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Abstract A novel optimal tracking control method for a class of discrete-time systems with actuator saturation and unknown
dynamics is proposed in this paper. The scheme is based on the iterative adaptive dynamic programming (ADP) algorithm. In
order to implement the control scheme, a data-based identifier is first constructed for the unknown system dynamics. By introducing
the M network, the explicit formula of the steady control is achieved. In order to eliminate the effect of the actuator saturation, a
nonquadratic performance functional is presented, and then an iterative ADP algorithm is established to achieve the optimal tracking
control solution with convergence analysis. For implementing the optimal control method, neural networks are used to establish the
data-based identifier, compute the performance index functional, approximate the optimal control policy and solve the steady control,
respectively. Simulation example is provided to verify the effectiveness of the presented optimal tracking control scheme.
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In most industrial process control systems, the system
dynamics are not accurately known, which makes it difficult
to design the optimal controller. Fortunately, many industrial processes generate and store huge amounts of process
data at every time instant of every day, containing all the
valuable state information of process operations and equipment. Using online and offline data, to design controllers
directly, predict and assess system states, evaluate performance, make decisions, or even diagnose faults, would be
very significant, especially in the absence of accurate process models[1−2] . In recent years, some data-based control
schemes are proposed by many scholars. Based only on
available system data, [3] proposed a novel switching mechanism to deal with the unknown control direction. Using
a set of input/output data, [4] proposed piecewise affine
autoregressive exogenous models of the system dynamics.
However, the most current studies focus on designing controller for general nonlinear systems, and only few works
involve the optimal tracking control problem for unknown
system dynamics with actuator saturation.
It is generally known that the actuator saturation
is one of the most common nonlinearities in practical
applications[5] . In recent decades, the control problem of
nonlinear systems with saturating actuators is one of the
hot issues in the field of systems control[6−8] . However,
most of works do not take into account the optimal tracking
control problem for unknown system dynamics. Therefore,
this problem will be discussed through Hamilton-JacobiBellman (HJB) framework[9] in this paper.
As it is well known to solve the optimal control problems
effectively, dynamic programming is one of the most helpful
method[10] . However, except for very special cases, the HJB
equation is untenable computationally by dynamic programming, due to the reason of “curse of dimensionality”.
In consequence, adaptive/approximate dynamic programManuscript received December 13, 2012; accepted March 15, 2013
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ming (ADP) algorithms have gained a lot of attention from
scholars[11−14] , to get the approximate solution of HJB
equation, in which the neural networks have been widely
used[15] , and it promotes the development of the neural
networks[16−17] . By now, ADP has successfully solved the
nonlinear zero-sum differential games problem[18] , optimal
control problem for MIMO systems[19] , on line optimization
problem[20] , etc. Reference [21] considered the systems with
state delays and control delays, and proposed a new optimal
control scheme with the M network, which is the highlight
of the paper. Reference [22] defined a novel performance
index function for the optimal tracking problem. In addition, [5] proposed a new optimal control algorithm for
systems with control constraints. But the research results
are lacking of detailed analysis of the unknown systems.
Aiming at the unknown system dynamics, [23] proposed a
forward-in-time method to obtain the optimal control solution. However, the rigorous analyses of the model convergence are absent. Furthermore, [24] presented an optimal
control method for unknown nonlinear systems. But the actuator saturation nonlinearities are not considered, which
are very important in industrial systems.
It is undeniable that for ADP algorithm in the field of optimal control, the scholars have made significant progress.
However, as far as we know, how to obtain the solution
of the optimal tracking control problem for unknown system dynamics with actuator saturation via ADP algorithm
is very intractable. Therefore, this paper will propose a
method to get over this problem. First, the data-based
identifier is established with convergence proof. Then, the
M network is used to obtain the steady control. Next, the
corresponding HJB equation of the optimal tracking problem is derived. A novel iterative ADP algorithm is established to obtain the solution of the HJB equation. And
then, for implementing the proposed optimal tracking control method, the neural networks are adopted as the approximators. Briefly, the major highlights of the paper are
summarized as follows.
1) The input/output data are used to establish the identifier with rigorous convergence proof.
2) A novel nonquadratic functional is proposed for the
optimal tracking problem and the corresponding HJB equa-
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tion of the optimal tracking problem is derived.
3) It is proven that the iterative performance index functional sequence converges to the minimum. It is also shown
that the HJB equation is established for the optimal tracking control problem.
4) The M network is utilized to approximate the steady
control, and one neural network is used to establish the
data-based identifier.
The organization of the rest of the paper is as follows.
Section 1 presents the motivations and preliminaries. Section 2 is about the ADP-based optimal tracking control
method, and theorems of the convergence. Section 3 discusses the implementation of the optimal tracking control
method. Section 4 gives an example to show the performance of the proposed method. Section 5 concludes the
paper.

