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Research on Discrete Linear Consensus Algorithm with Noises

DOU Quan-Sheng" %3 CONG Ling"? JIANG Ping"? SHI Zhong-Zhi®

Abstract Consensus problem in multi-agent system has a wide application background in many fields, such as sensor
networks, social networks, cooperative control and so on. In this paper, we address the problem of the discrete linear
consensus algorithm with noise, and point out that the noise of discrete linear consistency algorithm is not controllable.
Aiming at this problem, we propose a strategy using noise suppression operator ¢ () to control noise, and point out
that when e (¢) is the higher-order infinitesimal of t7%° the noise of consistency algorithm after noise suppression is
controllable. We analyze the effect of suppression operator on the convergence of consistency algorithm and prove that
under the condition of no noise and if the suppression operator ¢ (t) is a lower-order infinitesimal of ¢ ~*, the consistency
algorithm after noise suppression can still converge to the original convergence state z*. Based on this, we further point
out that if the order of ¢ (t) is between the orders of = and ¢~ when t—oc, the states of all the agents will be a normal
distribution with its center at the original convergence state z* in the end. And, by using DHA as an example, we verify
and discuss the corresponding theoretical results. This paper provides a theoretical foundation for noise control of linear

consensus algorithm, and has a strong directional effect on the determination of noise suppression operator.
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Table 1  The final distribution of agent with different ¢ (¢)
{7 Agent i FIRZIRZE
No. e(t) T A 7
Case 1 x Weshs X M PN, AL
Case 2 e () t=0° A BRI TETT A Heshs X M PRI, AL
Case 3 e (t) A t=05 Mk ¢ (MAKB B3 /b Wesgs X BUX yrpty, BIEASIMI, BT
Case 4 e(t) At~ MG EmEIE T A WHE XD, B i # 5, XD # X} BLXD yrfuts, RIEAIM, W AT

X* R, e(t) At MEENEGEFT IS N, W—2
PSR WS R & X = [z, ,2)], H
MTAFN 4, j, x) # o). 2) RGAFAEME F I,
A5 e(t) At~ BUREYTE S /N, W SEME f AN A%, ¢
— oo I Agent IRZKHEL; 47 e(t) N 705 BImb
IR WHREY ST/, Mt — oo B Agent R
AR a* Arpal, BIEXIM; A e(t) bt 15
rofbr e g3, WLEME R 2 e (t) MPERT, R4
W 7 g 28 1R T 20 R, ¢ — oo I Agent @ [FPIR
AKLL 2 BIESAN.

4 FKEIELIGFATIE

Sy ST U0 B e, DL A ] R A B R
UEANfRE LR B S5 R, B G 4 16 N1 siM i g
] [, AN A 4 AR, B (19) Prid i A
X A P57 (Distributed homeostasis algorithm,
DHA).

zi(t+1) =zi(t) +a Y (2;(t) — z:(t))
JEN;
Hh, 0 < a < M|/, H Agent [H] (134 6 R
E, DHERAME SRS, M TR IRE
X(0) = [21(0),- -, 2, (0)]T, k& H ke —
FRE X+ = [27, - 2], 2t = (30 124(0)) /.
2 Agent WRIHIME B S AW AR, X (19) 224

vt 1) =z () + o > (z; )+, () — (1))

JEN

(19)

Mz A =TI, R(t—m) = W(Et—m)R(t —
m), MW=L (20) RN

t
X(t+1)=ATX0)+ ) A"R(t-m) (21)
m=0
t T Agent W HIFER: A e, Bkt (21)
At) = Ao IR, PRSI T 1) DHA

Jy g 5 V-7 5732 (Noise suppression distributed
homeostasis algorithm, NS-DHA).
FEARSCSZIH, B Agent W] UEIRASTE A X
(] [0, 400] EBEHLIAI =, AHAE Agent & 115
S RIEASAARNES », Hor ~N(0,10%), AH
S N EE SIS 100 IRECPI 45 3.
4.1 DHA HYMEE R AMZMERN e(t) BYMEFE HEI4E
H

AW < FRoRANIE e(t) TF RN R &R, B
e(t) 4355 T ¢70°, 708 Kot=t, HEg S 1
DHA $T I H Agent B 5 7 22 2 AL 1) - 2 M,
I 5 AT ST 1) DHA (44T 45 SR 2847 EE A,
FHRSEIR 25 R 2 Fros.

