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Abstract The paper considers synchronization of continuous

time-varying linear multi-agent systems with switching topol-

ogy. Under an assumption that agent dynamics is uniformly

completely controllable, the synchronizing protocol is designed.

By relating the synchronization problem to an infinite matrix

product, the exponential synchronization result is obtained by

showing the exponential convergence of the infinite product. Fi-

nally, the effectiveness of the result is illustrated by a numeric

example.
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5õ�UN�ÓÚ¯K. ©¥é�UNXÚJÑb�, ��XÚ�XêÝ
÷v Lipschitz ^�, ���XÚ�G�=£Ý
´k.�. 3���äe, �+�ö�ÓÚ¯K3©z [11] ��ïÄ. ©¥é�UNXÚJÑ�r�b�, ���3���½Ý
 P , ��é¤k t ≥ 0 XêÝ
 A(t) ÷v AT(t)P + PA(t) ≤ 0. ù�du��¤k A(t) ´�.­½�, ���Ó�� Lyapunov¼ê. ,	�k�:I�5¿, 3þã�5õ�UNÓÚïÄ©z¥, §��õæ^�g Laypunov¼ê�{. AO/, ���äe�ÓÚïÄõæ^�Ó�g Lyapunov ¼ê�{[9−11]. du�Ó�g
Lyapunov¼ê�{�Û�5, ��ùa�{�Ñ�õ�UNÓÚ(ØJ�¬k�Å5.�©æ^Ý
�¡�È�{ïÄäk���ä��CëY�5õ�UNÓÚ¯K. ù��{3yk©z¥Ì�A^u��õ�UNÓÚïÄ[1−2], ÿ��ÙA^up�ëYõ�UNÓÚ¯K. �©3��~��������5^�e,�ÑÓÚÆÆ��O�{; ,�|^êÆC�òõ�UNÓÚ¯K=zǑ��Ý
�¡�È�Âñ¯K; ��ÏLy²Ý
�¡�È�êÂñ� 0 �Ñ
õ�UN�êÓÚ�(Ø. ù��{ÄuÝ
©ÛEâ, ;�
A^ Lyapunov¼ê�{~^��1w©ÛEâ[9, 11].ÎÒ`²: 3�©¥, ± A ⊗ B L«Ý
 A Ú B �
Kronecker�È, ± ‖xxx‖L«�þ xxx� Euclid�ê, ± ‖A‖L«Ý
 A�d Euclid�þ�êp��Ý
�ê.

1 ý��£Ú¯KQã
1.1 �C�5XÚ�ÄëY�C�5XÚ

ẋxx = A(t)xxx + B(t)uuu (1)Ù¥, xxx ∈ R
n ´XÚG�, xxx ∈ R

m ´XÚÑ\, A(t), B(t)´�ê·��Ý
, Ù��´½Â3 t ≥ 0þ�©ãëY¼ê. du A(t)���´©ãëY�, Ý
�§
Ẋ(t) = A(t)X(t), X(s) = I (2)�3) Φ(t, s), ù�)�¡ǑXÚ (1) �G�=£Ý
[12].XÚ���5�.0Ý
 (Controllability Gramian) ½ÂǑ

G(t, s) =

∫ s

t

Φ(t, σ)B(σ)BT(σ)ΦT(t, σ)dσ (3)�C�5XÚ (1) 3«m [t0, tf ]þ¡Ǒ���, ´�é?¿�½��©G� xxx(t0) = xxx0, �3ëY�Ñ\&Ò uuu(t),��XÚ3 tf �Ǒ�G�÷v xxx(tf ) = 0. ��5´��XÚ���­�5�. 'u�C�5XÚ (1) ��5�­�(Ø´: XÚ (1) 3«m [t0, tf ]þ´���, ��=��.0Ý
 G(t0, tf )´�_�[12].