us (t),
Here we denote x(t) = e(t) +ηη (t) and u(t) = v (t) +u
then the following expression is obtained

1

where U (ee(i), v (i)) = M (ee(i)) + N (vv (i)) is positive definite.
For convenience, the optimal performance index functional is defined as H ∗ (ee(t)), which is expressed as

Motivations and preliminaries

In this paper, we consider the following unknown nonlinear systems
x(t), u (t))
x (t + 1) = F (x

(2)

The reference signal η (t) is defined as follows:
η (t + 1) = Fd (ηη (t))

(3)

Furthermore, the steady control is
u s (t) = Gd (ηη (t), η (t + 1))

(4)

where Gd satisfies η (t + 1) = F (ηη (t), Gd (ηη (t), η (t + 1))).
Remark 1. If the system dynamics of (1) are known,
then the steady control u s (t) can be obtained by the
method in [22]. However, in this paper, the system dynamics of (1) are unknown, so a method is proposed in Subsection 2.2 to obtain the steady control Gd (·). Furthermore,
in order to ensure that the optimization problem of this paper is solvable, the saturating bounds of system (1) satisfy
us1 , · · · , u sm ]T .
u max
≥ u si and u min
≤ u si , where u s = [u
i
i
Based on the above preparative work, the state error is
defined as follows:
e (t) = x (t) − η (t)

(5)

and the control error is defined
v (t) = u (t) − u s (t)








(6)

F (ee(t) + η (t), v (t) + u s (t)) − Fd (ηη (t))

(7)

η (t + 1) = Fd (ηη (t))

With the above preparation, the performance index functional is presented as follows:
H(ee(t), v (t)) =

∞
X

{M (ee(i)) + N (vv (i))}

(8)

i=t

H ∗ (ee(t)) = inf {H(ee(t), v (t)), v (t) ∈ Ωv }

(1)

where the control u (t) ∈ Rm and the state x (t) ∈ Rn .
x(t), u (t)) is unknown continuous function. It is assumed
F (x
that the state is completely controllable and bounded in Ω
u1 (t) u 2 (t)
⊂ Rn and F (00, 0 ) = 0. We denote u (t) = [u
· · · um (t)]T ∈ Rm , umin
≤ ui (t) ≤ umax
, i = 1, · · · , m,
i
i
where u min
and u max
are the saturating bounds for the
i
i
ith actuator. In this paper, we assume that the unknown
system (1) is controllable in Ω, i.e., there exists analytic
control policy which makes the system track the specified
signal.
Assumption 1. For the system state x (t) and the
control input u (t), the Jacobian matrix of system (1)
x(t), u (t))
∂F (x
is nonsingular.
u(t)
∂u
The assumption is important to guarantee the existence
of the control policy. So in the light of the theorem of
implicit function, the control u (t) is existent and defined as
follows:
x(t), x (t + 1))
u (t) = G(x


e (t + 1) = x (t + 1) − η (t + 1) =






x(t), u (t)) − Fd (ηη (t)) =
F (x

v (t)

