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Adaptive Dynamic Feedback Tracking Control for

a Robot-camera System with

Unknown Parameters
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Abstract The tracking problem of nonholonomic mobile robots with uncertainties is investigated in this paper. An uncertain
model of the nonholonomic kinematic system is presented based on the visual feedback and the state and input transformations for a
kind of mobile robots in chained form with uncertainties. Two transformations are exploited based on the idea of backstepping and
the structure of tracking error system. Then, both an adaptive control law and a dynamic feedback robust controller are designed to
track the desired trajectory by using Lyapunov direct method and the extended Barbalat Lemma. The asymptotic convergence of a
closed-loop error system is proved rigorously. Finally, simulation results demonstrate the effectiveness of the proposed strategies.
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The control of nonholonomic systems has received a great
deal of attention over the past twenty years[1−2]. In [3]
and some references therein, it is shown that many systems
with nonholonomic constraints can be transformed, either
locally or globally, to chained systems by using coordi-
nate and state-feedback transformations. Several new con-
trol strategies were developed around the important non-
holonomic chained models[4−6]. A wheeled mobile robot
(WMR) is one of the well-known systems with nonholo-

nomic constraints[7]. In the control of nonholonomic WMR,
it is usually assumed that the states are available using sen-
sor measurements. But in practice, there exist uncertain-
ties, such as uncalibrated parameters in the kinematic mod-
els, mechanical limitations, noise and so on. In recent ten
years, the study of nonholonomic systems with uncertain-
ties has received considerable attention. Many strategies
have been investigated to stabilize the uncertain nonholo-
nomic systems[8−11]. Adaptive strategies were often used to
control the dynamic nonholonomic systems with modeling
or parametric uncertainties[12−13].

The tracking control is a complicated problem due to
coupled and nonlinear system dynamics[12−16]. In [12],
adaptive force tracking controllers were proposed which not
only ensure the entire state of the system to asymptotically
converge to the desired trajectory but also ensure the con-
straint force to asymptotically converge to the desired force.
In [13], Wang et al. proposed a robust adaptive tracking
controller which not only can guarantee robustness to para-
metric and dynamics uncertainties but also can reject any
bounded, immeasurable disturbances entering the system.
Based on Lyapunov′s direct method and backstepping tech-
nique in [6] and [15], the time-varying global adaptive con-
trollers were presented which simultaneously solved both
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tracking and stabilization for mobile robots with unknown
kinematic and dynamic parameters.

Visual feedback is an important approach to improve the
control performance for robots and manipulators since it
mimics the human sense of vision and allows for operating
on the basis of noncontact measurement and unstructured
environment. Since the late 1980s, tremendous effort has
been made to visual servoing[16−21] and vision-based ma-
nipulations. In order to develop an adaptive tracking con-
troller for a mobile robot that compensated for the para-
metric uncertainty in the camera and the mobile robot dy-
namics, the feedback from an uncalibrated, fixed (ceiling-
mounted) camera was used in [16]. In [18], a visual servo
tracking controller was developed for a monocular cam-
era system mounted on an underactuated WMR subject to
nonholonomic motion constraints. In [19], a new controller
for controlling a number of feature points on a robot ma-
nipulator was presented to track desired trajectories spec-
ified on the image plane of a fixed camera. Recently, [20]
presented a dynamic feedback tracking controller for the
nonholonomic WMR of unicycle type with unknown cam-
era parameters. In [11], a series of new chained models of
nonholonomic mobile robots with uncalibrated visual pa-
rameters were shown. In [21], the trajectory tracking con-
trol problem of another kind of uncertain dynamic nonholo-
nomic mobile robot (called type (1, 1) robot) was addressed
where a new adaptive torque tracking controller was pre-
sented for tracking error model. For type (1, 2) robot,
which has two steering wheels and one castor wheel with
unknown visual parameters, a new and simple robust stabi-
lization controller[11, 22] was designed for a particular case.
However, the corresponding tracking problem has not been
discussed. Comparing with [16], in this paper, we design
an adaptive dynamic feedback controller to compensate for
the unknown camera parameter. Based on Lyapunov di-
rect method and the idea of back-stepping technique, two
transformations are chosen. The controllers can make the
mobile robot tracking the desired trajectory in the image
space and work-space.

The paper is organized as follows. Section 1 addresses
robot-camera system configuration. In Section 2, an un-
certain chained form model is presented, and the tracking
problems are proposed. Section 3 addresses the designs
of adaptive and dynamic feedback tracking controllers for



1596 ACTA AUTOMATICA SINICA Vol. 42

the uncertain kinematic error system and gives the rigorous
proof of the asymptotical convergence of the closed-loop er-
ror system. Then, the tracking problems in work-space of
the mobile robot are presented. In Section 4, simulation
results are provided to illustrate the effectiveness of the
proposed control strategy. Finally, the major contributions
of the paper are summarized in Section 5.

