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Funnel Control for Uncertain Nonlinear Systems Under Soft and Hard Output Constraints:
A Direct Modification Approach
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Abstract This paper investigates the tracking control problem for a class of uncertain nonlinear systems subject to
simultaneous soft and hard output constraints. The safety-related output constraints are modeled as inviolable hard
constraints, while the desired tracking performance is characterized by adjustable soft constraints. To address po-
tential conflicts between soft and hard constraints, a smooth transition function is introduced, based on which con-
vex combination operators are constructed to directly modify the soft constraint boundaries, thereby ensuring their
compatibility with the hard constraints. On this basis, the hard constraints and the modified soft constraints are
consolidated to construct a constraint structure with smooth boundaries. Based on this consolidated constraint
structure and combined with funnel control techniques, a low-complexity robust control algorithm is proposed to en-
sure the simultaneous satisfaction of the hard constraints and the modified soft constraints. Unlike existing meth-
ods that rely on auxiliary dynamic systems to indirectly adjust soft constraints, the proposed strategy eliminates the
need for extra dynamic systems, resulting in a structurally simple and easy-to-implement static controller. Further-
more, when conflicts between soft and hard constraints occur, the proposed method ensures that the soft-constraint
violation remains within a prescribed tolerance above the minimum violation necessary to satisfy the hard con-
straints, and achieves constraint decoupling within a finite time, thereby prioritizing the strict satisfaction of hard
constraints. Simulation results verify the effectiveness of the proposed method.
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L. BT ¢ FHARN (20a) AI45:
puﬁzmw;pm__Puwgpw|+

(e (F57)

(ﬁjMﬂ;MM)]:

)_(1_&<hU);me>x
.

(e~ B-3t01) 3

FEREI0<1— 0. (|h(t) - B(1)|/2)<1H 0< e -
|h(t) —D(t)]/2 <, AIFF q(t) — e < p(t) < q(1).

g b MERR 1) BROL. [FEE, MR 2) JRar. O

E 4. HERE 3 WAL fth A AT O, BA G
A5, B O, c O #t—1BH, EHIEHIE ut, 2,)
RETRIE I RSt i 2 y € O, MIZE&EH 2 Al
EHL 3 AL SAERE >0, AyeRu(t); ¥tel
B,y € Ry(t) C Ri(t) N Ry(t); Mt € Rso \ I B, y €
Ry(t). RIA dist(y(t), Rs(t)) < dumin(t) +6. Z U,
JE 428 ) AR B S5 0 7 Ak D A2 248 1F 5 it nT AT
O, ML &2 7] .

7E 5. 53CHR [46) AR, ARSI G R
HWHERETEHEMNARDFAFITBIESES,
T TSI NGB A RS LSE K55 MBUEIT. 1%
HEAB IENUHIAH B 7@ = 2 AR |78 e 1)
K v A, 1T LR E 29 R R R AR T T A R[]
P SIEILER, B 24 TR A KA.

7 6. AT AT IAE & AE IETT R S Huk
WS AR TN T 5k, RESHse
(0, 07/2) T TR AR IEE &, &I/ o
BN PRET & {HT%E%ﬁﬂEMﬁJ)\mmﬁi‘
K, MHBR AN GAE 55 T8 DS & A g

ITEEYF. Bk, TS ke (5, 0n/2) REK
LR IE AR A PG BB 1 BE IR
SR N, {EL [ B T RE4G 4% il ey A L, LA p
SEJRN 6 KL R, Bt S8 c e Roo FIH Tt
— BT RLR N SRt i R, LA T 45 A
AT (B LR 5 2 R i BRI R 2
72) ATIEHL. BJ5, B e € (0, 0,/2) NAKIEKL
RS LFL T AR R BAT BE.

2.3 IRHEHIST

AR AR X b — A M R AT AT O, (H
(21) &5 H), Wit —Fhas It IR S RS
BRI S5 8% DUBRIE R G R 4 L y(t) €
0,,Vt>0.

