 6 # 0, and this motivates us to consider
this interesting and challenging problem.

In this paper, by using a combined method of adaptive
technique, dynamic gain control approach and adding a
power integrator technique, and solving several difficulties
in the design and analysis, a state feedback controller is de-
signed to guarantee that not only all signals are bounded
but also the asymptotic regulation is achieved. Our work
has two distinctive features. First, the higher power p; > 1,
the existence of input and state delays, and unknown pa-
rameter in nonlinearities render system (1) more general.
Second, due to the higher power, time-varying delays in
both input and state, and unknown parameter, one of the
main difficulties dealt in this paper is to determine the
adaptive dynamic gain and estimation, based on which the
desired adaptive controller is designed by combining the
adding a power integrator technique.

This paper is organized as follows: Section 2 gives some
preliminaries. Sections 3 and 4 provide the design and anal-
ysis of the controller, following a simulation example in Sec-
tion 5. Section 6 concludes this paper. Proofs of lemmas
and propositions are given in Appendices A—C.
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2 Mathematical Preliminaries

Notations: R™ stands for the set of all the nonnegative
real numbers. Let © = [z1,...,2.)7 € R™, Z; = [z1,...,
zi)" € RY, and ;) = [2,...,20)" € R*7H i =1,...,
n—1; Cp, = C([—h,0]; R™) denotes the set of all the continu-
ous functions mapping [—h, 0] into R™. |jz|| = (3}, :tcf)%7
and ||x¢llc, = Sup_j<,<ollz(t + r)|| with z; € Cp being
defined by z:(r) = z(t +r), r € [~h,0].

We give some useful lemmas.

Lemma 1 [17]: For z,y € R, if p > 1 is a constant, then
2 + yl” < 27 (el + [yl?), (o] + ly)? < Jal7 +[yl7 <
277 (2l +|y]) 7. 1 p € RZy, then o —yl” <27 fa? 7).

Lemma 2 (Young’s inequality): Let real numbers p > 1
and ¢ > 1 satisfy 1/p+ 1/g = 1. Then zy < ~|z|P +
%(p’y)fﬁ ly|? for any x,y € R and any given positive num-
ber v > 0.

Lemma 3: For given p € Rfdld and z,y € R, there holds

1 1
(@—y)ry’ 7 < —L 42273 2w (2p 1)1y,

Proof: See Appendix A. |
3 Design of Adaptive State Feedback
Controller

3.1 Problem Statement

Throughout this paper, we need the following assump-
tion.

Assumption 1: For i =1,...,n—1, there is an unknown
positive constant © dependent on 6 such that

n+1
|fl()| < © Z (|£Ej(t)|Piij71 + |£Ej(t— di(t))|pi'”pj*1)
j=i+2
+ 0 (|u(t)|m.4.pn + |u(t _ dl(t))|p1p")

()

where Tn41(t) = xnt1(t — di(t)) = 0.

Remark 1: In the existing results on high-order feedfor-
ward systems, [13] considers system (1) with input delays
but no unknown parameter §. For system (1) with d; =0
and 0 = 0, [14] and [15] establish the global asymptotic
stabilization. In [16], an adaptive approach is employed to
design a state feedback controller for system (1) with d; = 0
and 0 # 0.

The purpose of this paper is to design a continuous adap-
tive state feedback stabilizing controller

w=u(z,0), 6=0(z,0) (3)

such that all signals of the closed-loop system (1) and (3)
are globally uniformly bounded, and system state x(t) con-
verges to zero for any given initial value, where functions
Q(-) and u(-) are smooth and continuous, respectively, © is
the estimate of © and will be specified later.

3.2 Design Procedure

We give the design procedure in four parts.
Part I: State transformation
Introduce the following rescaling transformation

zi(t) = L™ () xi(t),v(t) = LT (H)u(t), i =1,...,n
(4)

where L(t) > 1 is a continuously differentiable and mono-
tone increasing function that will be determined later, m;
is defined as m; = 1 + Z;L:lpl gy Mig1 = (my — 1) /ps,
i=1,...,n.

