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Abstract This paper investigates the problem of adaptive dis-

turbance attenuation by output feedback for a class of nonlinear

systems with unmeasured states dependent growth. Different

from the existing references, the systems studied have more un-

known parameters, especially uncertain control coefficients. To

solve this problem, the dynamic high-gain K-filters are intro-

duced, and a state observer is constructed based on the K-filters.

In output feedback controller design process, to-be-determined

design parameters are introduced, to add the design freedom. It

is shown that the global stability of the closed-loop system can

be guaranteed by the appropriate choice of the dynamic gain of

the K-filters and the design parameters, and hence disturbance

attenuation is achieved in the sense of L2-gain.
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C
5, Aa�6uØ�þÿG���5XÚ�ÑÑ�"���O¯K��
2�'5, ¿��
�þ'u	½Ú�l��¯K�ïÄ(J[1−8], �´6Ä³�¯K�ïÄ��[9−12]. ©z [9] ïÄ
�a��� Ø(½���5XÚ�ÑÑ�"6Ä³�¯K. ©z [10] ïÄ
�a�6uØ�ÿG���5XÚ�ÑÑ�"6Ä³�¯K. ©z [11] A^�6uG��C�)û
�aØ(½��5XÚ�ÑÑ�"6Ä³�¯K. þã©z¤ïÄ�XÚÑäk®����Xê. �C, ©z [12] ïÄ
�a��XêØ(½���5XÚ�ÑÑ�"6Ä³�¯K, �XÚ÷v�b�^�'�r.�©òí2 [10, 12] ¥�(J, ïÄ�a��XêØ(½������5XÚ�ÑÑ�"g·A6Ä³�¯K.
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ζ̇ζζ = fff0(t,ζζζ, y) + h0(t,ζζζ, y)ωωω

ẋi = xi+1 + fi(t,ζζζ,xxx, u) + hhhT
i (t,ζζζ,xxx, u)ωωω,

i = 1, · · · , n − 1

ẋn = gu + fn(t,ζζζ,xxx, u) + hhhT
n(t,ζζζ,xxx, u)ωωω

y = x1

(1)Ù¥, ζζζ = [ζ1, · · · , ζm]T ∈ R
m Ú xxx = [x1, · · · , xn]T ∈ R

n´XÚ�G�, Ù�©�©OǑ ζζζ(t0) = ζζζ0 Ú xxx(t0) = xxx0;

u ∈ R Ú y ∈ R ©O´XÚÑ\ÚÑÑ; ωωω ∈ R
s ´6Ä, �

ωωω(t) ∈ L2[t0, +∞); ��Xê g ´Ø(½�~ê, � g 6= 0;¼ê fff0 : [t0, +∞) × R
m × R → R

m Ú h0 : [t0, +∞) ×
R

m × R → R
m×s ´ëY���, �� t ∈ [t0, +∞) �,

fff0(t, 0, 0) = 0,
¼ê fi : [t0, +∞)×R
m×R

n×R → R, i =

1, · · · , nÚhhhi : [t0, +∞)×R
m×R

n×R → R
s, i = 1, · · · , n'u1��Cþ´ëY�, 'uÙ�Cþ´ÛÜ Lipschitz�, �� t ∈ [t0, +∞) �, fi(t, 0, 0, 0) = 0, i = 1, · · · , n. 3e©¥, ��kXÚ�ÑÑ´�þÿ�, �XÚ (1) ÷vXeb�^�:

1) �3ëY��¼ê U0(t,ζζζ), K∞ a¼ê κ, κ, ±9®��~ê c0,i, i = 1, 2, 3, ÷v
κ(‖ζζζ‖) ≤ U0(t,ζζζ) ≤ κ(‖ζζζ‖)

U̇0(t,ζζζ) ≤ −c0,1‖ζζζ‖2 + c0,2y
2 + c0,3‖ωωω‖2

2) �3��~ê c > 0, ��
|fi(t,ζζζ,xxx, u)| ≤ c(‖ζζζ‖ + |x1| + · · · + |xi|), i = 1, · · · , n

3) �3��~êH > 0, ÷v
‖hhhi(t,ζζζ,xxx, u)‖ ≤ H, i = 1, · · · , n

4) g �ÎÒ®�, ��3®���~ê gN Ú gM , ��
gN ≤ |g| ≤ gM

1�©¥, I L«·��ê�ü Ý
; R L«�N¢ê�8Ü, R
n L« n �¢�m; éu?¿�þ½Ý
 XXX, XXXT L«Ù=�, ‖XXX‖∞ Ú ‖XXX‖ ©OL«�þ��¡�êÚî¼�ê, 9Ù�Ñ�Ý
�ê; L2[t0, +∞) L«3 [t0, +∞)þ²��È�¤k¼ê|¤��m, K∞ a¼êL«½Â3 [0,+∞) �î�4O!�½!»��.�ëY¼ê.