(9)

where Ωu is the set of admissible controls.
Definition 1. For the expression (9), the control policy
v (t) is regarded as to be admissible, if v (t) is continuous,
H(ee(t), v (t)) is finite, for ∀ e(t), and v (t) = 0 as e(t) = 0.
On the basis of Bellman0 s optimality principle, for the
optimal performance index functional H ∗ (ee(t)), the HJB
equation should be satisfied
H ∗ (ee(t)) = inf {M (ee(t)) + N (vv (t)) + H ∗ (ee(t + 1))} (10)
v (t)

which means that the optimal control policy v ∗ (t) is obtained by
v ∗ (t) = arg inf {M (ee(t)) + N (vv (t)) + H ∗ (ee(t + 1))} (11)
v (t)

Therefore, it is clear that if the optimal performance index functional H ∗ (ee(t)) is acquired by (10), then the optimal tracking control problem of this paper is solved. However, there are three difficulties need to be overcome.
1) The dynamics of system (1) are unknown. And it leads
to the dynamics of e (t+1) in (10) are also unknown. So the
data-based identifier should be established to reconstruct
e (t + 1).
2) The expression of u s (t) in (4) is undefined, which
means that the expression of v (t) is unknown. So v (t) in
(10) should be defined.
3) The input u (t) in system (1) is saturated, that means
v (t) is also saturated, so N (vv (t)) in the HJB equation (10)
should be defined reasonably.
In the following part, the difficulties will be solved one
by one.

2

Efficient optimal solution based on
ADP

This section contains four subsections. The unknown
nonlinear system is identified by a neural network identification scheme with stability proof in the first subsection.
The M network is given to obtain u s (t) in the second subsection. In the third subsection, according to the iterative ADP algorithm, the optimal tracking control scheme
is proposed. In the fourth subsection, the corresponding
convergence theorem is developed.
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Data-based identifier of unknown system dynamics

In this subsection, the data-based identifier is established
with convergence proof. The three-layer neural networks
are used as the identifier. In the neural networks, l is the
hidden layer neurons number, the constant matrices win
and wout are the weight matrices relating the input layer
and hidden layer, the hidden layer and output layer, respectively. Here win is assumed to be constant, so wout is
the only one to be tuned. Thus, we have the identification
method as follows:
êe(t + 1) = (wout (t))T ψ(zz (t))

e (t + 1) = (wout )∗T ψ(zz (t)) + τ (t)

where 0 < λ < 1.
Then asymptotic stability stable of the identification error ẽe(t + 1) in (16) is guaranteed, and the boundedness of
w̃out (t) in (15) is also obtained.
Proof. The Lyapunov functional is as follows:

(13)

w̃

(t) = w

out

(t) − (w

out ∗

)

−1
V2 (t) = αm
tr{(w̃out (t))T w̃out (t)}

(25)

ẽeT (t + 1)ẽe(t + 1) − ẽeT (t)ẽe(t) =
((w̃out (t))T ψ(zz (t)))T ×
(w̃out (t))T ψ(zz (t)) − 2((w̃out (t))T ψ(zz (t)))Tτ (t) +
τ T (t)ττ (t) − ẽeT (t)ẽe(t)

(15)

(26)

and
∆V2 (t) =

ẽe(t + 1) = (w̃

out

T

(t)) ψ(zz (t)) − τ (t)

(16)

Define
E(t + 1) =

1 T
ẽe (t + 1)ẽe(t + 1)
2

−1
αm
tr{(wout (t+1)−(wout )∗ )T (wout (t+1)−(wout )∗ )} −
−1
αm
tr{(w̃out (t))T w̃out (t)}

(17)

Then we have
w

(24)

∆V1 (t) =

(14)

Then we have

out

V1 (t) = ẽeT (t)ẽe(t)

Then the first difference of the Lyapunov functional candidate is computed as follows:

and the weight matrix error is denoted by
out

(23)

and

where the neural networks function approximation error
τ (t) is bounded, (wout )∗T is the ideal weight matrix, ψ(zz (t))
∈ Rl is the bounded activation function, and kψ(zz )k ≤ ψ̄.
The system identification error is denoted as follows:
ẽe(t + 1) = êe(t + 1) − e (t + 1)

V (t) = V1 (t) + V2 (t)
where

(12)

where êe(t + 1) is the estimate of e (t + 1), z (t) =
(win )T [eeT (t) v T (t)]T . So we can obtain