1 Robot-camera system

In this section, we will address robot-camera system con-
figuration.

In Fig. 1, a robot-camera system is shown. It is assumed
that a pinhole camera is fixed to the ceiling, the type (1, 2)
mobile robot is under the camera. The movement of the
mobile robot can be measured by using a fixed camera. It is
assumed that the camera plane runs parallel to the mobile
robot plane, and the camera can capture images throughout
the entire robot workspace. In the robot-camera system,
three coordinate frames exist, namely the inertial frame
X-Y -Z, the camera frame i-j-k and the image frame i1-
o1-j1. Assume that the i-j plane of the camera frame is
parallel to the plane of the image coordinate plane. The
direction of corresponding coordinate axis is identical. But
the coordinate of the original point of the camera frame
with respect to the image frame is defined by (Oc1, Oc2).
C(cx, cy) is the crossing point between the optical axis of
the camera and X-Y plane.

Fig. 1 Wheeled mobile robots with monocular camera

1.1 Robot kinematic system

In Fig. 1, the type (1, 2) mobile robot[7] is in the X-Y
plane which has two steering wheels (conventional centered
orientable wheels) and one castor wheel (conventional off-
centered orientable wheel). P is the mid-distance point
between the centers of these two steering wheels, with i2
aligned along the line joining their centers. A and B are
the center points of two steering wheels respectively. L
is the distance between point P and point A (or point P
and point B). It is also the distance between point P and
the joint point of the castor wheel. θ denotes the angle
between i2 axis and X axis, β1 and β2 denote the angles
between the orientation of the plane of steering wheels and
i2 axis respectively. Assume that the geometric center point
and the mass center point of the robot are the same. The
nonholonomic constraints are described[7] by

(cos β1, sin β1, L sin β1)G(θ)q̇ = 0

(− cos β2,− sin β2, L sin β2)G(θ)q̇ = 0

where q = (x, y, θ)T, and

G(θ) =




cos θ sin θ 0
− sin θ cos θ 0

0 0 1




Then the nonholonomic kinematic system[7] can be given
by





ẋ = −Lv1[sin β1 sin(θ + β2) + sin β2 sin(θ + β1)]

ẏ = Lv1[sin β1 cos(θ + β2) + sin β2 cos(θ + β1)]

θ̇ = v1 sin(β2 − β1)

β̇1 = v2

β̇2 = v3

(1)

where v1 is the velocity of the robot, v2 and v3 are the
angular velocities of two steering wheels respectively.

For system (1), if sin(β2 − β1) = 0, then β1 = β2 =
0 or β2 = β1 + kπ (k = ±1,±2, · · · ). Consider the two
nonholonomic constraints along the wheel plane given by
[7]. One obtains that the type (1, 2) mobile robot is stopped
(i.e., v1 = 0) or this robot is vestigial to type (2, 0) robot.
The tracking and stabilization problems are discussed in
many papers such as [20−21].

For system (1), if sin(β2−β1) 6= 0, choose the state-input

transformation[3] as




z0 = θ

z1 = x cos θ + y sin θ

z2 = −x sin θ + y cos θ − 2L
sin β1 sin β2

sin(β2 − β1)
z3 = x sin θ − y cos θ

z4 = x cos θ + y sin θ − L
sin(β1 + β2)

sin(β2 − β1)
σ0 = v1 sin(β2 − β1)

σ1 = −x4v1 sin(β2 − β1)− 2Lv2 sin2 β2

sin2(β2 − β1)
+

2Lv3 sin2 β1

sin2(β2 − β1)

σ2 = x2v1 sin(β2 − β1)− Lv2 sin(2β2)

sin2(β2 − β1)
+

Lv3 sin(2β1)

sin2(β2 − β1)
(2)

We obtain the following chained system





ż0 = σ0

ż1 = z2σ0

ż2 = σ1

ż3 = z4σ0

ż4 = σ2

(3)

System (3) is called canonical chained form system[8]. Gen-
erally, (x, y) in (1) needs to be measured for feedback. The
encoders can be used to do it. However, over-shoot and
low precision are their main drawbacks. Camera is a con-
venient sensor to implement non-contact and unstructured
measurement. The data from a camera can be used for the
robot tracking problem.

1.2 Camera system model

In Fig. 1, the coordinate of the mass center P is (x, y)
for the robot with respect to X-Y plane. Suppose that Pm
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(xm, ym) is the coordinate of (x, y) relative to the image
frame. Pinhole camera model yields

[
xm

ym

]
=

[
α1 0
0 α2

]
H(θ0)

[[
x
y

]
−

[
cx

cy

]]
+

[
Oc1

Oc2

]

(4)
where α1 and α2 are positive constants and dependent on
the depth information, focal length, scale factors[16] defined
as follows

α1 = ρ1
f

z
, α2 = ρ2

f

z

where z ∈ R1 represents the constant height of the camera
optical center with respect to the task-space plane, f ∈
R1 is a constant representing the camera′s focal length,
the positive constants denoted by ρ1, ρ2 ∈ R1, represent
the cameras constant scale factors (in pixels/m) along their

respective Cartesian directions, respectively[16]. And

H(θ0) =

[
cos θ0 sin θ0

− sin θ0 cos θ0

]

where θ0 denotes the angle between j axis and X axis which
represents the constant, anticlockwise rotation angle of the
camera coordinate system with respect to the task-space
coordinate system.