1.2 �êãØ����ã G = (V, E)d!:8Ü V Ú>8Ü E |¤,Ù¥ V = {v1, · · · , vN} ´k�8, E d V ¥�
�É���¤��Sé|¤. é!: u, X> {u, v} ∈ E , K¡ v ´
u����Ø, u �¤k�Ø�¤ u��Ø8, PǑ NG(u).3ã G ¥, ë�º: vi Ú vj �´»´��Xe/ª�>S� {vi, vj1}, {vj1 , vj2}, · · · , {vjk

, vj}. XJ?Ûü�ØÓ!:Ñ�3�^ë�§��´», ã G ¡Ǒ´ëÏ�. ã G �
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 A(G) = [aij ]´�� N ��
, Ù��½ÂǑ: �
{vi, vj} ∈ E �, aij = 1, ÄK aij = 0. ã G�.Ê.dÝ

(Laplacian matrix, {¡.¼Ý
) L(G) = [ℓij ]½ÂǑ: � i

6= j �, ℓij = −aij ; � i = j �, ℓii =
∑N

j=1 aij .

1.3 ¯KQã�Äd N ��C�5XÚ|¤�õ�UNXÚ. ± 1,

2, · · · , N IPù N ��UN, 1 i��UN�Ä��§Ǒ�C�5XÚ
ẋxxi(t) = A(t)xxxi(t) + B(t)uuui(t), i = 1, 2, · · · , N (4)Ù¥, xxxi(t) ∈ R

n, uuui(t) ∈ R
m, Ý
 A(t) ∈ R

n×n, B(t) ∈
R

n×m, Ù��´½Â3 [0,∞) þ�©ãëY¼ê. òz��UNw���!:, �UNm�Ï&�ä±����ã
G(t) = (V, E(t))£ã, Ù¥ V = {1, · · · , N}. �©b��UNXÚ (4) ÷vXeb�:b� 1. �3 0 = t0 < t1 < · · · < tm < · · · , 3z�«m [tk, tk+1)¥, G(t) = G(tk), ¿�

τ = inf{tk+1 − tk : k = 0, 1, 2, · · · } > 0ùp, τ ¡Ǒ���ä G(t) �73�m.b� 2. �3 0 < δ < τ Ú ε2 > ε1 > 0, é?¿ t ≥ 0,�.0Ý
 G(t, s)÷v
ε1I ≤ G(t, t + δ) ≤ ε2I (5)b� 1´õ�UNXÚïÄ¥~��^�. b� 2�y�UN3z�«m [tk, tk+1)þÑ´���. ^� (5) ��C�5XÚ�������5Vgk'[13], §~�u�C�5XÚ���ïÄ¥[12−13]. b� 2¤á���¿©^�3©z [14] ¥�Ñ.XJõ�UNXÚ (4) ÷vb� 1Úb� 2, é?¿ α ≥

0, ½Â
Gα(t, t + δ) =

∫ t+δ

t

2e4α(t−σ)Φ(t, σ)B(σ)BT(σ)ΦT(t, σ)dσ

(6)db� 2, é?¿ t ≥ 0, Gα(t, t + δ) > 0´�_�. �Oõ�UNXÚÓÚÆÆ
uuui(t) = κ

∑

j∈Nt(i)

BT(t)G−1
α (t, t + δ)(xxxj(t) − xxxi(t)) (7)Ù¥, κ = 4−1N(N − 1), Nt(i)L« t�Ǒ!: i3 G(t)þ��Ø8. �©ïÄ�C�5õ�UNXÚ (4) �ÓÚ¯K,Ì�(Ø´e¡�½n 1.½n 1. b��C�5õ�UNXÚ (4) ÷vb� 1 Úb� 2, ¿� G(t)3?��Ǒ tÑ´ëÏ�. é?¿�½� γ

> 0, � α÷vØ�ª 2α > γ Ú
(ε2ε

−1
1 )

1
2 e−2α[τ−δ]eγτ < 1 (8)K3ÓÚÆÆ (7) ��^e, �3 C > 0, ��UNG�÷v

‖xxxi(t) − xxxj(t)‖ ≤ Ce−γt ‖xxx(0)‖Ù¥, i, j = 1, 2, · · · , N , xxx(0) = (xxxT
1 (0), · · · ,xxxT

N (0))T. d=4�XÚ (4)∼ (7) ´�êÓÚ�.