10 y 3
BTN, T =S AL R
or 2= IR, 77 2 PR AL R IR I A R
m— —()=1/ 0B, T AL R
g ————— 4-e(H=1/15 B, FEFIEEASGTH AR
m— Sc(()=1/t S BT, T 2 A E AL IR R
7r 6-e(0)=1/t > I, HFE PGt 455
= w o w7 (=1 B, FEPHHAE SR
iﬂ}g 6 8-o(0)=1/t B, 75 ZFIEANN Gt 53R

2 Al e(t), NS-DHA $ATIIFEH Agent My 7
AV S ERT B
Fig.2 For different € (¢), here is the contrast of the noise
variance changes of agent during the execution of
NS-DHA

K2 (045 8 skilhzk, ek 1 Fihzk 2 ek
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Ft705 ¢708 K t=1 I}, NS-DHA M5 J7 22 -1l
AR 5 LGt a5 K.l S g5 R AT LR
He

1) MHHER 1 RIHIZR 2 AHER L, R B fng
HCT AR, MR R 7 254 DHA AR TR A W ik
K, MITTERAIE T B 1 AI45 18, RIgkit—3urk Sk
Ly P N E AL E

2) Hihg 3 Mihd 4 W43, He(t) = t79°
I, ek 3 Fhsk 4 5 lgt LM R (K 2 Mk
ARKR A X ELAR R, R gR 3 Rl 2k 4 2 A sk
[, AU e(t) A 0% S BRI T 55 /N,
NS-DHA (10 5 & AN a] #2310

3) Mk 5~8 A, MM 7 e(t) & T
=08 F ¢~ W, NS-DHA W75 (7 22 5 8, &
Rt = 708 AR 5~ 8 AMER I, e(t) MM
ey, R 7 i S SIOH R R, B 4 2 B
BN IX YR T e B 2 IERRTE, B e(t) A ¢705
(IR JE 55 /N, — SR (14) (R RS 2 AT 1.
4.2 B FEEE Agent BIREARS
4.2.1 BREXEERBIER

CL RN AE AN 25 R e s R e 577 (1 5 0, DHA
B WS E X, Be(t) 0 mss T 702, 709
t708 ¢ 72 AT AT R I I P
KR BE ISR X, Moe sz 45 Ban & 3 Bt
7N,

50

1-a(6)=1/:*2 15}, DHA iR 22 2k
s — 22 (5)=1/4 051, DHA 1R 2528
40 FX e 3—e()=1/"* i}, DHA FIiZ 25 %
(| — =1/ BT, DHA 52 2%
: el % See(n=1/°IF), DHA i 25 2k
SN \ 6 iU, DHARIRZZ [{

K3 KR e(t), NS-DHA $ATILFEF Agent RZ
)55 X BHEY
Fig.3 For different € (t), distance between state vector of
agent and X ™ during the execution of NS-DHA

B 3 Ra AR AR I T ¢, ARAR N B X i
ez, Ehihg 1~5 AERAME SR, NS-
DHA AT FE R HIAS RIS 71, Agent IRZS
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HFI DHA iR 25tk iAo se i g5 Wonl LA
e

1) HHIZE 1~3 ATLUEH, Mt 1 () 5
T 02 4705 =08 i NS-DHA 7] LAfedie s —3k
RE X, BT IR =AM T34 ¢ KB JE 55
/N, ANITTETE T2 3 458 i iEma .