Therefore, the kinematic system in the image frame can
be rewritten as

[
ẋm

ẏm

]
=

[
α1 0
0 α2

] [
cos θ0 sin θ0

− sin θ0 cos θ0

] [
ẋ
ẏ

]
(5)

In this paper, it is assumed that (x, y) in (1) is mea-
sured by using a camera with uncalibrated visual parame-
ters shown in Fig. 1. The pose of the mobile robot in the
workspace is (x, y, θ). the pose of the robot in the image
plane is (xm, ym, θm). Then, by using the state and input
transformations in Section 2, a kinematic model with un-
known visual parameters will be deduced in the following
section.

Remark 1. The first formula H(θ0) on this page is
a rotation matrix which is different from that denoted by
R(θ0) in [16]. In our paper, H(θ0) is a matrix of anticlock-
wise rotation, but R(θ0) in [16] is a matrix of clockwise
rotation.

2 Problem formulation

In this section, we will present an uncertain chained sys-
tem by using (5) and using the state and input transfor-
mations for type (1, 2) mobile robot with unknown visual
parameters. Then, we will propose the tracking problem for
the uncertain chained system and type (1, 2) mobile robot.

For system (1), suppose sin(β2 − β1) 6= 0, and consider

(5). We have[22]

[
ẋm

ẏm

]
=

[ −α1Lv1(sin β1s∆2 + sin β2s∆1)

α2Lv1(sin β1c∆2 + sin β2c∆1)

]
(6)

where

s∆i = sin(θ − θ0 + βi), c∆i = cos(θ − θ0 + βi), i = 1, 2

Considering kinematic system (1) in the robot workspace,
we have

tan θ =
ẏ

ẋ
= − sin β1 cos(θ + β2) + sin β2 cos(θ + β1)

sin β1 sin(θ + β2) + sin β2 sin(θ + β1)

Then,

tan(θ − θ0) = − sin β1c∆2 + sin β2c∆1

sin β1s∆2 + sin β2s∆1

Now, considering (6) in the image space, we have

tan θm =
ẏm

ẋm
= −α2

α1

sin β1c∆2 + sin β2c∆1

sin β1s∆2 + sin β2s∆1

Hence, we obtain the following relationships

tan θm =
α2

α1
tan(θ − θ0)

sec2 θm =
α2

1 cos2(θ − θ0) + α2
2 sin(θ − θ0)

α2
1 cos2(θ − θ0)

(7)

After taking the time derivative of (7), we have that

(sec2 θm)θ̇m =

[
α2

α1
sec2(θ − θ0)

]
θ̇

Therefore, we obtain

θ̇ =

[
α1

α2
cos2(θ − θ0) +

α2

α1
sin2(θ − θ0)

]
θ̇m

If α1 = α2 = α, we have θ̇m = θ̇ and θm = θ− θ0 +kπ (k =
0, ±1, ±2, · · · ). Then, the nonholonomic kinematic system
with uncalibrated parameters in the image-plane can be
described by the following system




ẋm

ẏm

θ̇

β̇1

β̇2




=




−αLv1(sin β1s∆2 + sin β2s∆1)
αLv1(sin β1c∆2 + sin β2c∆1)

v1 sin(β2 − β1)
v2

v3


 (8)

where θm is expressed by θ. For i = 1, 2, denote

sΛi = sin(2θ − θ0 + βi), sΘ = sin(2x0 − θ0)

cΛi = cos(2θ − θ0 + βi), cΘ = cos(2x0 − θ0) (9)

and consider the following expressions

sin θc∆i = −1

2
sin(βi − θ0) +

1

2
sΛi, i = 1, 2

cos θc∆i =
1

2
cos(βi − θ0) +

1

2
cΛi, i = 1, 2

Then, note that

sin β1 sin(β2 − θ0) + sin β2 sin(β1 − θ0) =

2 sin β1 sin β2 cos θ0 − sin θ0 sin(β1 + β2)

sin β1 cos(β2 − θ0) + sin β2 cos(β1 − θ0) =

2 sin β1 sin β2 sin θ0 + cos θ0 sin(β1 + β2)

and

sin β1sΛ2 + sin β2sΛ1 =

2 sin β1 sin β2cΘ + sin(β1 + β2)sΘ

sin β1cΛ2 + sin β2cΛ1 =

− 2 sin β1 sin β2sΘ + sin(β1 + β2)cΘ

Hence, by taking the following state and input transforma-
tions
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



x0 = θ

x1 = xm cos θ + ym sin θ

x2 = −xm sin θ + ym cos θ − 2L
sin β1 sin β2

sin(β2 − β1)
x3 = xm sin θ − ym cos θ

x4 = xm cos θ + ym sin θ − L
sin(β1 + β2)

sin(β2 − β1)
u0 = v1 sin(β2 − β1)

u1 = −x4v1 sin(β2 − β1)− 2Lv2 sin2 β2

sin2(β2 − β1)
+

2Lv3 sin2 β1

sin2(β2 − β1)

u2 = x2v1 sin(β2 − β1)− Lv2 sin(2β2)

sin2(β2 − β1)
+

Lv3 sin(2β1)

sin2(β2 − β1)
(10)