P g8 BT P IR BRI R

B 1. 8 A AR & (2) == (224 () —
B(t) — p(t))/ (B(t) — p(t)) . Bt 5 — A 5 L3 il 4%
V1 N:
k16
1-¢7
Hob by > 0 ARG S5

BB (i=2,---,n). BUEE NBhE
r; € BOY(R>0;Rx0) N4 IE K %, H 77 78 L
rd € Ruo AN FTEE >0 BHr(t) >r?. Ak,
R RV AE 7:(0) > |2:(0) — vi—1 (0)]. 7EIE
Halh b @ NH— R ELE & = (v —vin1) /74,
I BT 28 0 AN KR A ) 28 o 5 S bR g ) A%
u N:

vy = — (24)

ki&i ,
vi:il—f?’ i=2,-,n (25)

U= vy, (26)

H b € Rog NRFITHIIE R SHL, i = 2,

IR RS B Ky B Ky, TESEBR R Elﬂr“ %éﬁl
il 55 5 AT 2 52 PR S AT IR L

E 7. 30k [46] I 5] N B3N A R G LI
WA LB IE, DR AE 22 ) g s A7 1 A b T 40
A SRFEG S T FEVRAHE IE J5 IR A 3t 1XAE
— R R TS R S R 5k
[46] A, ASCRH LI R8s A A 575
WA RN F AT HEAEIE, TFH 5N BIsh &
RYE, NIRRT s TH 45 i 48 B B A RS A5t
TR, AR T IHRERE.

2.4 TREMDH

L HjZ!KIEI’HE%‘&
EIR 4. 45 E I 2R3 E’J%Q’Jﬂi Frs(t),
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s(t) A RAEZI R T h(t), h(t), FBIERS (1), HY)
GRS o0 T R AR 4, Wit SEBRIEHIEE (26), KB
EHlEE (24) F1(25), WIHARRGEWTAESHE
b, ARG y A RFFERIE T O, .

WERR. WEBA A=A . B, IR I R4t
PRI KAALEXE [0, tp) EAFAEME—fR; Xk, R
FSUEVEAE ¢ = +oo; e, SEILTIUHIE I H 5.

F—EA T ai(t) = 2/(p(t) — p(t)), bi(t) ==
(p(t) + p(1))/ (p(t) — p(t)) LI ai(t) = 1/ri(t), bi(t)

=i (& ()/ri(t), i =2, -+, n, &) = a;(t)
X%() bi(t), =1, -, n. 1& 58 X i (t)
=u(t) = vn(t), &nt1(t) = &n(t).

HX (24) ~ (26) ATA1, v ATRIRN & R 10
TEoi(t) = 0;(& 1), =1, .-, n. R, 21 = (((t)
= p(t)&+ (p(t) + p(t))/2 = 21(t, &), Ti =vie1 +
ri& = Li(t, &, o0, &), =2, oo, n. X & UTIE]
RGILEE RS (1), TH & TTRRN (¢, &, &)
BREL, 10AE € = ha(t, &, &). B, XFi=2, -,
n & =Rt &, e Gvr). B E=1G, 0, &)
WA RG] 5 A
Pa(t, &1, &2)
: =H(t, & (27)

hn(ta 517 Tty gn)
Hr H(t, &) NRT+ MR mEEmRE. F=E3
fir g KT z; N Lipschitz 4L, Hp, p, r; €
BC*(Rx>o;R). 513 H T ¢ J&3# Lipschitz 42 H
KTt EXIFEE= (-1, D" cR™. HT ) ¢

R,(0), A& &(0) € (-1, 1). JH:?I\, i BEHURIE T
&(0)e(=1,1) (i=2, ---, n), WEO) e & RIET
1, MRS (27) fEHEKAALEXIE [0, ty) BAF
TEME—fif.

