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Undirected k-Connected Efficient Network

WANG Zhuo' WANG Cheng-Hong’

Abstract In response to the problems of poor definition applicability or single design objective existing in the un-
directed network topology design, this paper obtains the following main results: 1) A new definition of network en-
ergy is proposed; based on which and according to the Wiener index, a new definition of network efficiency is pro-
posed. 2) The definition and measurement indicator of the symmetry of simple undirected connected graphs are
presented; The definitions of undirected efficient network and undirected k- connected efficient network are pro-
posed for the first time, whose existences are proved, and the conclusion that the undirected k-connected efficient
network is such a network, whose connectivity and efficiency are both maximized while the number of its edges is
minimized, is proved. 3) Several guiding principles are given to design the undirected k-connected efficient network,
on which basis a set of these networks is constructed. The above innovative results can provide theoretical basis and
technical support for the topology optimization design of undirected networks.
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35N T A B S O (k- 1)/2 AT
BEONAHAR, FEAE 12 SRS R PR T A A 4R,
HUEAS 2] Hy, 5 3) 24 & Al n 2 AT ET, FIASE n 13

B BBE T RS, BAWHE0<i<(n—1)/2
WA E, 283 NHe ., TR
ii+(n—1)/2, HEERH, , .

FH AT TH] 8953 A1 Harary B BRE 7508 24
k e fBEL, Bk AN n —AREN, »(Hy, ) = 1;
Mk Ml WRFAE, AH, ) =k +1, Hfin -1
NI SN 6(He, n) =k, Y(Hi, ) > 2. XK
H Harary Bl7&— X FREER my 1 1.

5138 50 Harary B2 k- 8 B, B k(Hy, )
=k B T0065 k- 3% 8 B i /NI B [kn/2)
([2] BARANT 2 ERINEE).

k- HEEEER SG) >k HHBHE DN
[kn/2] 0. 513 5 K, BB /N TR [kn/2] 7]
PLA ], Harary B2 5/ N k- ZEd K.

IRR) 265 (10 326100 5 R vy, D) 4% ) 2 1 DA B A B TE
R 2% H T A i o R A . DRI, R A % 1 AT
AR FE I 2% T B P X — EE B BB FR bR BbAh, 2
0 {5 i % ) AR VAL AN AP B P AR 5 B, D s 2k R 4%
()W 1Tk 75 4 1 s M A R A TR FR. (HE L9
FH ) 205 I 8% S 18 A 40 32 8 R R 28 320 B A S A A
FabF.

EX11. 1) T A LM RES, FRIE
W* = maxyer{e,(W)} = K1, ,_1 /& 1- ZEIE =R
%.2) W R—RAMARG) =k (2<k<n) HelG) =
[kn/2] BIT R To M K EE: VIV € &, FRAE R
ew(W) BB RAE I W AT k- 72638 = R
2

ew(W”) = max{e, (W)} = min {w(W)}

FHSE SC 11 A1 To ) k- 32 38 e R 2% 1)
] R — AN E TS H 0 FLEIB T |, SRAEBCR i
K HABHU /N W 28 30 LA 1]

EIR 6. k- I E RS W AFAE.

WERR. H R TR, k(K o) =1,
e(Ki no1)=n—1 &3 &/ E; b5l #1150,
ew(K1, no1) BB B KA. W, W* = Ky 1 22 1-
EEE ML, KR C, € @ & Harary K Hy ,, [i4
K(Cp) =2, e(Cy) =n KB x/ME. BT C, TEEEE
TR SO ME—, #r e FE 4 F1SE S 11 ATH, ey (Ch)
EBRRE. g2 AT, w* = 0, 5 2- Il E %M
. M 3<k<n i, M55 A, Harary &
Hy o 080N k- R, ik, & A2
HAELERMEW, e ® (i >1) HwW:) < w(Hg, ),
T E 2 S 11 BT A w(W*) = ming {w(W;)} B W™
ot k- SN B, W = Hy , BE k- 1E
GRSV O
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FIX 5 Harary B WL, ASCH Wy, 8 n T
MG k- PR A2, Hrh n>2, k> 1. HE
6 MUEHTHL, Wy =Ky p1, Wo,n=0Cn. %4
k > 30, W[ZM Havary EIWTH Wy, ., BARER UGN