With transformation (4), system (1) can be converted
into

2= L7 (20 — malzi) + ¢ilt, 26121, v, 242 (8 — di(t)),
v(t —di(t)),0, L, L(t — di(t))),

P Lil(vp" — anzn)

i=1,...,n—1

(5)

where ¢;(-) = L™ ™ fi(-),i=1,...,n— 1.

Part II: State feedback controller design for system (5)

Step 1: Define z1 = & and choose V1(&1) = 5%/2. From
(5), it follows that Vi(&1)|sy = —nL ™ 'éf — maLL7'¢F +
L7 (28 — ab) + L7 (ar + néy) + g\z/ll ¢1. Choosing
ot = —gi1&1, g1 =n, M = ma, 0 = 1 yields Vi(&)|s5) =
oL e = MLLT'EE + LT (25 — of') + G2 g

Step k (k =2,...,n): We start with the following propo-
sition.

Proposition 1: Suppose that there exist a continuously
differentiable Lyapunov function Vi_1(€x—1) and a series of

virtual controllers au,...,ar—1 defined by

a():O
P1-Pi _
ot Pt = —gi&

P1---Pi—1 P1---Pi—1
§i=2 Ty

. . i=1,...,k—1 (6)

such that

k—1
) S —(m—k+2)70. .. oL "> & = A LL™!

i=1

k—1 o 1
YL T (P alt)
i=1

k—1
OVi—1
+; o O

Vi1

(7)

where vo,...,vk—2, 91,-..,9k—1, Ak—1 are positive con-
. P1---Pr— P1e-PR—
stants. Then, by defining & = z,' """ 7' —a,'["*" and

choosing the kth continuous differential function

Vie (&) = Yh-1Vie—1(Ek—1) + Wi(&k)

z
Wi (&) = / g (SPLHPk—l _ ak71p1»~pk71)27m ds
QX1

one can design a virtual controller o'~ "% =

that

—gr€k such

Vi

k
& <—(m—k+1v... %L Zf?
=1
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1

k g1
—MLLTH Y €+ LT T (2 — ofr)

i=1

. Z avk -

Proof: See Appendix B. |
Hence at step n, by choosing
n—1 B
= Z Ve -+ Yn—1 Wi (&) + Wa(€)
k=1
op = 0
Cipp =2y M=ol =1, ,n—1 (10)

one can design the controller as

—~(gn&n) PTPm

n—1 n—1
= Zﬁbnpnfl + Z ( H gz) ZZL“PIC—I (11)
k=1 =k

such that
. e 1 8Vn
Valsy < —yL7' Y & —ALL™ Zgl +Z ¢i
i=1
where vy =70 ... Yn—1, A = Ap.

Part III: Gain assignment

To determine L and ©, we give the following proposition.

Proposition 2: There are positive constants D, v, such
that

; < nODL~ Y Zg

X5

=1
n—1 n
+ODL NN g (- di(t)).
k=1 i=1
Proof: See Appendix C. |

Substituting Proposition 2 into (12) yields

—ALLT'Y & +neDpLm )

i=1

n—1 n

xZ@+@DL WEINN "l (t—dn(t

k=1 i=1

(13)
Defining a Lyapunov functional

V(L&) = Val6) + =5

n—1

+pey ( L /t L0+ (s)
o N = e
X ng(s)ds> (14)
=1

where O(t) = © — O(t) is the parameter estimation error.
Noting that L(t) is increasing and using (13) and (14) ren-
der

Vig <=L ") & - ML) & -66
=1 =1

2nDOL~ (V) ¢
S = 1-7 Z

=_ "0+ <7L” +ALLY — @@> g
i=1

~ 2nD - 2 A
JE>iy)

where 7 = maxi<k<n—1{7x}. Choosing

L:max{Iﬁ (—fyL”+ﬂé+u>70}7
A 1—-7
L(T)IL()Zl
A 2nD
= E h 1
(C] 1—= f“ =60>0 Vr € [—h,0] (15)

one obtains

py & (16)
i=1

where p is a positive constant.

Part IV: State feedback controller of system (1)

By (4) and (11), one gets the state feedback controller
of system (1) with the form

u(t) =~ L™ (1) (Z(ng) e )

k=1
1

P1---Pn
X :Czl"'pkfl(t) 17)

where L(t) is dynamically updated by (15).
4 Main Result

We state the main result of this paper.