One obtains the uncertain chained system[22]





ẋ0 = u0

ẋ1 = x2u0 + (x1 − x4)(α sin θ0)u0−
(x2 + x3)(1− α cos θ0)u0

ẋ2 = u1 − (x2 + x3)(α sin θ0)u0−
(x1 − x4)(1− α cos θ0)u0

ẋ3 = x4u0 + (x2 + x3)(α sin θ0)u0 +

(x1 − x4)(1− α cos θ0)u0

ẋ4 = u2 + (x1 − x4)(α sin θ0)u0−
(x2 + x3)(1− α cos θ0)u0

(11)

where u0 = v1 sin(β2 − β1) and sin(β2 − β1) 6= 0.
In contrast to canonical chained form (3), model (11)

has two new parameters α and θ0. In practice, they are
usually uncalibrated. Comparing with model (3), the first
term on the right side of each equation of (11) is identical
except uncertain coefficient gains. Note that the second
and third terms on the right side of the second equation are
dependent on x1, x2, x3 and x4. Therefore, (11) does not

satisfy the so-called triangular structure[8] which is required
in many papers. So (11) is called an uncertain chained
system.

For uncertain system (11), the tracking problem is how
to design u0, u1 and u2 such that the trajectory (x0, x1,
x2, x3, x4) can track a desired reference trajectory (x0r,
x1r, x2r, x3r, x4r). In the work-space of type (1, 2) mobile
robot, the adaptive dynamic tracking problem is how to
design adaptive control law and dynamic feedback control
to make the trajectory q = (x, y, θ) tracking a desired ref-
erence trajectory qr = (xr, yr, θr) in the work-space of the
robot with the help of the reference trajectories in the im-
age space.

3 Tracking controller design

In this section, our objective is to design adaptive dy-
namic feedback tracking controllers to solve the tracking
problem for uncertain chained system (11) and the type
(1, 2) mobile robot in the work-apace. In order to design
the controller, three Assumptions and a Lemma are needed
as follows.

Assumption 1. Uncertain chained system (11) satisfies
u0 6= 0.

Assumption 2. θ0 is known, and α1 = α2 = α are
unknown. There exist two constants α and ᾱ such that
α ≤ α ≤ α.

Assumption 3. xir (i = 0, 1, · · · , 4) are bounded. u0r

(u0r 6= 0), u1r, u2r and their derivatives are all bounded
too.

Remark 2. System (11) is based on the assumption
sin(β2 − β1) 6= 0. This means u0 6= 0 for (11).

Remark 3. For Assumption 2, α1 = α2 = α means
that the scale factor along i1 axis is the same with that
one along j1 axis. Some CCD cameras are made like this.
However, α1 = α2 = α are limitations. As for the tracking
problem of the case α1 6= α2 and unknown, we will further
investigate it in the future.

Remark 4. Assumption 3 is rational. Commonly, the
positive upper and lower bounds of the scale factor can be
estimated in advance. In practice, the robot often has the
same structure feature with a reference target when the
robot tracks the reference trajectory.

Remark 5. Consider system (11) under Assumptions
1∼ 3. By substituting θ − θ0 for θ, (11) will become the
system with θ0 = 0. This implies that the direction of j
axis is identical to that one of X axis. Hence, we only need
to discuss the case: θ0 = 0, α1 = α2 = α are unknown for
(11).

Based on the Assumptions 1∼ 3 and the analysis above,
system (11) can be rewritten as





ẋ0 = u0

ẋ1 = [x2 − (x2 + x3)(1− α)]u0

ẋ2 = u1 − [(x1 − x4)(1− α)]u0

ẋ3 = [x4 + (x1 − x4)(1− α)]u0

ẋ4 = u2 − [(x2 + x3)(1− α)]u0

where α is the unknown camera parameter, u0, u1 and
u2 are the control inputs to be designed. It can also be
rewritten as