1415

(27)

By the derivation, we have
∆V2 (t) =

(t + 1) = w

out

T

(t) − αm ψ(zz (t))ẽe (t + 1)

(18)

where the learning rate αm is a positive number, and αm ≤
α2
, in which α is an adjustable parameter. The weight
2ψ̄ 2
error is defined as follows:
w̃out (t + 1) = w̃out (t) − αm ψ(zz (t))ẽeT (t + 1)

(19)

For the convergence proof of the identification error, the
following assumption and lemma are necessary[25] .
Assumption 2. It is assumed that the term τ (t) satisfies
T

T

τ (t)ττ (t) ≤ λẽe (t)ẽe(t)

(20)

where λ is constant.
Lemma 1[26] . The vector Di , i = 1, · · · , n, satisfies
T

(D1 + · · · + Dn ) (D1 + · · · + Dn ) ≤
n(D1T D1

+ ··· +

DnT Dn )

−1
αm
tr{(wout (t) − αm ψ(z(t))ẽeT (t + 1) − (wout )∗ )T ×

(wout (t) − αm ψ(zz (t))ẽeT (t + 1) − (wout )∗ )} −
−1
αm
tr{(w̃out (t))T w̃out (t)} =

αm ψ T (zz (t))ψ(zz (t))((w̃out (t))T ψ(zz (t)) − τ (t))T ×
((w̃out (t))T ψ(zz (t)) − τ (t)) −
2ψ T (zz (t))w̃out (t)((w̃out (t))T ψ(zz (t)) − τ (t))

(28)

According to Lemma 1, we have
∆V2 (t) ≤
2αm ψ T (zz (t))ψ(zz (t))(((w̃out (t))T ψ(zz (t)))T ×
(w̃out (t))T ψ(zz (t)) + τ T (t)ττ (t)) −

(21)

In the following part, the stability analysis will be given.
Theorem 1. If the weights update law is as in (18), the
α2
learning rate αm satisfies αm ≤
, and α satisfies
2ψ̄ 2
( r
)
(r
)
1−λ
1−λ
max −
, −1 ≤ α ≤ min
,1
(22)
λ
λ

2ψ T (zz (t))w̃out (t)((w̃out (t))T ψ(zz (t)) − τ (t))
So the following expression
∆V (t) =
∆V1 (t) + ∆V2 (t) ≤
− ((w̃out (t))T ψ(zz (t)))T (w̃out (t))T ψ(zz (t)) +

(29)
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τ T (t)ττ (t) − ẽeT (t)ẽe(t) +

in this subsection. In HJB equation (10), the expressions
of M (ee(t)) and N (vv (t)) are not explicit, so we firstly define

2αm ψ T (zz (t))ψ(zz (t))(((w̃out (t))T ψ(zz (t)))T ×
(w̃

out

T

M (ee(t)) = e T (t)Q1e (t)

(38)

T

(t)) ψ(zz (t)) + τ (t)ττ (t)) ≤
2

(−1 + α )((w̃

out

2

T

T

(t)) ψ(zz (t))) (w̃

and
out

(t)) ψ(zz (t)) +

T

α2 ≤ 1

(31)

and
1−λ
λ

(32)

∆V (t) ≤ 0

(33)

Thus we obtain

It is concluded that the identification error ẽe(t + 1) satisfies stability in the sense of Lyapunov, and the weights
estimation error w̃out is bounded.
¤
Remark 2. From the analyses above, it can be concluded that the data-based identifier in this paper is a development of traditional neural network model. First, the
input/output data are collected into the database. Then,
the data in database are used to train the identifier. Furthermore, the weight update law is designed to make the
identifier asymptotically stable, and the comprehensive theoretical analysis is given.