By, EHUERS Lyapunov A%

Vi(&) = %ln <1_1€%> (28)

X I [R] 3R S AT 15
Vl = (Vﬁlvl)él =
Ve, Vilai(fi + giz2) + a1y — by) (29)
HFEE v =—k&/0—&)=—kVe W, AR
= k1 Ve Vi + rabo. B c1:= (a1 fr + anar — b))/
(algl) + 1o, BBl ey SMEF t €0, ty) HAF. K
(29) J84E T 43
Vi =a191(c1Ve, Vi — ka [V, Vi ?) <
ar1 ([e1lloo| Ve, Vil = k1 [V, Vi[?) (30)

W Ve, Vil > Jlerlloo/k B, B V2 <0. I,
FERFIAIXH] [0, tp) b —8 a4 5, RIAFEAE IR 4L
Vi AE1S Vi(t) < max{V1(0), Vi}. 1T Vi e CY((—1
1); Rso), MAFFEIETE &, 8 161 <& <1 X
A te [O7 tf) oL, A (24) ﬁfﬁ"%?%m A U1
FERF A X A] [0, tr) WISH T X H by = vy /re AT
by = %2 4 0%1, W0 by FE 18] [X 5] [0, t7) NIRAT 5.

X]L? i=2, -, n, EREE Lyapunov PR
1 1
I IR 5 A
V Vf (az(fz + gzxz+l) + a%xz - bz) (32)

ERD v = —ki&/(1— &) = =k Ve, Vi KM
X (30), FAIEIEREE,, 7|60 <& <1, Ve
[0, tf). 5420 (25) AT (26) AT R01REAUIEHI S 0, (0 =
2, -, n— 1) FISERREEHIEE o YITERT XA [0, ¢;)
AR
R RAETEE ¢t = +oo. BB E <
+oo, MAFEEE & =111, (€, &] C &, 15 &(t)
c & XA te |0, ty) ML, X553 2 FIF, W t;
= +00.
BE=EB4yr. A A, R R 7, = (21,
x| T TR RERESIS 0 (=1, -, n—1) LA
JS bRl u fE ¢ > 0 G #H—, &) e
(=1, 1) AIfXHMERE ¢ > 0 p(t) < y(t) < p(t), B
ARG B {(t, y(t) | t > 0} BhA N TIBIER
MIATAT3 O, . G54 TE 4 W50, T dI H RS UL
SEHN. O
8. HHEHE 4 WA, Lk RGMER, BEIZ) ik
T AL SR M TARAS, A SCHT T (IR 2 il 5K s
BIReRE A KRG R e v, M RS § 1%
TREFAEE IR S5 B AT 0, . 49K, LT
A S, ARAE E B 2 F X (15) AR dist(y(t),
Ry(t)) < duin(t) + &, BVERLIH IR 3E 1 545 7™ 4% PR 1
TE duin(t) + 6 AL 563K (3) TN, RGMIERER R
Z= e(t) = y(t) —ya(t) Wi

5(t) = dumin(t) = 0 < e(t) <5(t) + dmin(t) +0

M B £ PH A R Gty 24 A8 39T B B a(2)
BraE.

E 9. AR M AR, A iR S S A
WA GRE f;, g BRETRGEE. BRGEHFEE T
PBhi, prist vt i F il S s i Ok R So i 4
ARFFEB IS A LT AT 0, W.
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S 52 &

3 HEME
FIEUNN AR R G
i = exp (—=0.1z1) + 22 4 (23 + 2)ao
By = sin(x123) + (22 + 23 +4)u (33)
Y=
b R G WK A K 2(0) = [21(0), 22(0)]T =
[0.7, 0]T. AR B #LEIEEUN vy = 0.7sin(t) + 0.7,
AR R ARBE 2. 1 H AR R IR S i ) A
w, A RGAE t > 0 b [FIH 2 a1 N2 0 %A
o BLIR:

h(t) <y(t) <h(t), Vt>0
o ARK:
3(t) < y(t) —ya(t) <3(t), Vt>0
Hp 2 f e H

R(t) = 1.2+ 0.05 sin (

J
R(t) = 0.2 + 0.05 cos (2 t)

LK 5(t) = 0.1, 3(¢) = —0.1. AR, FIRL D Fhik
AR 3, HARS (33) MWILG AR 2 ik 4.