12Ï ÿǑ�: �a��5XÚÑÑ�"g·A6Ä³� 1531�äN/, �©8I´�é÷vb�^� 1)∼ 4) �XÚ
(1), �OÑÑ�"��ì, �6Ä ωωω(t) = 0 �, ���XÚ�G�´ìC­½�; �6Ä ωωω(t) ∈ L2[t0, +∞) �, éu?�ýk�½��¢ê δ > 0, ÷v
∫ t

t0

|y(τ )|2dτ ≤
∫ t

t0

δ
2‖ωωω(τ )‖2dτ + δ0(ζζζ0,xxx0, x̄xx0), ∀t ≥ t0

(2)Ù¥, x̄xx´éG�xxx��©�O,� x̄xx(t0) = x̄xx0, δ0(ζζζ0,xxx0, x̄xx0)´�½��K¼ê, � δ0(000,000,000) = 0.b� 1) ¿�XfXÚ ζζζ ´Ñ\�G�­½�, =XÚ
(1) äk­½�"Ä�. b� 2) L²XÚ (1) ���5O��5�6uØ�ÿG�, �O�Ç´���~ê. b� 3) ¿�X6Ä�Xê�þ hhhi äk���þ., 
b� 4) L²XÚ (1) äkØ(½��Xê g. ¯¢þ, �XÚ (1) ���Xê®� (g = 1), ���5'uØ�þÿG�O�ÇÚ6Ä�Xê��êþ.Ñ´®��~ê�, ©z [10] ®²)û
XÚ�ÑÑ�" L2-O�6Ä³�¯K. ���Xê®��, K�±�O/X©z [10] ¥�pO� Luenberger .*ÿì. �´, ���XêØ(½�, eæ^ Luenberger .*ÿì, ���G��OØ�Ä�ò�6u��Ñ\ u, ùò��ÑÑ�"���O��(J, $��{¢y. d	, �XÚ
(1) ÷vb�^� 1) ∼ 4), Ù¥, c ÚH Ñ´®�~ê�, ©z [12] )û
XÚ�ÑÑ�" L2-O�6Ä³�¯K. �©òþãü�©z�(Jí2�÷vb� 1) ∼ 4) �XÚ (1)�6Ä³�¯K. du��XêØ(½�XÚ¥�3õ���Ï�, ©z [12] ¥Äu·�pO� K-ÈÅì�G�*ÿìJ±A^½Ø�^. Ïd, �éXÚ (1), �O
ÄuÄ�pO� K-ÈÅì�G�*ÿì, ¿�O
�A�g·AÑÑ�"��ì.5 1. ©z [13] 1 29 �¥�Ñ
�:�þ��XÚ�6Ä³���¯K. �XÚ¥ëê�þ.����þ�e.���, TXÚ´XÚ (1) �A~.

2 g·AÑÑ�"���!�éXÚ (1) �EÄupO� K-ÈÅì�G�*ÿì, ¿|^�íEâ�OÑÑ�"��ì. ��, �ÑÌ�(J9Ùy²L§.

2.1 pO� K-ÈÅìÚG��OÉ©z [3−4, 6, 14] �éu, �EXe/ª�Ä�pO� K-ÈÅì:
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ξ̇i = −Liliξ1 + ξi+1 + Liliy, i = 1, · · · , n − 1

ξ̇n = −Lnlnξ1 + Lnlny

λ̇i = −Liliλ1 + λi+1, i = 1, · · · , n − 1

λ̇n = −Lnlnλ1 + u

(3)Ù¥, ξξξ = [ξ1, · · · , ξn]T, λλλ = [λ1, · · · , λn]T, Ù�©�©OǑ
ξξξ(t0) = ξξξ0 Ú λλλ(t0) = λλλ0. li, i = 1, · · · , n, ´�½�~þ�
l1 > 0, Ä�O� L ÷v

L̇ =
y2

L2
+

l1

2L4
λ

2
1, L(t0) = 1 (4)dd��, éu t ≥ t0, k L(t) ≥ 1.