DL B 57 2 Ty A2 ¢ 02 < 4705 < 4708 <
t1, SRR 0 N IR i 2k S ith 2% 6, mTLAfS
Hi: 5 DHA MLk, SIS 5, NS-DHA (1
SR ARG, H e(t) BRI ¢, WSk b B g

2) Higk 4 Righek 5 B PIEE 7 e(t) T
t~t F 2 B DHA iRz gk, XA 12 ¢!
AN BB TE 55 /8, BB NS-DHA J#35 e 20
SRA| X+, XY e(t) Hesd P, AL(t) 2Bt
LR T S B AT AR B T, A NS-DHA ANfEfx
KWSE H AR X

XPLhzk 4 Fighsk 5 WTRLEH, M e(t) & T
t72 I}, NS-DHA ##4 Agent AL X* iRz X
Te(t), FT ¢ BB, Htal s, s
IR KT 1 B, B, e(t) mZOREE X iR
ZEK.

422 REZERERBIER

AN T e(¢) o3& T ¢702) ¢708 ) ¢=15
At gt, X DY T BA — e AR, b,
702 2 705 R TGS, 10 bt s G
g3/, t708 Mgt Ky ¢70° [m T ANRT e 1T
BT/, 5 S A FRHOR e ST A B, ¢ Mgt
IR BT ¢, RS VLIRS AR R, BB AL
FEAz, AHAR Agent A& I8 FPRES B A IES i
(K7 7 ~ N(0,10%). TR E 100 K, #5¢ Agent
(R B 2o A G O, AHOCSER 25 SNl 4 (a) ~4 (d) B
7.

K4 RS R A Agent 1405, HALER K
Agent PR, LB HLZ N —B0RES X,
AR MZE R t = 2000 B, BEAS Agent 43 o0 i
FJ5 2. RO S0 45 W1 B

1) MRS T e(t) = 792 i, BAR 702 < ¢,
g b, Mt AR KIS, Agent RFSNEL X+ hh
DR IEENME, (HNE 4 (a) g RTLLE R, 510
HOMLT S X AR — 8 R 22, IS IRk s 5 o
(1) Agent 73— ANGEit e, 4 Agent 73 Ao 4L
KIS, Geh 4 5 500 i B DG, 38 I sz 56 Y # R
AR/ kiR .

[FREH, ¢702 < ¢705 NS-DHA M /5 A ] 2,
M 4 (a) G ATLLEH, t=2000 I, Agent Kk
L X b BIER A, Hj i ¢ i
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(b) The center and variance of agent distribution when g(7) = 03
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(d) The center and variance of agent distribution when ¢(7) = 7'
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Fig.4 The center and variance of agent distribution € (¢) when system is with noise
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tHg(t) < t71, IXWEE THER 1 4518 1 IEsE.

LB 4 (c) A 4 (b) WTLLE H, fEAH IR 4
PER, e(t) = t~ gt I, Agent Ht &3 A5 7 25 B/
T e(t) =798 WrtEE. dEs 2 g,
e(t) Wl MR B Hl R R G, g5 A HER 1
ATAH, M 700 < () <t~ I, NS-DHA fff
Agent JZOARESU X+ O BIERDAN, H e(t)
BT Y Agent S} T ZE RN,

3) W 4(d) Ke(t) =t iF Agent IR i
2k, WSERGZ T LR H, Agent ¢ UL 2 Sl
HIEA A, HoyZ=A ¢ WoRmE TR, X2

IS e(t) = ¢ Rt Wb Jogs D, Hmg
ORI, R Agent i 90 Aii U5 % R FaE Y,
[FIAEHD, e(t) = ¢, F5EX (16) A 1840 1wy 2,
PER, Timy o [TE_ o AKX (0) = X7, 3% X/ —
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cy ha @], () = (C5aEi()/s, w(t) =
stdjq... s(z1(¢)), stdjoy.. s(-) HITERE, s N
giut s, AEARSER T s = 100. B e(t) 431
ST ¢700, ¢ R ¢ gt IX =AY
7405 A= A, H 405 < =06 < (08
t7'g(t) < ¢! EHEHAT NS-DHA, HFHEHEHATL
FErh Agent 7341 AL G D0, HHOGSEEG 25 R 5
MK 2 Fhw.
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Fig.5 The distribution center and variance change
{06 4—0.8