FEHI BRI S, KA Tk
E R E A B R AT E R R . A
KRGIEF, BITHKIRENT =12 s, K (14)
MAEZSHI =001, TESHP =05, c=
0.2. M= (14), AT IE R L AR IL F 55 5 R
P(t) = [Py, (P, (5, h + 0.2), b + 0.01)](t) , p(t) =
[Py, (Puy(s, h—0.2), b —0.01)](t). #E—25, L e =
0.15, 0 (20) PI15 RS 5 160 29 00 553 )
N p(t) = (h(t) +B(1)/2 — do.as(|h(t) — B(1)/2), p(t)
= (h(t) +p(t))/2 + do.15(|h(t) — p(t)|/2) . BF X B A
J& 6T LR IA T B(t) B p(t), K FH BT I S
8 (24) ~ (26) ARIEHIES o AACDEWT:

SBL. FHMFRERITE & =20 —p -
p)/(B—p), FEEBUERIERZE v, = —2¢ /(1 - €2).

LI 2. AU B R AL o (¢) = 0.1exp(—2t) +
0.01, /& |22(0) — v1(0)] < 72(0). SZPr{EHl A5 BE1H
Nu=—-&/1-&), Kl & = (22 —v1)/rs.

NUSIE AT A ZE A A AL AR SO
5550k [46) P SE T IR, S HUERUN
Yo(t) = 1.9exp(—2t) + 0.1+ p =0.01+ k. = 8\ Kk = 4.
v=15\ky, =02 Mk, =4.

iEaRmE 1 ~6 . Bl 144 7 R85H
Hoy(t) fEH T AT SN AL L. SRR, R

ERSE

SCJTVES SCHR [46] 7 92 i 4% 45 B 7™ K DR AL P
ARG IR AL T REL R IX Sy, FFAE TP R X
] AT RE A SR ZIR. SR, FEER B L0 AROR AR
SR [ X TR Y, AR AR T A AL B 5 2

1.8 ; ‘ : : T2 5
Lol L/ CapN

: — R3T7E
1.4} === 3CHR [46]
L2 /= ]
1.0F

= 0.8

0.6
0.4}
0.2}

0 L

_02 1
0 2 4 6 8 10 12
t/s

K1 AT A R L BT y
Fig.1 Output trajectory y within the feasible region

2.5 -
14 LTI Eﬁé"]ﬁi{ﬂﬁ
o N LA
200 e meTT SN[ Ak
L0 N A - Sk [46]
65 70 75 80 85 9.0
15 B ,,_/‘_';\* . _,_/;‘;\: .
Y 14'_ g N / // o)
< A, X e y
; LY N
/ \ / \\\\
05k AL y // \\\ _____
: \““\J N4/ W,/
mm " W -
vy A W
ob o Temdt L oA
0 2 4 6 8 10 12