ẋ0 = u0

ẋ1 = −x3u0 + αx23u0

ẋ2 = u1 + (1− α)x41u0

ẋ3 = x1u0 + αx41u0

ẋ4 = u2 − (1− α)x23u0

(12)

where

x23 = x2 + x3, x41 = x4 − x1

The desired reference system for (12) is




ẋ0r = u0r

ẋ1r = −x3ru0r + αx23ru0r

ẋ2r = u1r + (1− α)x41ru0r

ẋ3r = x1ru0r + αx41ru0r

ẋ4r = u2r − (1− α)x23ru0r

(13)

where

x23r = x2r + x3r, x41r = x4r − x1r

Denote
{

ei = xi − xir, i = 0, 1, 2, 3, 4

e23 = e2 + e3, e41 = e4 − e1
(14)

By using (12) and (13), the following kinematic tracking
error system is obtained





ė0 = p

ė1 = −(x3p + e3u0r) + α(x23p + e23u0r)

ė2 = u1 − u1r + (1− α)(x41p + e41u0r)

ė3 = (x1p + e1u0r) + α(x41p + e41u0r)

ė4 = u2 − u2r − (1− α)(x23p + e23u0r)

(15)
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where p := u0 − u0r.
Based on the idea of backstepping and the structure of

model (15), choose two new transformations as

ξ = e23 + k1e1u0r, η = e41 + k3e3u0r (16)

where k1 and k3 are positive constant control gains. Then,
we have

e23 = −k1e1u0r + ξ

e41 = −k3e3u0r + η

ė23 = u1 − u1r + x4p + e4u0r

ė41 = u2 − u2r − x2p− e2u0r

Choose the Lyapunov function candidate

V = V1 + V2 + V3 =

1

2

(
k0e

2
0 + e2

1 + e2
3

)
+

1

2

(
ξ2 + η2) +

1

2

(
p2 + Λα̃2)

(17)

where k0 is a positive constant gain. α̃ is the parameter
error defined as α̃ = α− α̂. α̂ is the estimation of α.

By using (16), we have

V̇1 = k0e0ė0 + e1ė1 + e3ė3 =

k0e0p + e1[(−x3p− e3u0r) + α(x23p + e23u0r)] +

e3[(x1p + e1u0r) + α(x41p + e41u0r)] =

(k0e0 − e1x3 + e3x1)p + α(e1x23 + e3x41)p−
k1αe2

1u
2
0r − k3αe3

3u
2
0r + αu0r(e1ξ + e3η)

V̇2 = ξξ̇ + ηη̇ =

ξ[(ė2 + ė3) + k1(ė1u0r + e1u̇0r)]+

η[(ė4 − ė1) + k3(ė3u0r + e3u̇0r)] =

ξ[(u1 − u1r + x4p + e4u0r) +

k1u0r(−x3p− e3u0r + αx23p + αe23u0r)+

k1e1u̇0r] + η[(u2 − u2r − x2p− e2u0r)+

k3u0r(x1p + e1u0r + αx41p + αe41u0r) + k3e3u̇0r]

V̇3 = pṗ + Λα̃ ˙̃α

Hence, the time derivative of V along the solution of (15)
satisfies

V̇ = V̇1 + V̇2 + V̇3 =

− k1αe2
1u

2
0r − k3αe3

3u
2
0r +

(k0e0 − e1x3 + e3x1)p + α(e1x23 + e3x41)p +

αu0r(e1ξ + e3η) + ξ[(u1 − u1r + x4p + e4u0r)+

k1u0r(−x3p− e3u0r + αx23p + αe23u0r)+

k1e1u̇0r] + η[(u2 − u2r − x2p− e2u0r)+

k3u0r(x1p + e1u0r + αx41p + αe41u0r)+

k3e3u̇0r] + pṗ + Λα̃ ˙̃α =

− k1αe2
1u

2
0r − k3αe2

3u
2
0r + p[k0e0 − e1x3 +

e3x1 + α̂(e1x23 + e3x41) + (x4ξ − x2η)+

u0r(−k1x3ξ + k3x1η) + α̂u0r(k1x23ξ + k3x41η) + ṗ] +

α̃[(e1x23 + e3x41)p + u0r(e1ξ + e3η)+

u0rp(k1x23ξ + k3x41η) + u2
0r(k1e23ξ + k3e41η)−

Λ ˙̂α] + ξ(u1 − u1r + e4u0r + α̂e1u0r −
k1e3u

2
0r + k1α̂e23u

2
0r + k1e1u̇0r)+

η(u2 − u2r − e2u0r + α̂e3u0r +

k3e1u
2
0r + k3α̂e41u

2
0r + k3e3u̇0r)

where α is a constant and ˙̃α = − ˙̂α.
Take the adaptive law and dynamic feedback controller

as follows





˙̂α = Λ−1[(e1x23 + e3x41)p + u0r(e1ξ + e3η)+

u0rp(k1x23ξ + k3x41η)+

u2
0r(k1e23ξ + k3e41η)]

ṗ = −k5p− k0e0 + e1x3 − e3x1−
α̂(e1x23 + e3x41)− (x4ξ − x2η)−
u0r(−k1x3ξ + k3x1η)− α̂u0r(k1x23ξ + k3x41η)

(18)





u0 = u0r + p

u1 = −k2ξ + u1r − e4u0r − α̂e1u0r + k1e3u
2
0r −

k1α̂e23u
2
0r − k1e1u̇0r

u2 = −k4η + u2r + e2u0r − α̂e3u0r − k3e1u
2
0r −

k3α̂e41u
2
0r − k3e3u̇0r

(19)

One obtains

V̇ = −k1αe2
1u

2
0r − k3αe3

3u
2
0r − k2ξ

2 − k4η
2 − k5p

2 (20)

where ki (i = 1, 2, 3, 4, 5) are positive constant control
gains.