Theorem 1: If Assumption 1 holds for system (1), then
under the adaptive state feedback controller (15) and (17),

1) All the closed-loop states are bounded in [—h, +00).

2) The equilibrium point (z,0) = (0,0) of the closed-
loop system (1), (4), (10) and (15) is globally stable.

3) hmtﬁuﬁoo LE(t) =0.

Proof: 1) Firstly, we prove that the state I'(t) := [L(t),
O(t), z(t)]™ of the closed-loop system (5), (11) and (15) is
bounded in [—h,+0c0). By the existence and the contin-
uation of solution, I'(t) := [L(t), O(t), 2(t)]” is defined on
a time interval [—hﬂfM), where t); > 0 may be finite or
infinite. Next we give the proof in three steps.

a) We now prove that [O(t), z(t)]” is bounded in [—h,
tar). Obviously, Vi (t,£(t)) is positive definite and radially
unbounded on £(¢). By Lemma 4.3 in [18], there is a K
function p1(-) such that

e%(t)
2

V(t,Te)) = Va(t,€(1)) + (Y@M (18)

where Y(t) = [O(t),£(t)]T. Noting that
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n—1 n
L™ ()Y €l (s)ds
k= t—dp(t) i=1
n—1 n
Dhy
< su i+
< Z T ;7%5«)5 (t+7)
Dhn? 2
< 20 (s e+
1-— —h<r<o0

and using (8), (10), (14) together with Lemma 1 and the
mean value theorem, one gets

V(t,Te) <2Z% L€l () + (T @)1

h
4-7121?—7(||Tt||ch)2

< 2n2% 1.

+n2Dﬁ(||Tt||ch)2

= p2([[Telle,)

where p2(-) is a Koo
yields

(I Telle,)* + (1 Teles)

function. Combining this with (18)

pi(IT@N) < V(E,Te) < p2([ITelley,)- (19)

Since p1(-) and pa(-) are Koo functions, there is a § =
B(e) > e > 0such that p2(e) < p1(8) for any € > 0. By (15)
and (19), one obtains that if || Tollc, < €, then p1(||T(2)]])
< V(LX) < V(0,7(0) < po(Tolle,) < pa(e) < p1(8),
Vt € [0, tar), which implies that ||Y(¢)]] < 8, Vt € [—h, ta).
Hence, T(t) is bounded in [—h,tar), so is [O(t), z(t)]T be-
cause of (10).

b) We prove that L(t) is bounded in [—h, ty). Noticing
that L(r) = Lo, Vr € [—h, 0], hence, we only need to prove
that L(¢) is bounded in [0,¢ar). Suppose that there is a
finite T’ € [0, tar) such that yL"(T) = 222 O(T) + p, which
indicates L(t) = 0, Vt € [T, tar). Hence, L(t) is bounded in
[—h,tar). Otherwise, there are two cases.

Case 1: vL"(t) > %é(t) + p, Vt € [0,tar). It follows
from (15) that L(t) = Lo, Vt € [0,tam).

Case 2: yL"(t) < 222 O(t) + u, Yt € [0,tar). Obviously,
L(t) is bounded in [0, tar) since ©(t) is bounded in [0, tar).

¢) We show that ¢ty = +oo. From above analysis, we
know that I'(¢) is bounded in [—h, ¢ar), which implies that
tar is not an escape time, i.e., tyr = 4+00.

Secondly, since z(t) and L(t) are bounded in [—h, 4+00),
it follows from (10) that z(t) is bounded in [—h, 4+00).

2) For each ¢ > 0, (19) implies that p2(0) < p1(e) <
p2(g). Then, by the intermediate value theorem, there is
a 0 < 01 < g, such that p2(d1) = pi(e). Since p2 is in-
creasing, then by choosing 0 < 6 = d(e) < d1 < €, one
gets p2(0) < p2(d1) = p1(e). If || Tollc, <9, it follows from
(16) and (19) that p1(JJT@)|) < V (¢, T:) < V(0,Yo) <
pa(|Tollc,) < p2(6) < pr(=), t > 0. Hence for [ Yolle, < 6
< g, there holds ||T(¢)|| < e, t > 0. This proves the sta-
bility of the closed-loop Y-system at T = 0. Since (4) and
(10) are equivalent transformations, the equilibrium point
(z,0) = (0,0) of the closed-loop system (1), (4), (10) and
(15) is globally stable.