2 ½ny²�â.¼Ý
½Â, �êǑ N ���ã G �.¼Ý

L(G)´����½Ý
. ò L(G)��ÜAÆ�U,Sü¤
0 ≤ λ1 ≤ · · · ≤ λN , K:Ún 1. XJã G ´ëÏ�, K λ1 = 0�éA�AÆ�þǑ 1, ùp 1L« N �©þ�ÜǑ 1��þ, Ó� λ2 ≥
4/(Nd), Ù¥ d´ã G ��».'u λ1 �(Ø´�êãØ���¯¢. 'u λ2 �¯¢3©z [15] ¥�Ñ, §¡Ǒ G ��êëÏÝ (Algebraic

connectivity).�ÄXe�C�5XÚ
ẋxx(t) =

(

A(t) − µB(t)BT(t)G−1
α (t, t + δ)

)

xxx(t) (9)Ù¥, µ ≥ 1. ± Φα,µ(t, s)L«XÚ (9) �G�=£Ý
, 'u Φα,µ(t, s)�êkXe(Ø:Ún 2. e�3 δ > 0Ú ε2 > ε1 > 0, ��XÚ (1) ��.0Ý
 G(t, s)÷v
ε1I ≤ G(t, t + δ) ≤ ε2IKé¤k α > 0Ú µ ≥ 1, k:

‖Φα,µ(t, s)‖ ≤ (ε2ε
−1
1 )

1
2 e2αδe−2α(t−s) (10)y². �Ä3�Ǒ säk�� xxx(s) = xxx0 ��©�§

ẋxx =
(

A(t) − µB(t)BT(t)G−1
α (t, t + δ)

)

xxx(t), xxx(s) = xxx0

(11)- Q(t) = G−1
α (t, t + δ), ½Â¼ê

V (t) = xxxT(t)Q(t)xxx(t)ª¥, xxx(t)´ª (11) �). O� V (t)'u t��ê, k:

V̇ (t) = xxxT(t)
([

A(t) − µB(t)BT(t)Q(t)
]T

Q(t) +

Q(t)
[

A(t) − µB(t)BT(t)Q(t)
]

+ Q̇(t)
)

xxx(t)O�
d

dt
Gα(t, t + δ) =

2e−4αδΦ(t, t + δ)B(t + δ)BT(t + δ)ΦT(t, t + δ) −

2B(t)BT(t) + 4αQ−1(t) + A(t)Q−1(t) + Q−1(t)AT(t)¿ò
Q̇(t) = − Q(t)

[ d

dt
Gα(t, t + δ)

]

Q(t)�\ V̇ (t), �n��:

V̇ (t) = xxxT(t)[−4αQ(t) − 2 (µ − 1)Q(t)B(t)BT(t)Q(t) −

2e−4αδQ(t)Φ(t, t + δ)B(t + δ) ×

BT(t + δ)ΦT(t, t + δ)Q(t)]xxx(t) ≤

− 4αxxxT(t)Q(t)xxx(t) = −4αV (t)|^'��n[13], �ddíÑ
V (t) ≤ e−4α(t−s)V (s) (12)
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2ε1e
−4αδI ≤ Gα(t, t + δ) ≤ 2ε2Il
, k:

(2ε2)
−1I ≤ Q(t) ≤ (2ε1)

−1e4αδIu´
V (t) = xxxT(t)Q(t)xxx(t) ≥ (2ε2)

−1‖xxx(t)‖2

V (s) = xxxT(s)Q(s)xxx(s) ≤ (2ε1)
−1e4αδ‖xxx0‖2ò±þü�Ø�ª�\ª (12), ��:

‖xxx(t)‖ ≤ (ε2ε
−1
1 )

1
2 e2αδe−2(t−s)α‖xxx0‖ (13)du Φα,µ(t, s) ´XÚ (11) �=£Ý
, ¤± xxx(t) =

Φα,µ(t, s)xxx0, �\ª (13) ¿|^Ý
�ê½ÂÒ��:

‖Φα,µ(t, s)‖ ≤ (ε2ε
−1
1 )