process of agent, when ¢ (t) equals to and

t~!gt, respectively

Kl 5 B/ T Agent 23 A ARG RE, BRg 24
t705 < e(t) <tV I, e(t) MR, BB ¢,
Agent BrAN A7 22N S —T7TH, (t) HIBB
16, BDRGSEIE 05, Agent ¥4 T 2= MR, A
MG, B 5 RS EE R SEIR g AR — 3, Y
e(t) = 75 I, Agent #&T oz (ML, Y
e(t) = ttg(t) i, Agent #T z* MIEEHENE.

M 2 ATLAFH, 2 s, t — oo I, Casel~3
(1) D(t) T 0, H Case 1 [ 8iis 5 Rt Case 2
Wz, 1 Case3d Wrshid B 2. K 2 H i1y

t = 100 i}, Casel F1 Case2 ] D(t) {H#& T,
i Case3 [ D(t) fMMAREBK, EEW e(t) % T
t700, 708 I, D(t) BRSO W SR T e(t) 5T
t~Ng(t) N

M 2 b mf LLABL, ¢t = 500 B, Case3 )
D(t) fif/, 1 Casel 1) D(t) {HEK, X2HT
D(t) =gt i, HT Casel "' Agent 73 Aii i)
TR, Gk ikE s 235%m) D(t) 4558, Geit ik
s FUNFA] ¢ 8K, X =G BLE) D(t) {82 Bt ).
2 2 v BB B BN S AN RL fAHh  B aR S SE

HEK 2 M AVGSTD(t) HATLARIN, e(t) &
T 706 I, Agent ST B R T e(t) 5%
Tt Yg(t) B, Agent BT de/N. 28 B
W] CATR Y, e SR AL Agent d 200 A0 TT
N, B R B RS A o HIRE.

FE I JA TR - LE R 50 R (26281 3 oK R B (¢ +
1)~* fEH T Laplacian FEFF £, XAHY T2 A3
PRS- e(t) = (t+ 1)~ R, #it Bt — oo
i, Agent H#LAAE—3m & X At 2 IES> 0.
DA 38 ok I 5 R0 B L A ] T o410 e S5 gk iy A7 41
F1 i) .

W Agent @ WRZE z; € [by, by], T4
FHEN 2 i = 1, ,n, EXEML P =
(max c?)/(min |by, — b;|), Bl P & Agent Jr 45
PR K TT 22 505 T Agent AT GRS 1 552/
Xz b R RE L IE A T, #% Err =

(252 (X7 = X (X0 = X)) /s RANTE

ﬁi%: EM = \/(XME‘”"_X*)T(XMean_X*) j'\j
REMBMEwzE, i, X7 = [20(T),- -, 2 (T)],

Mean _ Mean Mean]T Mean _
X = [zfem .z |

Oosixl(T)) /s, s HEREL 2 XN # X*
I, B Agent BTH5MES &b, JA{H 15 22 f& S W R 407
PP ZE o — A RN, BN & (¢) 20056
T4706 708 4Nt (t+1)7", A s =100, T =
1000, AN[FIE ST B ZR G0V 341 22 FISH R 22 36
3 FioR.

WIS 3 Hr R Ao L R] BAAS

2 e (t) AT 00 708 g (¢) W, AR ¢, Agent 43 th Ky 72 (AR (LA

Table 2  The distribution center and variance change process of agent at different time, when ¢ (¢) equals to
t706 798 "and ¢t~ 'lg (t), respectively
D(t) AVGSTD(t)