3) We prove lim¢— 4 z(t) = 0. On one hand, (16) and
(19) imply that V(¢,T(¢)) is monotonically nonincreasing
and bounded below by zero, and hence lim;— 1 V (¢, Y(t))
exists and is finite. Suppose L(t) <, [ > 0. Then

+oo
/0 §Z~2(5)d5
1 tee 1+v y
g—;/o LY (5)V (s, Y (s))ds
o '28 S —w o y S S S
g/o € (s)ds < —— / V(s, T(s))d
l1+u

(V(0,7(0)) — tETwV(t,T(t))) < +o00.

On the other hand, the boundedness of Y(t) over [—h,
+00) implies that Y(¢) is bounded uniformly in ¢. Thus,
Y(t) is uniformly continuous in ¢ over [—h,+00), and so
is £€2(t). Using Barbalat’s lemma in [19], one obtains
lim;— 40 &(t) = 0. With (4), (10), for i = 1,...,n, one has

1
fea(t)] = L™ (0)[6:(1) — Sit (T a0)2f "' ()] P
1
< L) DI T a0 L™ () TP 4 L7 (1)
1
- |&i(t)|PrPi-1. When ¢ = 1, one has lim; 4o z1(t) =0
from a9 = 0. Then, one can recursively prove that
limy— oo X2(t) = -+ = limg— oo T (t) = 0. [ |

5 Simulation Example

Without loss of generality, we consider a simple system:

%( )+ 0u™ 5 (t — di(t))cosz1(t)
(t (20)

where di(t) = 1+ sint/2 and 6 is an unknown constant.
Obviously, h1 = 1.5, 1 = 0.5, and Assumption 1 holds
with [f1] < Olu(t — da(£))| 5

Before designing the controller, we introduce the coordi-
nate transformation z1 = Lf%gr:l7 2o = L7251027 v=Ltu.
Then, system (20) can be rewritten as

z1(t) =

ig(t) u

11 .
2‘;1 = L71 (229 — %LZ’l) +¢1

29 = L' (v—2Lz) (21)

where ¢1 = L*%fl. Define &1 = 21 and choose Vi = %ff
Then Vi|oy = —2L7 €2 + L 61 (230 — ) ) — AL et
+ L0 +26) + 3o, ’
Yo=1, A\ = 97onehasV1|(21):—2L 24~ §1( —
o) — BLL- e+ 5o

Define & = z2 —ozl , Wy =
choose Vo = v1 Vi + Wa. Then

By choosing «a,° = —251,

z9 ll._ 5 29
f1(59 a,® )*"1Ids and

B 3171L 2 UV —
9L

2W1

Vz|(21) < &

8 11 31 . oVx
+ |§2| (|22|191 +§L|Z1|) +_2¢1 (22)
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Fig.1. The responses of the closed-loop system (20) and (23).

Usmg Lemmas 1—3, one deduces that yi1 L™~ 51(22 -
P) S BLUG + LG, 2L e < LI 4
57LL &7, 8L 1|§2|(|22| +31L|z1|) <2y LG+ 8+
%)L e 4 0.50L~ leZ 4 370L L~ 1¢2 substituting these
into (22) and choosing the controller v(t) = —(g2£2)1T T , 92
= (Tr + 8+ 26)m = 6739, y = 2TEIOE = 1122,
A2 = 0.5, one gets V2|(21) < — L7 —|—.§2) )\I./Lfl(g
+ &) + 5261 < ALTNE + ) - AL + ) +
DL720°7 (€2 + €2(t — du(t))), where v = yom1 = 112.2,
A= 0 5, D = 2fy1g2 = 151200. Then, by choosmg V=V
B2 1 (€))L= miax{ I (Lt

4D0 + 2),0}, 6 = 4D(€} + £3), it leads to V|(21) <
—-L7? (’YL+)\L )(51 +§2)+0(1 - (G+8)- ) <
—2L7 (6 + 63).

