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Research Progress on Learning-based Robust Adaptive Critic Control

WANG Ding" 2

Abstract In the machine learning field, the core technique of artificial intelligence, reinforcement learning is a class of
strategies focusing on learning during the interaction process between machine and environment. As an important branch
of reinforcement learning, the adaptive critic technique is closely related to dynamic programming and optimization design.
In order to effectively solve optimal control problems of complex dynamical systems, the adaptive dynamic programming
approach was proposed by combining adaptive critic, dynamic programming with artificial neural networks and has been
attracted extensive attention. Particularly, great progress has been obtained on robust adaptive critic control design with
uncertainties and disturbances. Now, it has been regarded as a necessary outlet to construct intelligent learning systems
and achieve true brain-like intelligence. This paper presents a comprehensive survey on the learning-based robust adaptive
critic control theory and methods, including self-learning robust stabilization, adaptive trajectory tracking, event-driven
robust control, and adaptive Hs control design. Therein, it covers a general analysis for adaptive critic systems in terms of
stability, convergence, optimality, and robustness. In addition, considering novel techniques such as artificial intelligence,

big data, deep learning, and knowledge automation, it also discusses future prospects of robust adaptive critic control.
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2 8 — I AT AN E TR E S TR AR 2 ME R T

@(t) = f(x(t) + g(x(t))ut) + Af(x(t) (24)

Hrpz(t) € @ ¢ R™ 2RSS EIFH u(t) e R™
efEdlmE, f() M og() AT EBRE £(0) = 0
Af(z) RAMEHA Af(0) = 0. xH, £
z(0) = zo AWIHRETE BARBEATEI Af(z)
A BAf(@)] < Ap(a), Hor, CRIBRE A (2)
Wi Ap(0) = 0.

N TP ERER ), SIS RS

() = p(r(t)) (25)

Hrp r(t) € R REAFI HFRPUE B L r(0) =
ro. XHARW @(r(t)) & A Lipschitz %45 ok £ 7]

AL 0(0) = 0. 5 UL ERER 2
z(t) = z(t) — r(t) (26)

%:H%ﬂﬁéiiﬁlajijg Z(O) = Zp = g — Tg. E%jit
(24) ~ (26), TRATAT LA BB 5 3

2(t)=f(x(t))—p(r®)+g(z())ut+Af(z(t) (27)
8B 2(t) = 2(t) + r(£), G (27) TUKE N
2(t) = f(z(t) +r(t) + g(=(t) + r(t))ult)—

o(r(t)) + Af(z(t) +r(t)) (28)
KL, g ) Hﬂfﬁﬂi §(t) = [7(1), v ()]" €
R?" H £(0) = 20,70 " EEMHIIR A,

4, TR (25) D(28), T ZRGe 8 A n] LA i 4
Y]

£(t) = F(E() + GE[)ult) + AF(ED)  (29)

Horft, () A G() JRHRI R GOH BRI I, T
AF(€) BB AHIEI. T BATBR Y

Few) - | TE0+ <;>z)—w<<>>] (302)
G(e(t) = r(t) ] (30b)
_ < (1))
AF(E(®) = 1 (30¢)
HF

[AFON = 1Af(z +7)l = [|Af ()] <
Ap(@) = Ap(z + 1) = Ap(§) (31

DRI, BT AN AT AR 2 A B 5.

H TR ARG (24) X TS HEE (25) &
PRERER H bR, W7 LLRIE —/ NS 3IAS R4 (29), IF
Bt AN BRI u(E), AT, MR RGO
T AF (&) FEWHLRGE N, STk [78) C&uEl: iX—
i R DL AR A BATIE U AR BRI R R
LT ik, R RS (29) MIFRFRER
Vi

£(t) = F(E@) +G(&())u(t) (32)
h T R w(€) LA MR R %L

- e

T))}dT (33)

Hdr Q&) > 0 AEFAMNUR I, 1 U(E,u) &%
ﬂ%ziﬂzmﬂzw , U(0,0) =0, JFHXTHAM
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il #A8 UE,u) >0 or. X S0H 50 £k
AR F LM IR U (& u) = €TQ¢ +
uTRu, ', Q = diag{Q, 0,xn}, 1 Q € R™" il
R e R™ ™ [FNIE @M FE. (AR, X 4
AR RS (33) (RIS S 1 AN e 2, i 15 T A
PRI AR R, Jerb, Q(€) AN E N 3% DIAH
K.

IEFE—2K, EEXFRFRIS T R GRS AR
Mg, FA1n] BLg X Lyapunov J7#E, i HiE
P PEAFREI B, SR Al LA ok £

&(t)) :ug}‘ll(%)/ {or( ,u(r)) }dr
(34)
A A i A

1
W) =~ RIGUOVIE  (35)
X HL R AZ 0 1) RBULE T 4 H RO 20 I HL AR ik
SCHR [78] TR
1

Q(€) = {(VIE)'VIE) + X3 (€)
e — RSB WX 0, Ay DUR I e X
HEAN G R AR Y R H (33), 2 1T A ER R 4
1l i L AL A I ARLSR A — NP BR K HIB U5 R