(34)

where zη (t) = [ηη T (t), η T (t + 1)]T . We define the error function of the model network as
us (t) = û
us (t) − us (t)
ũ

(35)

(36)

The M network is updated as follows:
wM (t + 1) = wM (t) + ∆wM (t) =
wM (t) − αM

v (t)

(40)
and
v (t)

1 T
us (t)ũ
us (t)
E (t) = ũ
2
M

∂E M (t)
∂wM (t)

(37)

and

2.3

2.4

With the above preparation, based on ADP algorithm,
a novel optimal tracking control method will be proposed

n

M (ee(t)) + N (vv (t)) + H [i] (ee(t + 1))

o

(41)
where N (vv (t)) is defined as in (39) and the saturated
bounds are β min
≤ v j ≤ β max
, in which β min
= u min
− u sj
j
j
j
j
max
max
β
u
u
and j
= j − sj , j = 1, · · · , m.
Then, from the equation (40), we have v [i] (t) as
Ã
!
µ
¶T
∂ee(t + 1)
∂H [i] (ee(t + 1))
1
v [i] (t) = φ − R−1
(42)
2
∂ee(t + 1)
∂vv [i] (t)

where αM is the learning rate. The weights update rule
is similar as (18), so if the appropriate learning rate is seus (t) asymptotically converges to u s (t).
lected, then û
Derivation of the optimal tracking control
scheme

x)
The trajectory of ϕ(x

In this paper, we propose an iterative ADP algorithm.
The iterative ADP algorithm starts with the initial iterative performance index functional H [0] (·) = 0. Then for i
= 0, 1, · · · , we define the iterative control vector v [i] (t) as
follow:
n
o
v [i] (t) = arg inf M (ee(t)) + N (vv (t)) + H [i] (ee(t + 1))

H [i+1] (ee(t)) = inf

Define the error measure as:

(39)

where φ(·) ∈ C p is the one-to-one bounded function, p ≥
1 and L2 (Ω). φ−1 (vv (t)) = [ϕ−1 (vv 1 (t)), · · · , ϕ−1 (vv m (t))]T .
The boundedness of the first derivative is M̄ , and it is an
increasing monotonic function. ϕ(·) satisfies β min ≤ ϕ(·) ≤
β max .
Remark 3. In [5], the saturating upper and lower bound
norms for the actuators are the same, so the hyperbolic
tangent is selected as the activation function. While in
this paper, the lower bound norm |β min | and the upper
bound norm |β max | are not necessarily equivalent, so the
odd function tanh(·) cannot very well solve the problem.
ex − e−xx
x) = 1 x
Thus a new function ϕ(x
is used
1
e + (− β min
)e−xx
β max
in this paper. If β min = −5 and β max = 2, then the figure
x) is as in Fig. 1.
of ϕ(x

Fig. 1

us (t) = (wM (t))T ψ(zη (t))
û

T

(φ−1 (s)) Rds

0

The M network

Based on Assumption 1, it is clear that u s (t) is existent.
So according to the input/output data (ηη (t), u s (t), η (t + 1))
of the actual system, we will introduce the M network to
be as the approximator of Gd (·). So we define

v (t)

N (vv (t)) = 2

(30)

holds.
As α satisfies (22), so

α2 ≤

Z

T

(−1 + λ + α λ)ẽe (t)ẽe(t)

2.2

Vol. 39

H [i+1] (ee(t)) = M (ee(t)) + N (vv [i] (t)) + H [i] (ee(t + 1)) (43)
Convergence analysis of the iterative ADP algorithm

This part is about the convergence and stabilization
analyses.
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Lemma 2. Let {ςς [i] (t)} be any sequence of control policies, and {vv [i] (t)} be the policies as expressed in (40). Let
H [i+1] be as in (41) and Λ[i] is updated as
[i+1]

Λ

[i]

i

(ee(t)) = M (ee(t)) + N (ςς (t)) + Λ (ee(t + 1))

[0]

[0]

[i+1]

(44)

[i+1]

If H (·) = Λ (·) = 0, then H
(ee(t)) ≤ Λ
(ee(t)),
∀ i.
Proof. The fact can be obtained from (40). As
H [i+1] (ee(t)) is achieved by v i (t), while Λ[i+1] (ee(t)) is obtained by any control input.
¤
Theorem 2. Let H [i+1] (ee(t)) be defined as in (41), then
0 ≤ H [i+1] (ee(t)) ≤ Y , ∀ i holds, where Y is the bound.
γ [i] (t)} be any admissible control, P [0] (·) =
Proof. Let {γ
0 and P [i+1] (ee(t)) be