½ÂG��O x̂i = ξi + gλi, ±9G��OØ� x̃i =

xi − x̂i, i = 1, · · · , n. Ú\e¡�G�C�:

ǫi =
x̃i

Li
, ηi =

ξi

Li
, i = 1, · · · , n

ε1 =
y

L
, εi =

λi

Li
, i = 2, · · · , n (5)5¿� λ1 =

1

g
(y − x̃1 − ξ1) =

L

g
(ε1 − ǫ1 − η1), ��
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ζ̇ζζ = fff0 + h0ωωω

ǫ̇ǫǫ = LAǫǫǫ + φφφ − L̇

L
Dǫǫǫ

η̇ηη = LAηηη + Llllε1 − L̇

L
Dηηη

ε̇1 = gLε2 + Lǫ2 + Lη2 + φ1 − L̇

L
ε1

ε̇i = Lεi+1 +
liL

g
(ǫ1 + η1 − ε1) − iL̇

L
εi,

i = 2, · · · , n − 1

ε̇n =
1

Ln
u +

lnL

g
(ǫ1 + η1 − ε1) − nL̇

L
εn

(6)

Ù¥, ǫǫǫ = [ǫ1, · · · , ǫn]T, ηηη = [η1, · · · , ηn]T, ��©OǑ ǫǫǫ(t0) = ǫǫǫ0, ηηη(t0) = ηηη0, φφφ = [φ1, · · · , φn]T =
[ f1+hhhT

1 ωωω

L
, · · · ,

fn+hhhT
nωωω

Ln

]T
, D = diag{1, · · · , n}, lll =

[l1, · · · , ln]T, A =











−l1

..

.
I

−ln 0 · · · 0











.ÀJ~�þ lll ��Ý
 A ´ Hurwitz �, ¿����~ê h Úé¡�½Ý
 P �3�÷v
A

T
P + PA ≤ −I, DP + PD ≥ hI (7)I��Ñ�´, �â©z [2] ¥Ún 1, þ¡é lll �ÀJo´�1�.3�O��ì�
, k�Ñe¡�·K, §Ǒx
XÚ

(6) ¥ ǫǫǫ Ú ηηη fXÚaquÑ\�ÑÑ­½�A5.·K 1. �ÄXÚ (6) � ǫǫǫ Ú ηηη fXÚ, - Vǫǫǫ = ǫǫǫTPǫǫǫ,

Vηηη = ηηηTPηηη. K3XÚ (6) ���)�3«mS, �3��~ê c0 > 0, ��
V̇ηηη ≤ −L

2
‖ηηη‖2 + 2‖Plll‖2

Lε
2
1

V̇ǫǫǫ ≤ −(L − c0)‖ǫǫǫ‖2 +
c0,1

2L
‖ζζζ‖2 + c0‖ηηη‖2 + ‖εεε‖2 +

1

L
‖ωωω‖2y². ÷XXÚ (6) � ηηη fXÚ�;,, ÷v

V̇ηηη ≤ −L‖ηηη‖2 + 2ηηηT
PLlllε1 − L̇

L
ηηη

T(DP + PD)ηηη�â����Eâ�, 2ηηηTPLlllε1 ≤ L
2
‖ηηη‖2+2‖Plll‖2Lε2

1.dþª, ª (4) 9ª (7), ��
V̇ηηη ≤ −L

2
‖ηηη‖2 + 2‖Plll‖2

Lε
2
1=·K 1 �1��Ø�ª¤á.
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V̇ǫǫǫ ≤ −L‖ǫǫǫ‖2 + 2‖P‖ · ‖ǫǫǫ‖ · ‖φφφ‖∞ − hL̇

L
‖ǫǫǫ‖2 (8)Äk?nþ¡Ø�ªm>1��. db� 2) ∼ 4) Úª (5),éu i = 1, · · · , n, k

|φi| ≤ c

L
‖ζζζ‖ +

√
nc max{1, gM}

(

‖εεε‖ + ‖ǫǫǫ‖ + ‖ηηη‖
)

+
H

L
‖ωωω‖l
��

2‖P‖·‖ǫǫǫ‖·‖φφφ‖∞≤ c0,1

2L
‖ζζζ‖2+c0(‖ǫǫǫ‖2+‖ηηη‖2)+‖εεε‖2+

1

L
‖ωωω‖2Ù¥, c0 = 2c2

c0,1
‖P‖2 +nc2 max{1, g2

M}‖P‖2 +1+H2‖P‖2 +

2
√

nc max{1, gM}‖P‖ ´��~ê.òþª�\ª (8), qÏ −hL̇
L
‖ǫǫǫ‖2 ≤ 0, ��·K 1 �1��Ø�ª¤á. �

2.2 ÑÑ�"���O��!|^�íEâ�OXÚ (6) �ÑÑ�"6Ä³���ì, �OL§ò±ÅÚS���ª�Ñ.Ú½ 1. - V1 =
1

L
U0 + Vǫǫǫ + 2Vηηη +

1

2L4
λ2

1 +
1

2
ε2
1 Ǒ�Ú�ÿÀ Lyapunov ¼ê, Ù¥ Vǫǫǫ Ú Vηηη �½Â®3·K 1¥�Ñ. Kdb� 1), ·K 1, ±9ª (6), ��

V̇1 ≤ − c0,1

2L
‖ζζζ‖2 − (L − c0)(‖ǫǫǫ‖2 + ‖ηηη‖2) +

c0,3 + 1

L
‖ωωω‖2+

‖εεε‖2− l1

L3
λ

2
1 +

1

L2
λ1ε2 + (4‖Plll‖2+c0,2)Lε

2
1 − L̇

L2
U0−

2L̇

L5
λ

2
1 + ε1

(

gLε2 + Lǫ2 + Lη2 + φ1 − L̇

L
ε1

)

(9)Äk|^����Eâ?nXeA�: Lε1(ǫ2 + η2) ≤
L
2
(‖ǫǫǫ‖2 + ‖ηηη‖2) + Lε2

1,
1

L2 λ1ε2 ≤ l1
2L3 λ2

1 + 1
2l1

ε2
2, ε1φ1 ≤

c0,1

4L
‖ζζζ‖2 + 1

L
‖ωωω‖2 +

(

c2

c0,1
+ c + 1

4
H2

)

ε2
1.ÀJJ[��ì

ε
∗

2 = − sgn(g)

gN

(

b1 + ᾱ1

)

ε1 = −sgn(g)α1ε1Ù¥, ᾱ1 = 4‖Plll‖2 + c0,2 + 1 Ú α1 ´®���~ê, b1 > 0´�½��Oëê.½Â z1 = ε1 − ε∗1, ε∗1 = 0, ±9 z2 = ε2 − ε∗2. òþ¡�Ø�ªÚ ε∗2 �\ª (9), Kk
V̇1 ≤ − c0,1

4L
‖ζζζ‖2 −

(

L

2
− c0

)

(‖ǫǫǫ‖2 + ‖ηηη‖2) − l1

2L3
λ

2
1+

1

L
(c0,3 + 2)‖ωωω‖2 +

n
∑

i=2

ε
2
i +

1

2l1
ε
2
2 −

L̇

L
z
2
1−

(b1L − c1)z
2
1 + gLz1z2Ù¥, c1 = c +

c2

c0,1
+

1

4
H2 ´��~ê.Ú½ 2. - V2 = γ1V1 + 1

2
z2
2 ´�Ú�ÿÀ Lyapunov¼ê, Ù¥ γ1 > 0 ´�½�~ê. Kk

V̇2 = γ1V̇1 + z2ż2 (10)

Ù¥
ż2 = Lε3 − 2L̇

L
z2 +

L̇

L
d

z1

2,1z1 +
2

∑

i=1

d
zi
2 Lzi+

2
∑

i=1

d
ǫi
2 Lǫi +

2
∑

i=1

d
ηi
2 Lηi + d

φ1

2 φ1þª¥, d
z1

2,1 = sgn(g)α1, d
z1

2 = −
(

l2
g

+ gα2
1

)

, d
z2

2 = |g|α1,

d
ǫ1
2 = d

η1

2 = l2
g

, d
ǫ2
2 = d

η2

2 = d
φ1

2 = sgn(g)α1 Ñ´~ê, Ù¥����Ñk®�þ.. Ǒ
Ú�, �þãL�ª�þ.©OǑ d̄
z1

2,1, d̄
zi
2 , d̄

ǫi
2 , d̄

ηi
2 , i = 1, 2, d̄

φ1

2 .|^����{� gLz1z2 ≤ Lz2
1 +

1

4
max{1, g2

M}Lz2
2 ,

L̇
L

d
z1

2,1z1z2 ≤ L̇
4L

(d̄z1

2,1)
2z2

1 + L̇
L

z2
2 , d

z1

2 Lz1z2 ≤ γ1Lz2
1 +

1
4γ1

(d̄z1

2 )2Lz2
2 ,

∑2
i=1(d

ǫi
2 ǫi+d

ηi
2 ηi)Lz2 ≤ γ1L

4
(‖ǫǫǫ‖2+‖ηηη‖2)+

1
γ1

∑2
i=1((d̄

ǫi
2 )2+(d̄ηi

2 )2)Lz2
2 , d

φ1

2 φ1z2 ≤ γ1c0,1

8L
‖ζζζ‖2+γ1z

2
1 +

γ1

L
‖ωωω‖2 +

(

2c2

γ1c0,1
+ c2+H2

4γ1

)

(d̄φ1

2 )2z2
2 .ÀJJ[��ì

ε
∗

3 = −α2z2Ù¥, ᾱ2 ´®���~ê, α2 = b2 + ᾱ2, b2 > 0 ´�½��Oëê.½Â z3 = ε3 − ε∗3. òþãØ�ªÚ ε∗3 �\ª (10), Kk̇
V2 ≤−γ1c0,1