B2 f2IEE IR p Al p
Fig.2  Modified soft constraint boundaries 7 and p

2.5 T T '
1,230[ . . : SPPCEE TEL U T
12951 eeeem PEE S S LA
201 900" L2277 N Ak
o 257 - SCHR [46]
15 L2555 35 500 845 850 855 8.60
Rl
Q i
< AT N
O S~ /"/’ - NN\
/ W\ / \\
/ \ / \\
05 \\ -/ N
5 VARV W T
~~~~~ Vi N1
0r \ , ,
0 > 4 6 8 0 12
t/s

K3 BESHOGIHLRIAT 5 Ml p
Fig.3 Consolidated smooth constraint boundaries
p and p
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3
— AT7i%
2 —eee SCHR [46] |

t/s

K4 ZHA o
Fig.4  Control input u

K5  MMEAERERE i Ao

Fig.5 Convex combination coefficients p1 and s

2.5

T B
AR
20} —6=10.01
- 6=10.07
—n 6= 0.15
15t

t/s
K6 ANFREESH S TRAREEEX T

Fig.6  Comparison of soft-constraint violation under

different tolerance parameters §

KU B EZ R, AR B ALE T Hoxd o
X 8] NIRRT B AT i M. S [E STk [46)
HH ) SR, AN SCRTHR A ) 28 RE S B A RS 1S
R BRI R LR T RN R D ET R dun(t) 5
TR Z 6 ZFIBAHN, HAARBFIE 5 = 0.01. & 2 By

IRHMEIE G AL T p(t) 5 p(t) EMIIE T ix1E
. B 3 T R R 5B IE R R RS
MGG 29I A p(t) 5 p(t).

Kl 4 R TSN o FEATERE. B 5 4
TIMHABREL i (t) 5 pe(t) ARSI, AE T
2 TR K A R AE S S i SORAS Z TR R
B, B 6 X T ARIBZSH S TIIRL
WG &, 850K, & o VN, ARG &
BIIRVF BT din () + 6 AHRLBR/DN, H Sy E A ¢
B R RIS, ph o X (8] N 1S BriR 2 R iE 8 &
[F 9N, PRI T AL OT 0 SR A R0 1 2 B Bk
WRTTRE Sy, KR A SO E AT TR [46] 1235
R

N7 =B EAARTTEE SR [46]) FEA R
MRACB T REZE R, I NI =K MR AR
Fr: BREFIRZE e(t) = y(t) — ya(t) B9 L2 Y550 LK
W o PR AREY & 8. SiatnilE

Xﬁ”dw=¢ﬁj%ﬁﬂa:AmyMu,ﬁ:

Jio. oz, 1dist (y(8), Rs(t)) — dist(Rn(t), Rs(1))|dt/(T
— ML) HF I, ={te0, T]|y(t) € Rs(t)} T~
Wi R R IR L RIS 4R 1. C [0, T) RoRJE4h
WL R AR B 4E S, M) R Lebesgue
MRE Fahr o T B4 Al 240 0K 3 28 I B P K 4
WSR2 2, $8br 8 WA T BAEL R ph R
BN A R & (1) TR

T VICE T R PRI ELER A X (8] [0, 12] s
FHITEREIRHE (el 2 o A1 8. EEDM R, £
MIEER BN, R CTIERRERZEN 040, BE
KT 3CHR [46]) 19 0.71. BbAh, FELRFRAERT B, A
SCOTVESEIL T BE AR A R 2 2R (97.31% X E
78.03%). TELI AR Bt N, A U7 RE 1T 35
AT B A IR G TR A % 6 = 0.01 LA
(8 =10.0095), T SCHRK [46] X ROE T &8 0.147 1.
ARG RR, TR RIEL R RIS PP R I
T, AL R R I B A A4 A

2 X T MO EAEA R BB KR
INFIA). € oA Wow, BEE 07 BB, A7
VEARECT SCHR [46] FE 3L H 56 5525 1) v SRR L3

£ 1 EEXE [, 12] s ERIPEREFEARXS
Table 1  Comparison of performance indices over the

time interval [0, 12] s

llell 2 a (%) B
ARIT5 0.40 97.31 0.0095
SCHR [46] 0.71 78.03 0.1471
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Eitd 52 %

Fo  ARGEMK FRHER O (s)

Table 2 Comparison of computational time under
different simulation durations (s)
T =12 T =50 T = 100
A5 1.00 3.95 7.60
SCHR [46] 1.08 4.55 10.19

4 ZERIE

AR SCERR— AR 5 H 20 PR 1 ANt
kARG, M e L R A LS
T HOIRSHE R D5 k. BT BEL AR e A R
I AL, ARSI 51T R e O IS A
HT, WA R FIATAEL BB IE, /£ RIER
52 IR LA I RN, f LA T B A% IR
i A2 BE LR BT 5 (1 B N B S R R 22 2 A
PAN. FEBEREG b, X i 20 515 2 15 H R 20 Rt
TR, JFRE I FOLIE . BB A AT S5
GLVR G, BE— D — MR R A B i TR =
FEMI A, TR AIE A PR 22 G0 7E 4 BT [R) 3 Py 72 s 2
BELYPR, IR pR X H] A LA AT A 52 A2 R 20 TR
K. SEATREM, Pk B A Sk, %1
KL TR R R EEAREE S, HAes /a4 IR )
KL A L) AR A A RORAR, TR e O B i 2 TR
R A AL . BB L RIS T B2 5 A 3K
PES TS RRI TR B TRZE#T 2R
A B G R 2 RS .
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