Second, suppose that H [i] (ee(t)) ≥ Φ[i−1] (ee(t)), for i − 1,
∀ e (t). As
H [i+1] (ee(t)) = M (ee(t)) + N (vv [i] (t)) + H [i] (ee(t + 1)) (53)
and
Φ[i] (ee(t)) = M (ee(t)) + N (vv [i] (t)) + Φ[i−1] (ee(t + 1)) (54)
so we can get
x(t)) =
H [i+1] (ee(t)) − Φ[i] (x
H [i] (ee(t + 1)) − Φ[i−1] (ee(t + 1)) ≥ 0

H [i+1] (ee(t)) ≥ Φ[i] (ee(t)), ∀ i

H [i] (ee(t)) ≤ Φ[i] (ee(t)) ≤ H [i+1] (ee(t))

γ [i−1] (t + 1)) +
P [i] (ee(t + 1)) = M (ee(t + 1)) + N (γ
P [i−1] (e(t + 2))

(46)

So we have
P [i+1] (ee(t)) =
γ [i] (t)) + M (ee(t + 1)) +
M (ee(t)) + N (γ

holds, and the proof is completed.
¤
Hence {H [i] (ee(t))} is convergent, for i → ∞.
In this paper, we can define limi→∞ H [i] (ee(t)) =
∗
H (ee(t)), accordingly limi→∞ v [i] (t) = v ∗ (t), and u ∗ (t) =
v ∗ (t) + u s (t).
Theorem 4. The limit H ∗ (ee(t)), ∀ t, satisfies
v (t)

γ [0] (t + i)) =
M (ee(t + i)) + N (γ
i
X
γ [i−j] (t + j))}
{M (ee(t + j)) + N (γ

(47)

Proof. For any i, the performance index functional sequence satisfies
n
o
H [i+1] (ee(t)) = inf M (ee(t)) + N (vv (t)) + H [i] (ee(t + 1))
v (t)

(59)
Combining with H [i+1] (ee(t)) ≤ limi→∞ H [i+1] (ee(t)), ∀ i,
and limi→∞ H [i+1] (ee(t)) = H ∗ (ee(t)), we can obtain
n
o
H ∗ (ee(t)) ≥ inf M (ee(t)) + N (vv (t)) + H [i] (ee(t + 1)) =

j=0
[i]

γ (t)} is admissible, so
Note that {γ
P [i+1] (ee(t)) ≤
i
X
γ [i−j] (t + j))} ≤ Y,
{M (ee(t + j)) + N (γ

v (t)

∀i

j=0

(48)

M (ee(t)) + N (vv [i] (t)) + H [i] (ee(t + 1))

0 ≤ H [i+1] (ee(t)) ≤ P [i+1 (ee(t)) ≤ Y,

∀i

(49)

¤
Theorem 3. Let {H [i+1] (ee(t))} be as in (41) and H [0] (·)
= 0. Then we have that {H [i+1] (ee(t))} satisfies H [i+1] (ee(t))
≥ H [i] (ee(t)), ∀ i.
Proof. Define {Φ[i] (ee(t))} as
Φ (ee(t)) = M (ee(t)) + N (vv (t)) + Φ

[i−1]

(ee(t + 1)) (50)

with Φ[0] (·) = 0.
Then, we will prove that Φ[i] (ee(t)) ≤ H [i+1] (ee(t)).
First, for i = 0, we have
H [1] (ee(t)) − Φ[0] (ee(t)) = M (ee(t)) + N (vv [0] (t)) ≥ 0 (51)
H [1] (ee(t)) ≥ Φ[0] (ee(t))

(52)

(61)

On the other hand, for ∀ i and any admissible control
input sequence γ [i] (t), we obtain
γ [i] (t)) + H [i] (ee(t + 1))
H [i+1] (ee(t)) ≤ M (ee(t)) + N (γ
(62)
As H [i] (ee(t)) ≤ H [i+1] (ee(t)), we can obtain
γ [i] (t)) + H [i] (ee(t + 1))
H [i] (ee(t)) ≤ M (ee(t)) + N (γ