Now, in order to prove the convergence of ei (i = 0, 1,
2, 3, 4), an important lemma is introduced as follows. It
is called “the extended Barbalat theorem”. Its proof was
given in [23].

Lemma 1. If the differentiable function f(t) has a finite

limit as t →∞, and ḟ(t) can be divided into two parts, one
is uniformly continuous and the other is convergent to zero
as t → ∞, then ḟ(t) → 0, and the part of the uniform

continuity tends to zero, too[23].
Theorem 1. Under Assumptions 1∼ 3, the adaptive

law (18) and dynamic feedback controller (19) can guar-
antee that all the variables of the closed-loop system (15),
(18) and (19) are bounded. In addition, p and kinematic
tracking errors ei (i = 0, 1, 2, 3, 4) asymptotically converge
to zero.

Proof. Considering (17), (20) and Assumptions 1∼ 3,
we find that the Lyapunov function V (t) is nonincreasing
and converges to a limiting value (lim V (t) ≥ 0). This
means that e1, e3, ξ, η and p are all bounded. Then, e2,
e4 are all bounded too by using (16). xi (i = 1, 2, 3, 4) are
bounded further by Assumption 3. In view of (15), (18)

and (19) again, we have ėi (i = 0, 1, 2, 3), ξ̇, η̇, ṗ, u0, u1, u2

and V̈ are all bounded too. So, V̇ is uniformly continuous.
By using Lemma 1, we obtain that V̇ tends to zero and

lim
t→∞

(e1u0r, e3u0r, ξ, η, p) = 0

Consider that u0r is bounded and u0r 6= 0 in Assumption
3. We have (e1, e3) → 0 as t → ∞. By the definitions of
ξ and η, one obtains (e2, e4) → 0 as t → ∞. Using the
Extended Barbalat Theorem in Lemma 1 on the second
equation of (18), we have ṗ → 0 and k0e0 → 0 where k0 is
a bounded control gain. Hence, we have ei → 0 (i = 0, 1,
2, 3, 4) asymptotically as t →∞. ¤

Remark 6. For the uncertain chained system (12), the
tracking problem can be solved by using the control law u0,
u1 and u2. However, in practice, the controllers usually are
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v1, v2 and v3 in the robot running place for (1) or (8). By
using (8) and (10), they can be deduced as follows.





v1 = u0
sin(β2−β1)

v2 = [u2 sin β1−u1 cos β1−(x2 sin β1+x4 cos β1)u0] sin(β2−β1)
2L sin β2

v3 = [u2 sin β2−u1 cos β2−(x2 sin β2+x4 cos β2)u0] sin(β2−β1)
2L sin β1

β̇1 = v2

β̇2 = v3

(21)

Theorem 2. Under the Assumptions 1∼ 3, ei → 0
(i = 0, 1, 2, 3, 4) ensure the trajectory (x, y, θ) of type (1, 2)
mobile robot in the task-place tracking the reference tra-
jectory (xr, yr, θr) by using the controllers (18) and (19),
or using control law (18), (19) and (21).

Proof. For (10), we have





x0r = θr

x1r = xmr cos θr + ymr sin θr

x2r = −xmr sin θr + ymr cos θr − 2L
sin β1r sin β2r

sin(β2r − β1r)
x3r = xmr sin θr − ymr cos θr

x4r = xmr cos θr + ymr sin θr − L
sin(β1r + β2r)

sin(β2r − β1r)
u0r = v1r sin(β2r − β1r)

u1r = −x4rv1r sin(β2r − β1r)−
2Lv2r sin2 β2r

sin2(β2r − β1r)
+

2Lv3r sin2 β1r

sin2(β2r − β1r)

u2r = x2rv1r sin(β2r − β1r)−
Lv2r sin(2β2r)

sin2(β2r − β1r)
+

Lv3r sin(2β1r)

sin2(β2r − β1r)

(22)

Considering (4), we have

[
xmr

ymr

]
= αH(θ0)

[[
xr

yr

]
−

[
cx

cy

]]
+

[
Oc1

Oc2

]
(23)

Equation (4) minus (23) gives

[
x− xr

y − yr

]
= α−1H−1(θ0)

[
xm − xmr

ym − ymr

]
(24)

where H−1(θ0) = HT(θ0).
Consider the second and forth equations in (10). We

have
[

xm

ym

]
=

[
cos θ sin θ
sin θ − cos θ

] [
x1

x3

]
(25)