1
2 e2αδ−2α(t−s)

�Ún 2 �ÑG�=£Ý
 Φα,µ(t, s) �ìC�OÚ℄��O. � t ªu s �, Ý
¬²{�N, Ì���
(ε2ε

−1
1 )

1
2 e2αδ . �� t l s m©O��, �êeü�Ïf

e−2α(t−s) ¬-��N. AO/, � t − s > δ �, �±ÀJ α¿©�, �� Φα,µ(t, s)?¿�. �ª (1) ´½~XÚ�, aq��O3½~�5��XÚïÄ¥��[16] . Ún 2�A:´�Oª (10) é¤k µ ≥ 1��¤á.e¡�Ñ½n 1 �y².y². db� 1, �3S�
0 = t0 < t1 < · · · < tm < · · ·�� tk+1 − tk ≥ τ 9� t ∈ [tk, tk+1) �, G(t) = G(tk). òÓÚÆÆ (7) A^�õ�UNXÚ (4), ,�ò4�XÚ�¤�C�5��XÚ/ª

ẋxx(t) =
(

I ⊗ A(t) − κL(tk) ⊗ B(t)BT(t)G−1
α (t, t + δ)

)

xxx(t)

(14)ª¥, L(tk) = L(G(tk)), tk ≤ t < tk+1. òÝ
 L(tk)�AÆ�U,Sü�Ǒ
0 = λ1(tk) ≤ λ2(tk) ≤ · · · ≤ λN(tk)du G(tk)´ëÏ�, �âÚn 1, λ1(tk) = 0´ü��éA�AÆ�þǑ 1. �√

N−11, ζζζ2(tk), · · · , ζζζN(tk)´� λ1(tk),

· · · , λN(tk)éA���5�zAÆ�þ,-C(tk) = (ζζζ2(tk),

· · · , ζζζN (tk))9 T (tk) = (
√

N−11, C(tk)). K T (tk)´����Ý
, �k:

TT(tk)L(tk)T (tk) = diag{0, λ2(tk), · · · , λN (tk)}3�m«m [tk, tk+1)S��IC�
xxx(t) = T (tk) ⊗ I · zzz(t) (15)P zzz = (zzzT

1 , zzzT
2 )T, zzz1 ∈ R

n, zzz2 ∈ R
(N−1)n, 3#��Ie,XÚ (14) CǑ

żzz1(t) = A(t)zzz1(t)

żzz2(t) =
(

I ⊗ A(t) − κΛ(tk) ⊗ B(t)BT(t)G−1
α (t, t + δ)

)

zzz2(t)

(16)

ª¥, Λ(tk) = diag{λ2(tk), · · · , λN(tk)}.XÚ zzz1 �G�=£Ý
´ Φ(t, s), XÚ zzz2 �XêÝ
´©¬éÆ

I ⊗ A(t) − κΛ(tk) ⊗ B(t)BT(t)G−1

α (t, t + δ) =

diag
{

A(t) − µ2(tk)B(t)BT(t)G−1
α (t, t + δ), · · · ,

A(t) − µN (tk)B(t)BT(t)G−1
α (t, t + δ)

}Ù¥, µi(tk) = κλi(tk), |^Ún 2¥�PÒ, XÚ zzz23 [tk,

tk+1)þ�G�=£Ý
Ǒ
Φ̆(t, s) = diag{Φα,µ2(tk)(t, s), · · · , Φα,µN (tk)(t, s)}/ÏG�=£Ý
 Φ(t, s)Ú Φ̆(t, s), XÚ (16) 3«m

[tk, tk+1)þ�)Ǒ
[

zzz1(t)

zzz2(t)

]

=

[

Φ(t, tk)

Φ̆(t, tk)

] [

zzz1(tk)

zzz2(tk)