(63)

Since γ [i] (t) is selected arbitrarily, so
H [i] (ee(t)) ≤ M (ee(t)) + N (vv [i] (t)) + H [i] (ee(t + 1))

(64)

holds.
Let i → ∞, then
H ∗ (ee(t)) ≤ M (ee(t)) + N (vv ∗ (t)) + H ∗ (ee(t + 1))

So for i = 0, we have

(60)

Let i → ∞, we have
x(t + 1))
H ∗ (ee(t)) ≥ M (ee(t)) + N (vv ∗ (t)) + H ∗ (x

holds.
Thus we can obtain

[i]

(57)

H ∗ (ee(t)) = inf { M (ee(t)) + N (vv (t)) + H ∗ (ee(t + 1))} (58)

γ [i−1] (t + 1)) + · · · +
N (γ

[i]

(56)

From Lemma 2 we have H [i] (ee(t)) ≤ Φ[i] (ee(t)). So

From (45), we obtain

i→∞

(55)

Therefore, we have

γ [i] (t)) + P [i] (ee(t + 1)) (45)
P [i+1] (ee(t)) = M (ee(t)) + N (γ

lim
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So, we have

(65)
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H ∗ (ee(t)) =

3.2
∗

∗

M (ee(t)) + N (vv (t)) + H (ee(t + 1)) =
inf { M (ee(t)) + N (vv (t)) + H ∗ (ee(t + 1))}

v (t)

(66)

Implementation of the iterative ADP
algorithm

In this paper, the neural networks are used is as the
function approximator. The neural network implementation process is shown in Fig. 2.

The action network

The approximator of v (t) is the action network, which is
defined as
v̂v [i] (t) = (Wa[i] )T ψ(ee(t))
(73)
The error is

¤
Thus, H [i] (ee(t)) → H ∗ (ee(t)) as i → ∞. Simultaneously,
we have v [i] (t) → v ∗ (t) as i → ∞. Therefore, the optimal
tracking control of system (1) is u ∗ (t) = v ∗ (t) + u s (t).
In the next section, the detailed implemention of the
optimal tracking control method will be given.

3
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ea[i] (t) = v̂v [i] (t) − v [i] (t)

(74)

So, we obtain
Ea[i] (t) =
where

(75)

wa[i+1] (t) = wa[i] (t) + ∆wa[i] (t)

(76)

¸
·
∂Ea[i] (t)
∆wa[i] (t) = αa −
∂wa[i] (t)

(77)

∂Ea[i] (t)
∂Ea[i] (t) ∂ea[i] (t) ∂vv [i] (t)
=
∂wa[i] (t)
∂ea[i] (t) ∂vv [i] (t) ∂wa[i] (t)

(78)

in which

and

1
(ea[i] (t))2
2

and αa > 0.
3.3

The procedure of the ADP algorithm

In Fig. 2, the data-based identifier module is introduced
in Subsection 2.1, which is used to build the system dynamics. The M network module is given in Subsection 2.2,
which is used to obtain u s (t). The action network is used to
approximate the control error. The two critic networks are
used to approximate H(ee(t)) and H(ee(t + 1)), respectively.
The update methods of action network and critic network
modules will be shown in the following part.

In this subsection, the iterative algorithm for optimal
tracking control problem is summarized as:
Step 1. Give the maximal iterative step imax and the
initial state x (0). Give the iterative accuracy % and the
desired trajectory η (t).
Step 2. Practically collect large offline data (ee(t), v (t),
e (t + 1)) to train the identifier and use data (ηη (t), u s (t),
η (t + 1)) to train the M network.
Step 3. From the iterative index i = 0 compute
H [i+1] (ee(t)) and v [i] (t).
Step 4. If |H [i+1] (ee(t)) − H [i] (ee(t))| ≤ %, then stop the
iterative algorithm.
Step 5. If i > imax , then stop the iterative algorithm.
Step 6. Using u ∗ (t) obtain the optimal trajectory of the
unknown system (1).
Step 7. Stop.