[
xmr

ymr

]
=

[
cos θr sin θr

sin θr − cos θr

] [
x1r

x3r

]
(26)

It is obvious that
[

x1

x3

]
=

[
x1r + e1

x3r + e3

]
=

[
x1r

x3r

]
+

[
e1

e3

]
(27)

Substracting (26) from (25), we obtain the following rela-
tionship

[
xm − xmr

ym − ymr

]
=

[
e1 cos θ + e3 sin θ
e3 sin θ − e3 cos θ

]
+

2 sin
e0

2



−x1r sin

(
θr +

e0

2

)
+ x3r cos

(
θr +

e0

2

)

x1r cos
(
θr +

e0

2

)
+ x3r sin

(
θr +

e0

2

)



(28)

Then, for (24), we have

[
x− xr

y − yr

]
=

1

α

[
e1 cos(θ − θ0) + e3 sin(θ − θ0)
e1 sin(θ − θ0)− e3 cos(θ − θ0)

]
+

2

α
sin

e0

2

[
−x1r sin

(
θ − θ0 − e0

2

)
+ x3r cos

(
θ − θ0 − e0

2

)

x1r cos
(
θ − θ0 − e0

2

)
+ x3r sin

(
θ − θ0 − e0

2

)
]

(29)

Note that θ = x0 = x0r + e0 = θr + e0. Then, we have θ

→ θr, sin e0
2
→ 0 and | 2

α
sin e0

2
| ≤ |e0|

α
→ 0 because of ei

→ 0 (i = 0, 1, 2, 3). For sin(θr + e0
2

), cos(θr + e0
2

), x1r, x3r,
cos(θ−θ0), sin(θ−θ0), sin(θ−θ0− e0

2
), cos(θ−θ0− e0

2
) are

all bounded. Therefore, (xm, ym) → (xmr, ymr) and (x, y)
→ (xr, yr) by relationships (28) and (29). ¤

To sum up, under the Assumptions 1∼ 3, the trajectory
(x, y, θ) for type (1, 2) mobile robot in the task-space can
track the reference trajectory of (xr, yr, θr) by using con-
troller (18), (19) and (21). Simulation results are addressed
in the next section.

4 Simulation

In this section, the simulations have been implemented
mainly for the states ei (i = 0, 1, 2, 3, 4) of the error system
(15), the adaptive law (18), the control law (19), the track-
ing errors (exm , eym , eθm) = (xm−xmr, ym−ymr, θm−θmr)
in the image frame, and the tracking errors (ex, ey, eθ) = (x
− xr, y− yr, θ− θr) in the task-space for type (1, 2) mobile
robot. Two cases are considered for the different choices
of the bounded control gains ki (i = 0, 1, 2, 3, 4, 5). Given
a sensor noise on the velocities, the tracking simulations
results are also implemented and addressed in Case 3.

Case 1. Consider (12), (15), (18) and (19). Then, take
the initial error value [e0(0), e1(0), e2(0), e3(0), e4(0)] =
[0.2, 0.4, 0.1,−0.2, 0] for the configuration of (15). Further,
choose the parameters as θ0 = π/3, u0r = 0.1, u1r = 1, u2r

= 1.5, k0 = 500, k1 = 12, k2 = 20, k3 = 15, k4 = 18, k5 =
20 and the control gain Λ = 1. The trajectories of error
states ei (i = 0, 1, 2, 3, 4) and the control inputs ui (i = 0,
1, 2) are plotted in Figs. 2∼ 4 respectively. The estimates

Fig. 2 The trajectory e0 with respect to time for Case 1
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Fig. 3 The trajectories of ei (i = 1, · · · , 4) for Case 1

Fig. 4 The trajectories of ui (i = 0, 1, 2) for Case 1

Fig. 5 The trajectory of α̂ with respect to time for Case 1

of the parameter α̂ and the dynamic feedback factor p are
plotted respectively in Figs. 5 and 6. In addition, the con-
trol laws v1, v2 and v3 in the task-space are also plotted in
Figs. 7 and 8 by using (12), (15), (19) and (21).

Assume that the reference trajectory of the mobile robot
in the image frame is chosen as xmr = 2 cos θr, ymr =
sin θr. Then, x1r = cos2 θr, x3r = cos θr sin θr by (22). The
tracking error trajectories for exm = xm−xmr, eym = ym −
ymr and eθm = θm − θmr in the image space are presented

Fig. 6 The trajectory of p with respect to time for Case 1

Fig. 7 The velocity v1 of the mobile robot for Case 1

Fig. 8 The velocities v2 and v3 of the mobile robot for Case 1

in Fig. 9. By using (4), (10), (15) and (29), the tracking
error trajectories for ex = x − xr, ey = y − yr and eθ = θ
− θr in the robot work-space are addressed in Fig. 10.