]�âª (15), 4�XÚ (14) 3«m [tk, tk+1)þ�) xxx(t) �L«Ǒ
xxx(t) =

[

N−1
11

T ⊗ Φ(t, tk) +

C(tk) ⊗ I · Φ̆(t, tk) · CT(tk) ⊗ I
]

xxx(tk) (17)|^ xxx(t)G�;,�ëY5, � t → tk+1, ��
xxx(tk+1) =

[

N−1
11

T ⊗ Φ(tk+1, tk) +

C(tk) ⊗ I · Φ̆(tk+1, tk) · CT(tk) ⊗ I
]

xxx(tk) (18)e¡3ª (17) Úª (18) �Ä:þUYí�, ò¤k�UNG��Ùþ���L«¤Ý
�È/ª. Ǒ�BQã,Ú\PÒ
Ψ(t, tk) = C(tk) ⊗ I · Φ̆(t, tk) · CT(tk) ⊗ I3ª (17) üà~� N−1

11
T ⊗ Φ(t, tk)xxx(tk), |^¯¢

CT(tk)1 = 0, �±�y:

xxx(t) − N−1
11

T ⊗ Φ(t, tk) · xxx(tk) =

Ψ(t, tk)(I − N−1
11

T ⊗ I)xxx(tk) (19)3ª (18) üà��Ý
 I − N−1
11

T ⊗ I , Ó��±�y:

(I − N−1
11

T ⊗ I)xxx(tk+1) = Ψ(tk+1, tk)xxx(tk) =

Ψ(tk+1, tk)(I − N−1
11

T ⊗ I)xxx(tk) (20)òª (20) w�´��4íúª, ¿(Üª (19), � tk ≤ t <

tk+1 �, �íÑ'Xª
xxx(t) − N−1

11
T ⊗ Φ(t, tk)xxx(tk) =

Ψ(t, tk)

(

k−1
∏

i=0

Ψ(ti+1, ti)

)

xxx(0) (21)
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i=1 Φ(t, tk)xxxi(tk), 'Xª (21) �±U�Ǒ
xxx(t) − 1 ⊗ xxxs(t, tk) = Ψ(t, tk)

(

k−1
∏

i=0

Ψ(ti+1, ti)

)

xxx(0) (22)ù�, XÚ (14) �G�� 1 ⊗ xxxs(t, tk)���L«ǑÝ
�È/ª. e¡ÏL�ê�Oy²3 t → ∞�, Ý
�¡�È± e−γt ��Ýªu".Äk, �O Ψ(ti+1, ti)��ê. d G(ti)´ëÏ�, Ó��êǑ N �ëÏã��» d ≤ N − 1, �âÚn 1, λ2(ti) ≥
4

N(N−1)
, dd, µj(ti) ≥ 1, j = 2, · · · , N . |^Ún 2, k:

‖Ψ(ti+1, ti)‖ = ‖Φ̆(ti+1, ti)‖ =

max
2≤j≤N

‖Φα,µj (ti)(ti+1, ti)‖ ≤

(ε2ε
−1
1 )

1
2 e2αδ−2α(ti+1−ti) (23)db� 1, ti+1 − ti ≥ τ , 2|^Ø�ª (8),

(ε2ε
−1
1 )

1
2 e2αδ−2α(ti+1−ti)eγ(ti+1−ti) ≤

(ε2ε
−1
1 )

1
2 e2αδe−(2α−γ)τ =

(ε2ε
−1
1 )

1
2 e−2α(τ−δ)eγτ < 1¤±

‖Ψ(ti+1, ti)‖ ≤ (ε2ε
−1
1 )

1
2 e2αδ−2α(ti+1−ti) < e−γ(ti+1−ti)

(24)Ùg, |^Ún 2�O Ξ(t, tk)��ê, Kk:

‖Ψ(t, tk)‖ = ‖Φ(t, tk)‖ ≤ (ε2ε
−1
1 )

1
2 e2αδ−2α(t−tk) ≤

(ε2ε
−1
1 )

1
2 e2αδe−γ(t−tk) (25)3ª (22) üà��ê, ¿òª (24) Úª (25) �\, ��:

‖xxx(t) − 1 ⊗ xxxs(t, tk)‖ =
∥

∥

∥
Ψ(t, tk)

k−1
∏

i=0

Ψ(ti+1, ti)xxx(0)
∥

∥

∥
≤

(ε2ε
−1
1 )