3.1

4

Fig. 2

The structural diagram of the networks

The critic network

The approximator of H [i+1] (ee(t)) is the critic network
output, which is expressed as
Ĥ [i+1] (ee(t)) = (Wc[i+1] )T ψ(ee(t))

ec (t) = Ĥ

[i+1]

(ee(t)) − H

Define
Ec[i] (t) =

[i+1]

(ee(t))

1 [i]
(ec (t))2
2

We consider the discrete-time nonlinear system as
follows[22] :

(67)

The error of the critic network is
[i]

Simulation study

(68)
(69)

x(t)) + g(x
x(t))u
u(t)
x (t + 1) = f (x
where −0.7 ≤ ui (t) ≤ 0.7, i = 1, 2.
"
#
x1 (t) exp (x
x2 (t))2 x 2 (t)
0.2x
x(t)) =
f (x
x2 (t))2 x 1 (t)
0.3 (x
and

So, we have

·

wc[i+1] (t) = wc[i] (t) + ∆wc[i] (t)
where

·
[i]

∆wc (t) = αc
and

∂Ec[i] (t)
−
∂wc[i] (t)

∂Ec[i] (t)
∂Ec[i] (t) ∂ Ĥ [i] (ee(t))
=
[i]
∂wc (t)
∂ Ĥ [i] (ee(t)) ∂wc[i] (t)

x(t)) =
g(x

(70)

¸
(71)

(79)

−0.2
0

0
−0.2

¸

The desired trajectory η (t) is generated by the following
expression
η (t + 1) = Aηη (t)

(72)

wc[i] (t) is the weight vector and the learning rate αc > 0.

(80)

with
·
A=

cos wT
− sin wT

sin wT
cos wT

¸

·
,

η (0) =

0
0.1

¸
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where T = 0.1 s, w = 0.8π.
For the unknown system (79) and desired orbit (80), the
data-based identifier of e(t+1) is firstly established according to Subsection 2.1. The maximal iterative step imax is
100. The data-based identifier structure is 4-8-2. From
[−0.15, 0.15], the initial weights are selected, αm = 0.02.
Then the identification error trajectories are obtained as in
Fig. 3. We can see that the identification errors converge
to zero asymptotically. For obtaining the steady control
(4), the M network presented in Subsection 2.2 is used.
For M network the learning rate is wM = 0.2, the trajectories of the steady control u s are shown in Fig. 4. Based
on the above preparation works, the optimal ADP tracking
algorithm is going to be implemented. The three-layer BP
neural networks are used to approximate the critic network
and the action network, respectively. After 3 000 iterative
steps, the performance index functional is monotone and
increasing as in Fig. 5. Finally it converges to the optimal
one.
The optimal tracking state trajectories of system (79)
are also achieved after 50 time steps. The dotted lines in
Fig. 6 and Fig. 7 are the states of system (79). The solid
lines in Fig. 6 and Fig. 7 are the states of system (80). Obviously, the states of system (79) can fast track the desired
trajectory (80). The tracking error trajectories are shown
in Fig. 8.
The control error trajectories are shown in Fig. 9. It is
clear that the tracking error is asymptotically stable and
the new optimal tracking control policy for the unknown
system is very feasible.

Fig. 6

The trajectories of x1 and η1

Fig. 7

The trajectories of x2 and η2

Fig. 8

Fig. 3

The identification error trajectories

Fig. 9

5

Fig. 4

The trajectories of u s
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The tracking error trajectories

The tracking control error trajectories

Conclusion

This paper proposed an effective optimal tracking control scheme for a class of unknown nonlinear systems with
actuator saturation. First, a data-based identifier was constructed for the unknown nonlinear system. Then the M
network was introduced to obtain the expression of the
steady control. Next, a new nonquadratic performance
functional was proposed, and a novel ADP algorithm was
developed. The simulation works have shown the effectiveness of the proposed optimal tracking control method for
the unknown systems with actuator saturation.
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