In summary, the actual adaptive controller is designed
as
9

u)ﬁ

9

2

[ = 2L  max {—112.2L + 6048000 + 2, 0}
L(r) =
A __ 62 2 _ 44
0=604800 x (5L~ Fa?+ L%

w=—L (2022L7%x1 L 6TAL S g

Lo>1 Vre[-1.5,0]

22 53 11
ry +4L7 9 zixy )
6(r) =00 >0 Vre[-15,0]. (23)

In this simulation, we choose # = 0.12 and the initial
value [z1(r), z2(r), L(r),0(r)]T = [0.01,0.02, 1.5,0.15] for
any r € [—1.5,0]. Fig.1 demonstrates the effectiveness of
controller.

6 Conclusions

This paper considers the adaptive stabilization of a class
of high-order uncertain nonlinear feedforward systems. A

state feedback controller is designed which the equilibrium
point at the origin, but also guarantees the uniform bound-
edness of all the other closed-loop signals.

Two interesting problems remain unexplored: a) Un-
der Assumption 1, how to design an output feedback con-
troller to stabilize nonlinear feedforward system (1)7 b) For
stochastic nonlinear systems, many results have been ob-
tained in recent years, e.g., [19]—[37], but most of these pa-
pers consider lower-triangular systems. To our knowledge,
only [38] and [39] consider the control design of stochastic
nonlinear feedforward systems, and requires known growth
rate for the system nonlinearities. Therefore, anther im-
portant problem is whether the result in this paper can be
extended to stochastic nonlinear feedforward systems with
unknown growth rate.

Appendix A Proof of Lemma 3

1
Proof From Lemma 1, one has |(z — y)P +yP\ =|(z— y)5

(= )P\ <2'” \I\P which implies that —2'~ \x\? — yp < (=
1
—y)r <2'” |I|P—yp. When y > 0, by Lemma 2, it can be
1 1 _1 1 1 1
deduced that (z — y)py° 7 < (2" F|z|r —yp)y’ F < _§
+ 22p=3p=2r(2p — 1)?P~ 122, When y < 0, following the above

analysis, one can obtain the same conclusion. |

Appendix B Proof of Proposition 1

Proof: Using (5)—
yields

(8), Lemma 1 and the mean value theorem

k-1 P k1

. L

Vils)y < —(n—k+2)y0...y-1L7" Z & - Ak—l’Y}c—lZ Z &
=1 =1

R W a1

Pl---Pk—1

+L,1£k P1---Plk—1 (ZZil _azk) _,’_L—lgk azk

+Z Vi

1

O gyt a7 T (s - alt)

P
—my&,

PR

P1~~Pk—1 LLilzk + <2_ 1 )2 P1---
P1-.-Prk—1
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1 O . : Appendix C Proof of Proposition 2
X L7 Er| % Y “(lzip1]™ + maLlzi]).  (24)
i=1 0z; Proof: From the definition of m;, it can be deduced that
. m;pi...pj1—m = —(1+ 3173 pi . ..pi) < —(1+p;) for i =
Using (6) and Lemmas 1 and 2 lead to 1,...,j—1,7=i+42,...,n+1, which together with L > 1 im-
- 1 ply that L*mﬁma‘f’wpa‘fl < L*(Hpi). Hence, by (2), (4), (10),
7’21 £, 1R (PRl Ry < %7;’“1& L+ = m gi Lemmas 1 and 2, the mean value theorem and L(t—d;(t)) < L(t),
3 we have
(25)
aV n—1 n n—1 8W
where < H ﬁ/k) Z ( H “/k) I ¢
Y1 0z J=it1 N k=g 0z
7y = 4P1Pp—2—t__ TR
e i < Bibi® i ¢ ‘zfﬁ i (\ | PPt P &5 (¢
< ) s i1 4
% ( 32pr - pr2 1) )2“‘“%72*1_ Litei j=i—1 ! j=i+1 !
2p1 .. Dk—2Y0 -+ - VE—2 h oD, n
With Lemma 3, one has — i) > < L1+pl Z 1(|§]|2 + 1€t —di(1)]?)
j=i—
A E—— - (28)
B T & (26)
where
where |
_ P
T2 = 22P1.4-Pk—173(p1~~.pk—1)72P1~-Pk—1 bi _z+2<1<n+1{1+g }
X (2p1 . 1 — 1 2p1 PR 1~ 1y g27 . n n—1
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