No. e (¢) t=1 t=10 t=50 t=100 ¢=500 t=1 t=10 t=50 t=100 t=500
Case 1 t—06 39.839  4.5519  1.3415 1.3664 1.4091 3.1472  3.6853  4.1346 4.2785 4.20377
Case 2 t—08 39.498 89353  2.0151 1.0787 1.0842 3.1455  3.1966  3.2508 3.2698 3.29000
Case 3 ¢t tlg(¢) 531.29 135.74 21.374 8.4147 0.9255 0.9637  1.4449 1.5819 1.6199 1.63073
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Table 3 The contrast of system average error and mean error whene () equals to t=%, t7%8 +='g(¢), and (t +1)7",
respectively (s = 100, T'= 1000)
P =0.25 P =0.025 P =0.0025

No. e(t) Err Eum Err Eu Err Eum
Case 1 106 129.43 1.58 137.61 2.84 142.80 5.15
Case 2 108 74.24 1.65 80.45 3.33 88.75 14.57
Case 3 t~ g (t) 54.37 2.57 55.10 19.14 99.62 78.23
Case 4 t+1)7" 58.20 12.36 104.53 75.56 545.01 539.40

1) th# Casel~3 5 Cased n[LLFEH, Casel
~3 MR EY] RN T Cased BMHEZE, K&
RIAEHIS EXY s, t — oo B, Casel~3 HI1E
w2 Ey — 0 (Agent IRE&S M LET o), 1M

2) HHZ AT ES AT A SIS AT D dnE,
VRWE PRI R AR R S, 2% Agent 43
A 7 258N, T T AN F R d R T S RS
Wt 5 1) 7 2 A2 S SSORIAff o 1), BRIk, e S RS 1)
BE B ZE A 5 AN [F] e A O, T S 5L P
ToF; S—J7 T, 2 Agent IREM PO XN £ X
i, Agent IR&MTE KA, X" 5 X I
IBOR LT Y. AR 3B R 22 ol R, AT FRATT mT LA
3 B R ZERT R R Z N R mBE AR e Lk P
(PN G R, 22 3 R IR A EIE 1 X — s L
B Casel. Case2 5 Case4 nJUIHEH, ¥ P =0.25
i, R4 Casel 1 Case2 HIIMH IR Z /N T Case4d
IR 7%, 15 Casel Fil Case2 MRS iR%E
HIKT Cased MARGHMEIRZE. M4 P = 0.0025
i), Cased HIIJMH U ZF R G0 FHik Z2 # & K
1.

3) Tt Mgt 5 (t+1)"" MR EE, P
ORI R (R A R A [, TR e gt <
(t+1)7" BB b, Y s, t — oo I, Case 3 IS
Z#T 0, Bk, X1 P I =AAFEEE, Case3 1
PIE R ZE M RGP R 2 /N T Cased, HEEAE P
(R /IN, PR ) FRORS 2 2 S T K, 24 P = 0.0025
i, Case3 MK S E LI T Cased IR,

R EPTIR, RSP N R, RS AL T 700
= 2 18]I oR O R AR AR AR S B i 4
TERG FE RN R R BEA T A Al
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A SCHE CAH WA E, e rE— Sk 5k

(YR 7 () JUEAT T 018, BT 2 i — S Sk (g
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W&, A3 BUT 45

1) He(t) At~ S alfRB o 75 /NN, g
FVEME R ORTTEE t — oo B Agent RS K, H
e (t) HIBMBRAG, HEA M e AR

2) He(t) Rt % myEb e ANt KK
TN, 2t — oo I Agent FPRZSH LA 2 Dy,
R AT 2 RIESSAN, Hoe (6) Bl ¢,
Agent 4340 17 228N, e () BEE 790, Agent
OIS o TR R .

3) Me(t) Kyt SENEGEY TSN, WA
R e (1) MVERTR, t — oo N RGEME R 7 25
FiI0), {8 Agent ¢ ARSI LA RIS 2.

5, LA DHA A, xf Bk 8 45 RakaT 756
e 2T AN B

2 AR — B ) R i 22 A A )2 IR S
bris 5t st — Rk 8 =, @ 5K G i —
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2 REE. ASC RIS b A3k 2H () 0 (1 e 7 42 11
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