8L
‖ζζζ‖2 − γ1

(

L

4
− c0

)

(‖ǫǫǫ‖2 + ‖ηηη‖2) − γ1l1

2L3
λ

2
1−

L̇

L

(

(

γ1− 1

4
(d̄z1

2,1)
2)

z
2
1+z

2
2

)

+
γ1

L
(c0,3+3)‖ωωω‖2−γ1×

((b1 − 2)L − c̄1 − 1)z2
1−(b2L − c2)z

2
2+γ1

n
∑

i=3

ε
2
i +Lz2z3Ù¥, c̄1 Ú c2 ´�6u c ÚH ���~ê.S�Ú. �31 k − 1 Ú, k = 3, · · · , n, �3��1w��½!»��.¼ê Vk−1(ζζζ,ǫǫǫ,ηηη, λ1, z1, · · · , zk−1), ÷v

V̇k−1 ≤
k−2
∏

i=1

γi

(

− c0,1

2kL
‖ζζζ‖2 −

( L

2k−1
− c0

)

(‖ǫǫǫ‖2 + ‖ηηη‖2)−

l1

2L3
λ

2
1 +

n
∑

i=k

ε
2
i +

1

L
(c0,3 + k)‖ωωω‖2

)

− L̇

L
z
2
k−1−

L̇

L

k−2
∑

i=1

( k−2
∏

j=i

γj − 1

4

k−1
∑

j=i+1

k−2
∏

p=j

γp(d̄
zi
j,1)

2

)

z
2
i −

k−2
∏

i=1

γi×

(

(b1−k+1)L−c̄1−k+2
)

z
2
1−

k−2
∑

i=2

k−1
∏

j=i

γj

(

(bi−k+ i)L−

c̄i

)

z
2
i −(bk−1L−ck−1)z

2
k−1+Lzk−1zk (11)Ù¥, z1 = ε1, zi = εi − ε∗i , i = 2, · · · , k. � i > j �, 5½

∏j

p=i
γp = 1. J[��ì ε∗i ÷v















ε∗1 = 0

ε∗2 = −sgn(g)α1z1

ε∗i = −αi−1zi−1, i = 3, · · · , ke¡òí��Ñþã(Ø31 k ÚǑ¤á. Ǒd, ÀJ
Vk = γk−1Vk−1+

1

2
z2

k �Ǒ1 k Ú�ÿÀ Lyapunov¼ê,Ù
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�B, - εn+1 = u

Ln+1 .Kk
V̇k = γk−1V̇k−1 + zkżk (12)Ù¥, zk = εk + αk−1zk−1, ²LO���

żk = Lεk+1 −
kL̇

L
zk +

L̇

L

k−1
∑

i=1

d
zi
k,1zi +

k
∑

i=1

d
zi
k Lzi+

2
∑

i=1

(dǫi
k ǫi + d

ηi
k ηi)L + d

φ1

k φ1aq/, ½Âþª¥�L�ª�þ.©OǑ d̄
zi
k,1, i =

1, · · · , k − 1, d̄
zi
k , i = 1, · · · , k, d̄

ǫi
k , d̄

ηi
k , i = 1, 2, d̄

φ1

k .Ó�, k?nª (11) ¥XeA�: γk−1Lzk−1zk ≤
γk−1Lz2

k−1+ 1
4

max{1, g2
M}γk−1Lz2

k, L̇
L

∑k−1
i=1 d

zi
k,1zizk ≤ L̇

4L
∑k−1

i=1 (d̄zi
k,1)

2z2
i + (k−1)L̇

L
z2

k,
∑k−1

i=1 d
zi
k Lzizk ≤ ∑k−1

i=1

∏k−1
j=i

γjLz2
i +

∑k−1
i=1

(d̄
zi
k

)2

4
∏k−1

j=i
γj

Lz2
k,

∑2
i=1(d

ǫi
k ǫi + d

ηi
k ηi)Lzk ≤

∏k−1

i=1
γiL

2k (‖ǫǫǫ‖2 + ‖ηηη‖2) +
∑2

i=1
2k−2

∏k−1

i=1
γi

((d̄ǫi
k )2 + (d̄ηi

k )2)Lz2
k,

d
φ1

k φ1zk ≤ ∏k−1
i=1 γi

(

c0,1

2k+1L
‖ζζζ‖2 + z2

1 + 1
L
‖ωωω‖2

)

+

2k+1c2+c0,1(c2+H2)

4c0,1

∏k−1

i=1
γi

(d̄φ1

k )2z2
k.ÀJJ[��ì

ε
∗

k+1 = −αkzkÙ¥, ᾱk ´�~ê, αk = bk + ᾱk, bk > 0 ´�½��Oëê. ½Â zk = εk − ε∗k, òþ¡�Ø�ª±9 ε∗k+1 �\ª
(12), O���

V̇k ≤
k−1
∏

i=1

γi

(

− c0,1

2k+1L
‖ζζζ‖2 −

(

L

2k
− c0

)

(‖ǫǫǫ‖2 + ‖ηηη‖2)−

l1

2L3
λ

2
1 +

1

L
(c0,3 + k + 1)‖ωωω‖2 +

n
∑

i=k+1

ε
2
i

)

−

L̇

L

k−1
∑

i=1

( k−1
∏

j=i

γj −
1

4

k
∑

j=i+1

k−1
∏

p=j

γp(d̄
zi
j,1)

2

)

z
2
i − L̇

L
z
2
k−

k−1
∏

i=1

γi

(

(b1 − k)L − c̄1 − k + 1
)

z
2
1 −

k−1
∑

i=2

k−1
∏

j=i

γj

(

(bi−

k + i − 1)L − c̄i

)

z
2
i − (bkL − ck)z2

k + Lzkzk+1 (13)Ù¥, c̄k−1 Ú ck ´�6u c ÚH ���~ê.��, �âS�L§ÀJXe¢S��ì:

u = −L
n+1

αnzn (14)ÏǑ∑n

i=n+1 ε2
i = 0, zn+1 = 0, L ≥ 1, - k = n, Kdª

(13) ´� V̇n �L�ª, Ù¥, Vn =
∏n−1

i=1 γi(
U0

L
+ ǫǫǫTPǫǫǫ +

2ηηηTPηηη + 1
2L4 λ2

1) +
1

2

∑n

i=1

∏n−1
j=i

γjz
2
i ´�½!»��.�¼ê.

2.3 Ì�(JǑ¢y�©���8I, ÄkÀJ�Oëê bi, i =

1, · · · , n Ú γi, i = 1, · · · , n − 1 ÷v






















bi − n + i − 1 > 0, i = 1, · · · , n − 1, bn > 0
n−1
∏

j=i

γj − 1

4

n
∑

j=i+1

n−1
∏

p=j

γp(d̄
zi
j,1)

2
> 0,

i = 1, · · · , n − 1

(15)e¡�Ún�Ñ
÷vª (15) ��Oëê�ÀJ.Ún 1. o´�3�Oëê bi > 0, i = 1, · · · , n Ú
γi > 0, i = 1, · · · , n − 1, �ª (15) ¤á.y². ���Ñ÷vª (15) ��Oëê��«ÀJÒv

, �±kÀ bi, ,�À γi.

1) �Oëê bi �ÀJw,, �ÀJ bi > n − i + 1, i = 1, · · · , n − 1, bn > 0.

2) �Oëê γi �ÀJ�âª (15), Ù1�1�Ø�ª�du
γn−1

(

γn−2

(

· · ·
(

γi+1

(

γi − 1

4
(d̄zi

i+1,1)
2) − 1

4
(d̄zi

i+2,1)
2
)

· · ·
)

−
1

4
(d̄zi

n−1,1)
2

)

− 1

4
(d̄zi

n,1)
2

> 0dd, �±ÀJ
γi >

(d̄zi
i+1,1)

2

4
, i = 1, · · · , n − 1

γj >
(d̄zi

j+1,1)
2

4
(

γj−1

(

· · · (γi − 1
4
(d̄zi

i+1,1)
2) · · ·

)

− 1
4
(d̄zi

j,1)
2
) ,

j = i + 1, · · · , n − 1þ¡�Oëê�ÀJ�±�yª (15) ¤á. �5 2. 3��ì��OL§¥, Ú\�Oëê γi, i =

1, · · · , n−1, ^uAéK-ÈÅìÄ�O�3��ìS��OL§¥�)��, ~X L̇
L

z1. ��y4�XÚ­½, I��y¤�O� Lyapunov ¼ê��ê V̇n ´K½�. Äk�ÀJT���Oëê. dÚn 1 9Ùy²L§��, �Oëê�Ú\O\
���O�gdÝ.3�©^��m��S, 4�XÚ�§�m>'u
(ζζζ,ǫǫǫ,ηηη, λ1, zzz,ωωω, L) ´ÛÜ Lipschitz �, Ïd4�XÚ3�«m [0, tf )þk��) (�©z [15] 1 18 ��½n 3.1). -
[t0, Tf ) ´��)�3���«m, Ù¥ 0 < Tf ≤ +∞ (�©z [15] 1 17 ��½n 2.1), �¡òy² Tf = +∞.e¡�Ún3���Ñ�½n 1 �y²¥åX�©­���^, Ùy²g´�©z [14] ¥Ún 2 �y²aq, äNy²L§ÒØ2�Ñ.Ún 2. XJ L(t) 3 [t0, Tf ) þ´k.�, K4�XÚ�Ù�G�3 [t0, Tf ) þ´²��È�k.�.�©�Ì�(J3e¡�½n¥�Ñ.½n 1. �Ä÷vb� 1) ∼ 4) �XÚ (1). eÀJ~�þ lll �Ý
 A ´ Hurwitz �, ¿ÀJ�Oëê bi, i =