1
2 e2αδe−γt‖xxx(0)‖ (26)u´, é?¿ i, j = 1, 2, · · · , N , k:

‖xxxi(t) − xxxj(t)‖ ≤ 2(ε2ε
−1
1 )

1
2 e2αδe−γt‖xxx(0)‖� C = 2(ε2ε

−1
1 )

1
2 e2αδ , =y�(Ø. �½ny²�¹ü�Ú½: 1) òÓÚ¯K=zǑÝ
�¡�ÈÂñ¯K (22), Ù'�´�6���ä��IC� (15)�Ú\, Äuù�C�, ÓÚ¯K�Ý
�¡�ÈéXå5;

2) Øy�¡�È�êÂñ� 0, 3ù�ÚÚn 2å
'��^, §�y�±ÀJ α��Ý
 Ψ(ti+1, ti)��ê. �©z
[10−11]�(Ø�',½n 1Ø2é�UN�G�=£¼êJÑk.b�,=���UN÷v������5^�,ù�^�3�C�5XÚ��ïÄ¥´~��. ,	, ©z [10−11]�(Ø�U�y�êÓÚ�(Ø, vk�ÑÓÚÂñ�Ý�

�O, 
½n 1K�Ñ
Âñ�Ý��O, �±ÀJ·��Oëê�ÓÚ±?¿�ê�Ý¢y.5 1. XJ G(t)3��®��ëÏã8Ü S¥��, KÓÚÆÆ (7) � κ�� κ = λ−1
S , Ù¥ λS = min{λ2(G) : G

∈ S}, λ2(G)L«ëÏã G ��êëÏÝ.

3 �ý¢~�Äd 10��UN|¤�XÚ, §��Ä��§Ǒ
ẋxxi(t) =

[

0 12 cos(15t) + 0.8 sin(15t)

0 1

]

xxxi(t) +

[

0

1

]

uuui(t)ª¥, i = 1, · · · , 10.8Ü Sd 10�ëÏã G(k) = (V, E(k)),

k = 1, 2, · · · , 10|¤, Ù¥ V = {1, 2, · · · , 10},

E(k) = {{i, k} : i 6= k, i = 1, · · · , 10}- tk = 0.15k, k = 0, 1, 2, · · · . 3�Ǒ tk l S ¥�ÅÀ�ã
G(tk), ,�é t ∈ [tk, tk+1)½Â G(t) = G(tk).O��UNÄ��G�=£Ý
 Φ(t, s) Ǒ

Φ(t, s) =





1 0.8et−s sin(15t) − sin(15s)

0 et−s



��y� t ≥ 0 �, Φ(t, s)÷vØ�ª
0.0003I ≤ G(t, t + 0.1) ≤ 0.15I�â½n 1, õ�UNXÚ�±dÓÚÆÆ (7) ¢yÓÚ.� γ = 0.1, lØ�ª (8) ¥�)Ñ α = 31.173. duUª (8) ÀJ� α '��Å, ùp��À� α = 1. ¤kã

G(k) ��êëÏÝÑ´ 1, d5 1, κ = 1. 3²¡«�
[−10, 20] × [−10, 20]¥Ǒz��UN�ÅÀ���, ,�$1�ý. �ý(JXã 1¤«.

4 (Ø�©ïÄ���äe�CëY�5õ�UNÓÚ¯K,ù�¯K3yk©z¥����'5. 3������5^�e�ÑÓÚÆÆ��O�{, ¿y²
ÍÜõ�UNXÚ�êÓÚ�(Ø, ù�(ØØIéG�=£¼ê?1�	��. �©Ú\Ý
�¡�È�{ïÄëY�5õ�UNXÚ�ÓÚ¯K, ù��{Q�^5ïÄ���5�UNXÚ�ÓÚ¯K[1−2], ���ÙA^up�ëYõ�UNÓÚ¯K.� Lyapunov ¼ê�{'�, ù��{�±�^Ý
©ÛEâïá�5õ�UNXÚ�ÓÚ(Ø.
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Fig. 1 The state trajectories of 10 agents
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