1) fig e(Wk, n) = e(Hk, n) = |—kn/2-| ;

2) fE AW, n) Flmgaw, ) EEHRAME, A
e (Wi, n) (> ew(Hy, n)) IERHKE;

3) M | (Wi, ) — o (Hi, )| < 1, NTIAE £(Wg, )
= k(Hy, n) = k.

SIFR 6. ¥ G(V, E, o) A& I m K H |V
=n; H0(G)>n—-2, Mk(G) =d6G).

SERL 6 K, Wy, FIILEOA 2 B ME H 0k
5 B i KAH.

EIRT. k(Wi n) = (Wi, n) = k.

MERR. HHEH 6 PUERA AN, k=1 Fll k = 2 I,
SERL T SRR, Bk = 1> 30, k(W) =6(Wi, )
=1 ERk=1+1 0, =W n) <(Wig1,n)
=l+1, MY Il=n-3 B, s(W,_2,) =n—3,
SWha n)=n—2, s(Wn_2 n) < 6(Wn_2 ). 1HH
SIEL6 AJHL M 6(Wyo n) =n— 20, k(W,_2 ) =
n—2, 5 E@REGERA 8. Wik, k=1+1 K,
EWit1,n) < 0(Wig1, n) BVRWA AL, Z5 BT A,
M= 1<k<n, k(Wi ) =k. O

ZUCTT R, Wy, 280 R 3R/ Bk
R A e N2 B ELER T 5, W, 72 AT SERE AR
5 R 0 /N HLASE ARSI 8 d5 /N X 25

5 B 6 R EH 6 #E— B AE, W, o .
=Hy2n, Wono1,n =

TEVHME, M3<k<n-3K, MAKH
Bt (Wi&) Wy, ,, B— M7

2.3 FtlE k- EE SR

5 1. #9i&— 2 Harary B Hy, ,, FI—4TC] k-
T IE N W, T R BRI S R R
Hy, o W, (WWEL). B 1, 2815028 Hs 1,
Hs 11, H3 12, H3 13, H3 14, Hs 15; 56 2 5| N4:
W3 10, W3 11, W3 12, W3 13, W3 14, W3 15; 2 3
N Hy o, Ha 11y Hav2, Ha o1z, Ha 14, Hy 155
AN W10, Wa 11, Wa 12, Wa 13, Wi 14,
Wy, 15. RTAHER) & Fln, 3004 H Hy, , BTW,,
M EAL d(-)« Wiener FEEL w(-) HHE e,(-) (B
RN LA FRIEE () BB (W3 1 Ak 2),
T LA Wy, BIPER Y. S5 8 R, A8 3C
WA T LR S50 P B A .

H Harary B 7732 FTEL 1 AN HE R B
1) Hy, , WA AER - L B o, 2

n—1,n — Kn

Hy,, n WA EGR. RIAA A A 1 2 Hamilton BP
AT A ) Harary EI#( 42 Hamilton E; 2) B Wy 11
Ak, ZH Wy, ,, A7& Hamilton K.