1, · · · , n Ú γj , j = 1, · · · , n − 1 ÷vª (15), K�6Ä
ωωω(t) ∈ L2[t0, +∞) �, ÄuÄ�pO� K-ÈÅì (3) Ú (4)
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¢yXÚ� L2- O�¿Âe��Û6Ä³�. AO/, �6Äωωω(t) = 0 �, T��ìU
�y�XÚ�G�ìC­½.y². k^�y{y² L 3 [t0, Tf ) ´k.�. b�
L 3 [t0, Tf ) ´�.�, = limt→Tf

L(t) = +∞. dª (4)� L(·) ´üN�~�¼ê� L ≥ 1, K7,�3,��Ǒ
0 < t1 < Tf , ��éu ∀t ∈ [t1, Tf ),

L(t1) ≥ max

{

2n+1
c0,

c̄1 + n − 1

b∗1 − 1
,

c̄i

b∗i − 1
,

cn

b∗n − 1

}

, i = 2, · · · , n − 1Ù¥, � b∗1 = b1 − n > 1, b∗i = bi − n + i − 1 > 1, i =

2, · · · , n − 1, b∗n = bn > 1.dþª±9 V̇n Úª (15), Kéu ∀t ∈ [t1, Tf ),

V̇n(ζζζ(t), ǫǫǫ(t),ηηη(t), λ1(t), zzz(t)) ≤

− L(t)

2n+1

n−1
∏

i=1

γi(‖ǫǫǫ(t)‖2 + ‖ηηη(t)‖2) − l1

2L3(t)

n−1
∏

i=1

γiλ
2
1(t)+

n−1
∏

i=1

γi(c0,3 + n + 1)‖ωωω(t)‖2−
n

∑

i=1

n−1
∏

j=i

γjL(t)z2
i (t) (16)��

∫ Tf

t1

(

z
2
1(t) +

l1

2L4(t)
λ

2
1(t)

)

dt ≤
1

n−1
∏

i=1

γi

Vn(ζζζ(t1), ǫǫǫ(t1),ηηη(t1), λ1(t1), zzz(t1))+

(c0,3 + n + 1)

∫ Tf

t1

‖ωωω(t)‖2dt < +∞dþª±9ª (4) Úª (5), ´�
+∞ = lim

t→Tf

L(t) − L(t1) =

∫ Tf

t1

L̇(t)dt < +∞�b�gñ, l
�� L(t) 3 [t0, Tf ) þ´k.�. dÚn 2��4�XÚ�Ù�G�3 [t0, Tf ) þ´k.��²��È.�â L(t) 3 [t0, Tf ) þ�k.5, �� V̇n ≤ β0Vn +

β̄0‖ωωω‖2, Ù¥ β0 > 0, β̄0 > 0 ´T��~ê. dd, é?¿�
t ∈ [t0, Tf ), k

Vn(ζζζ(t), ǫǫǫ(t),ηηη(t), λ1(t), zzz(t)) ≤
exp(−β0(t − t0))Vn(ζζζ0, ǫǫǫ0,ηηη0, λ10, zzz(t0))+

β̄0

∫ t

t0

exp(−β0(τ − t0))‖ωωω(τ )‖2dτb½ Tf ´k��, Kk
+∞ = lim

t→Tf

Vn(ζζζ(t), ǫǫǫ(t),ηηη(t), λ1(t), zzz(t)) ≤

Vn(ζζζ0, ǫǫǫ0,ηηη0, λ10, zzz(t0)) + β̄0

∫ Tf

t0

‖ωωω(t)‖2dt < +∞gñ. Ïd, Tf = +∞.Uìª (15) ÀJ�Oëê, ��
V̇n +

ĉ0

δ2
y
2 ≤ ĉ0‖ωωω‖2 + ĉ(‖ǫǫǫ‖2 + ‖ηηη‖2) +

ĉ0

δ2
y
2 +

n
∑

i=1

ĉiz
2
1

Ù¥, ĉ = −∏n−1
i=1 γi

(

L
2n − c0

)

, ĉ0 =
∏n−1

i=1 γi(c0,3 + n + 1),

ĉ1 = −∏n−1
i=1 γi

(

(b1−n)L−c̄1−n+1
)

, ĉi = −∏n−1
j=i

γj

(

(bi−
n + i− 1)L− c̄i

)