Case 2. Given the initial error values [e0(0), e1(0), e2(0),
e3(0), e4(0)] = [0.2, 0.4, 0.1,−0.2, 0]. Then, the parameters
such as θ0, u0r, u1r, u2r, α, Λ and the reference trajectory
of the mobile robot in the image frame are the same as in
Case 1. However, choose k0 = 900, k1 = 22, k2 = 30, k3

= 25, k4 = 38 and k5 = 50. Then, ei (i = 0, 1, 2, 3, 4) are
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plotted in Fig. 11. The tracking error trajectories for exm ,
eym and eθm in the image space are presented in Fig. 12.
The tracking error trajectories for ex, ey and eθ in the robot
work-space are addressed in Fig. 13.

Fig. 9 The tracking error trajectories for exm , eym and eθm in
the image frame for Case 1

Fig. 10 The tracking error trajectories for ex, ey and eθ in the
robot task-space for Case 1

Fig. 11 The tracking errors in the robot task-space for Case 2

Case 3. For the type (1, 2) mobile robot, assume v1

= v2 = v3 = 0 in the initial state. The initial values for

system (8) are [xm(0), ym(0), θ(0), β1(0), β2(0)] = [0, 0, 0,
0.2, 0.1]. Given a sensor noise on the velocities ∆v1 = 1,
∆v2 = 2, ∆v3 = 1. By using (8), we have [xm, ym, θ,
β1, β2] = [0.0165, 0.0042,−0.0046, 0.4, 0.2] when t0 = 0.1 s
(without loss of generality, t0 is a finite constant). Then,
[x0, x1, x2, x3, x4] = [−0.046, 0.0165, 0.7831, 0.0041, 5.7007]
by (10). Take the reference trajectories in the im-
age space xmr = 2 cos θr, ymr = sin θr. β1r = θr

and β2r = 2θr. Considering (22), the reference states
are [x0r, x1r, x2r, x3r, x4r] = [0.05, 1.9975, 0.1498, 0.0499,
7.9775] when t0 = 0.1 s. So, at this moment, we get new
initial values [e0(t0), e1(t0), e2(t0), e3(t0), e4(t0)] = [−0.056,
−1.9810, 0.6333, −0.0458, −2.2096]. Choose the controllers
(18) and (19) where k0 = 1200, k1 = 30, k2 = 40, k3 = 50,
k4 = 46 and k5 = 100. Then, ei (i = 0, 1, 2, 3, 4) converge to
zero asymptotically. The trajectories are plotted in Fig. 14.
The tracking error trajectories for exm , eym and eθm in the
image space are presented in Fig. 15. The tracking error
trajectories for ex, ey and eθ are addressed in the robot
work-space in Fig. 16.

Remark 7. Comparing the tracking errors in Case 1
with those in Case 2, we find that the bigger gains ki (i =
0, 1, · · · , 5) make the better convergence. However, they
could not be big enough in the practice. Considering the
tracking control problems in [16], an adaptive controller is

Fig. 12 The tracking errors in the image frame for Case 2

Fig. 13 The tracking error trajectories for ex, ey and eθ in the
robot task-space for Case 2
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Fig. 14 The tracking errors in the robot task-space for Case 3

Fig. 15 The tracking errors in the image frame for Case 3

Fig. 16 The tracking error trajectories for ex, ey and eθ in the
robot task-space for Case 3

designed to compensate for uncertain camera and mechan-
ical parameters in the kinematic and dynamic systems
for type (2, 0) mobile robot. The tracking errors for X-
coordinate and Y -coordinate converged to zero within ten
seconds. In our paper, two transformations are exploited
based on the idea of backstepping with the help of camera-
robot system. An adaptive control law and dynamic feed-
back robust controllers are designed to track the desired

trajectory for the type (1, 2) robot by using Lyapunov di-
rect method and the extended Barbalat Lemma. The track-
ing errors for X-coordinate and Y -coordinate can also con-
verge to zero within 10 seconds (see Figs. 12 and 13). Sim-
ulation results (Figs. 2∼ 13) demonstrate the feasibility of
the proposed adaptive and dynamic feedback laws.

5 Conclusions and future work

Based on the visual servoing feedback and the trans-
formations for the canonical chained form of type (1, 2)
mobile robot, we present an uncertain chained model of
nonholonomic kinematic system. Then an adaptive law
and dynamic feedback controller has been proposed for the
kinematic error system of the nonholonomic mobile robot.
The asymptotical convergence of closed-loop error system
is rigorously proved by Lyapunov stability theory and the
extended Barbalat Lemma. Simulation results illustrate
the performance of the proposed controller.

In this paper, the adaptive dynamic feedback tracking
controller is investigated for known θ0, but α1 = α2 = α
are unknown. As for other cases, such as θ0, α1 and α2

all unknown, they will be dealt with in the future. In ad-
dition, dynamics tracking control problems with uncertain
parameters are not neglected, and we will further investi-
gate them.
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