MEER 1 MF 2050 1) T k=3,4,10<n
<15, B e(Wi n) > ew(Hy ). XRB, XFT 4
[FH b A, Wy, FICEEKT Hy, , IR, 2)
S kI, MR, Wy, F Hy , 16
RORH S TR [ n 380 & (LGN, M
B RERECKIE K Wy, M H, , RCRE S
TR, BRI 0 RN 4% 8 AR R 4 B
3) d(Ws, 10) =2, d(Hy 10) =3, 18 en(Ws, 10) =
ew(Ha, 10) = 0.6. IXF, MR 5% B AR %)
FHRMEARTE AWM ERRE. 4) W T k=3, 4,
10<n <15, [p(Wi ) —¥(Hp, ) <1. 5) W 10
e E 4 Peterson &, [ O 502 5 1F ] &) 2 4
BIRSE 3- 1 1y AU 2 N 58 A BRI

Bl 2. BRI n > 4 B, Z1FE ARG
D wWy, ) =2(n—1)% ew(Wi, n) = n/(2(n —1));
2) w(Wa, ) =n3/4, e)y(Wa ) =4(n—1)/n%; 3) 4
n>4 H n NEEE, oW,/ ,) =nEn-4)/2,
ew(Wij2,n) =2(n—1)/(3n —4). HT0 5% n = 10,
20, 30, 40, 50 I 60T, Z0H e, (W1, n)s ew(Wa, ) Ml
ew (W2, n) FITHEZ RN 3 FT7R.

FH I T 1230 a3 3 T BRI W, IR
T IR W, ,, IRBCRIRAR, W, )0, , FIBCEREE. BT
A W 2 1 BRI Bl e (138 KT B 3 B (n — oo,
ew(Wi, n) = 1/2, ew(Wi, 1) = 0, ew(Wia n)—2/3).

3 Z5RiE

ARSI TN 25 @ T 1 BTG [ e ] (9 46%)
BRI AT AR g

A TR AT MRS v N LA 1) %
Gutman FIREERE A K, 4 T — R & e
MIEEE G MEERE L Ep(G) = ||D||p. EFPER
AN A3 SR A A PR B 4% (1) 4 1 45 74 20 A
ok TR 2) i T Wiener f88l w(G) H
Ep(GQ) MK Z, W w(@) T A—FhacE. &1
w(G), g T — P I T 5 TG ) E R 8 LS
T e, (G). BRGHHTRBH: k) BRI 1) 1% 58 P i
T, ew(G) BITHE S A M FAR Z /N T Lat-
ora FE MR THEIN €/(G); ew(G) BEFTH T4 R
25T FH T SRR X 4%, 33K SR KRS o 28 235 2 1) 23 A
AP IR T HASIKIE. 3) B IRA H T w28 fl
K- T30 v AR 5 1 S, FEUE B T TG 1) 1R 20 ) 4%
To ) k- 330 R R 28 (AP AR A T Tt k- %
N 2% 1) FE T R, RS T — 2 k- TR R
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Bl 1 Harary B Hy, ,, F1 k- B S RONEE Wy, o, 5 HI1E
Fig.1 Harary graph Hj , and example diagram Wy, , of k-connected efficient network

W2, 4) 25 Hh T a7 B0 1) 348 TR ) R e R v i S e
FERARbR, ZFE XAMXEW. 5 T 2 HBE T
THEL R T R A% g SE AR S8 e XEAR
IR 2 k- TR k- 2T B IR R e % bk
45 R 1) 2 B B 2 Bt o R 45 R

0 161) 1 28 W 2% AN TE ) k- T2 30 7 280 D 2% ) e 1
S5 LS X 2% A S5 A B A BT i L (H 4 N
PRI, 324 9 IEBATIE B $R BB X Fh e A
BT, SILE VIR 5 — A R
HEE kAT S E n ISR kn VRN, Harary

Kl Hy, o, 572 58X PRI AH k- JEIE S 800 2% Wy,
HA A TN E (|0(W, ) — ¥(Hy, 0)| <1).
AR R A A R 1) N AERILAR T s anAe, H AT AN
A

AR H) R T 9T ) M 2% B R o T 51
fili LL R TG 1] - T 388 v 280 ) 4% 1) W 1 4 AL BRIk 4
MRS, TEUA R, AR tEH T
a7 BAT [ RO P 2% . A J5, FRATRIRER N TR fe
I RURE, ER ORI B 26 R, DAIAS B
/N LR IR K- T 388 1 28 D 2%
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