, i = 2, · · · , n− 1, ĉn = −(bnL− cn). ÏǑ
L ´k.�, ¤±þ¡ù
Ñ´k��ê.ÏǑ Vn ≥ 0, KdÚn 2 ��
∫ t

t0

|y(τ )|2dτ ≤
∫ t

t0

δ
2‖ωωω(τ )‖2dτ+

δ2

ĉ0
Vn(ζζζ0, ǫǫǫ0,ηηη0, λ10, zzz(t0)) +

δ2

ĉ0

∫ t

t0

(

ĉ(‖ǫǫǫ(τ )‖2 + ‖ηηη(τ )‖2)+

δ2

ĉ0
y
2(τ ) +

n
∑

i=1

ĉiz
2
1(τ )

)

dτ ≤
∫ t

t0

δ
2‖ωωω(τ )‖2dτ+

δ0(ζζζ0,xxx0, ξξξ0,λλλ0), ∀t ≥ t0Ù¥, δ0 < +∞ � δ0(000,000,000,000) = 0. Ïd, ¢y
4�XÚ
L2-O�¿Âe��Û6Ä³�.AO/, �Ä6Ä ωωω(t) = 0 ��¹. ÏǑ L, εεε, ηηη, ǫǫǫ 3
[t0, +∞) þ´k.�, �� ε̇εε, η̇ηη, ǫ̇ǫǫ 3 [t0, +∞) þǑ´k.�. KdÚn 2, Barbalat Ún[16−17] Úª (5), ��XÚ (1)�G�´ìC­½�. �

3 �ý�~�ÄXeüÑ\üÑÑ��5XÚ:



























ζ̇ = −3ζ + y + ω

ẋ1= x2 +
1

4
ζ + θ1x1 sin ζ +

1

4
θ3(1 + cos(x2ζ))ω

ẋ2= gu + θ2 ln(1 + x2
2)

y = x1

(17)Ù¥, θ1, θ2 Ú θ3 ´��~ê. b�dXÚ÷vb�^�
1) ∼ 4), Ù¥ U0 =

1

2
ζ2, c0,1 = 1, c0,2 =

1

4
, c0,3 =

1

4
,

c = max{|θ1|, |θ2|} ��, H =
1

2
|θ3| ��, g �ÎÒǑ��

gN = 1, gM =
3

2
.5 3. ���Ñ�´, ©z [12] ¥���ýXÚ���5'uØ�ÿG��O�Ç´®���~ê, ¿�6Ä�Xê�þ��ê�þ.H Ǒ´®��. ���', ��~XÚ¥þãù
þ´���, ¤±XÚ���ä��5. d	, �éXÚ (17), ©z [12] ¥Äu·�pO�K-ÈÅì�ÑÑ�"��ìéJéGþãØ(½5, ¤±ùp�E
ÄuÄ�pO�� K-ÈÅì, ¿3��ì��OL§¥Ú\
õ�·���Oëê, 3¢y��8��Ó��O\
�O�gdÝ. ��O/Xª (3)!ª (4) Úª (14) �g·AÑÑ�"��ì, Ù¥ n = 2. ÀJ�Oëê lll = [2, 1]T, h = 0.2, b1 =

2.1, b2 = 0.1, γ1 = 7.5. � ω = exp (−t), θ1 = −1

4
, θ2 =

1

2
,

θ3 = 1, g = 1. - t0 = 0, ζ0 = 0, xxx0 = ξξξ0 = λλλ0 = [0, 0]T.

Matlab �ý��ã 1∼ 5, �«
4�XÚG��Ä�;,,l¥��4�XÚ�û�­�A5.

4 (Ø�é�a�6uØ�ÿG�O���5XÚ, )û
Ù
L2-O�¿Âe�ÑÑ�"6Ä³�¯K. duXÚäkØ(



12Ï ÿǑ�: �a��5XÚÑÑ�"g·A6Ä³� 1535½��Xê, ¿�XÚ��5O�Ç��, Ú\
Ä�pO� K-ÈÅì, ¿Äud�E
G�*ÿì. 3ÑÑ�"��ì��OL§¥Ú\
õ��Oëê,O\
ÀJ�gdÝ.ÏLÀJT���Oëê, ¢y
XÚ� L2-O�6Ä³��8I.

ã 1 XÚG� ζ

Fig. 1 System state ζ

ã 2 XÚG� xxx

Fig. 2 System state xxx

ã 3 K-ÈÅìG� ξξξ

Fig. 3 State ξξξ of K-filters

ã 4 K-ÈÅìG� λλλ

Fig. 4 State λλλ of K-filters

ã 5 K-ÈÅìO� L

Fig. 5 Dynamic gain L of K-filters
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