4 BHREHMERTHEEBEMITFIZH

It 0 2% A AR T R T T, R 2 ) 7 7
ARG EOE I EAE G BT S AR, DS M
2L R GE R AR SUH AW R S e R AR I Al H 2
P IEAE O, WOR ANATTIT SR T IR B L
[RIRFFLE0 81 FEAIRSIHLHI T, AL 1
FAFA BERDF AT A%, LLERIIE H AR R S8 I R e PEAN
PEBIRCR 05 BEVE. K J ORI BB S A& N VF A
EZ?IUFH,D A, AT A A8 AR fa s, TR r] LS
e, B2 B Tz B0 kg vk
HESEIN A R 4T, SCHR [82] %‘%tﬂ*ﬁ%??ﬂﬁfﬁ?ﬁl‘
HEE ZRRIIA 28 99 268 50 AR PR S A0 11 38 10 4 DXl 42 7l
%, NFERBIHLHIN T ADP 4T K 1 564k
58 A LR E I (Al AR {5152, FE
sy ARERER j MELERFENZI, j € N. B4, 1E
t e [Sj,5j+1) HTJ», %ﬁéﬁ%%ﬁﬁtﬂm i’j = .fL'(Sj) i%
7, MRORAEIRGS. R S PR RERAEAR S 2 18]
(RIR 2 R O AT KB R 22, Bl

—x(t),Vt € [s,5541)

FEFAT RSP Bl Beit b, 5 SCA B IR Eh 2 1T 1
BAEEZMEO. 5t =s; B2, W R LIS 5%

(36)

e;(t) = ; (37)

PRt RAR AR, TERE— MR %, RGR
DA RFE, BWNIRE e;(t) EENE, FTH
BHIE T u(z(sy) = uw(@y) = wu(@;). wHGES
{(a;) o2 IE B R Fr % 2 AR T A N 23 B A
5, FH A BRI 2 — AN o B (R AL
TEMCEEA b, 25BN e R 25, SOk [87) K it
WSHHLEIN T REE (17) 10 B % ) Sy f#ir.
X, AR R IR e K (3) HAH Rk

U(z,u) = pdy;(z) +27Qx + u" Ru (38)

Hrt, Q = Q" > 0. RGN Rl R EIE R, A
= (38) s ki, HIB J7 kA
H(z,u"(x),VJ*(x)) =
pdy;(z) + 27 Qu + v (x) Ru* (x)+
(VI (@) [f(z) + g(2)u" (2)] (39)
R IRENHLEN N, B HIE T 25 T RS & 1

B, A ARYE SN PR R 2 (2). TR, Féiﬁ
Rt PLFE R A (9) A2k T R I F IR BB K

u*(ij)z—*R_l @)V (E;)  (40)

Hh, VI (3)) = (07%(2)/07)|ses,
FIPLHI T HIB 7R

H(x, (&), VJ*(x)) =
pdis () + 27 Qx + T (&) Ru* () +

(VJ* (@) [f () + g(z) " (25)]
(A, RS HIB 7R (41)

[FIER, oK

(41)
A

T HE, WKs HIB A (39) FE4oKzh
HIB it (41) HI L IR
H(z, u*(z), VJ"(z))—H (z, p*(2;), VJ"(2)) = —

[w(x) — (@) Rlu () — p*(2;)]  (42)

AR T, 1 (2,) — RS T w (2), i,
i (42) BHANZE.

SCHR [82] HHA IR S AE OK sh e AL 4 ) 2 A
PR BRI RTHBR A T RT R, AR BT A EE
AR, STk [87—90] 45t T S2BLAH & JE 4 1k
RGEGHEPUE N IRSh 4 F, 87 T SR HESE T
(e I Y PRI R B 5 O vk, RN AT T
B K AE Zeno 47 R BO—S1 [l ERE HT.

RS HE T Bl 2 ) IR 1O VT 8 7
R IR, B S IR s B e i, A
HEAT & ) ) B4k 2 5, # A HE AN 3 20 %
1) X T RGERIE G VEAI 25 2) M TAE &
GRS S, B0, o TSI s R BE N
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Fig.2 The design procedure of event-triggered robust

adaptive critic control

5 ETEIBEN H, 125181t

WG SCRTIR, RANZ BRI T 2 AFAE,
v R SR s AR R 2L &
B Hoo FEHEE XL SRS A AN 2 T ) 3l A
ARG, W B IG5 B AR AR R/
VR IR R, H o 45500 o) 25038 5 B ok o — AN A
T AT, b T 19 BI7E S G DL AT AN pR U
MG A, 7722 - 406 B T Hamilton-Jacobi-
Isaacs (HJT) J5FEM) Nash Y. SR, X+
MARLME R G, RIS HIT J7 R BB AT i A AN 25 2 11,
T[] K A AR L PR dpe pL A2 il 1n) 8 HIB 7 7% 1) 2]
(P AE. T2k, ADP AR U872 I H TSk i
Ho, #8555l N e U i s Bk 284, X BURR
YEBEN Hy, 61T, W30k [91-96] FIL b
ZHCHR.

g SN ) AP R G

2(t) = f(x(t)) + g(x(t))ut) + h(z(t))v(t) (43a)
() = y(x(t)) (43b)

REAHNRINB LS

Hrh, v(t) € RY &L v(t) € £5]0,00) HIHEE) 1
&, C(t) = y(z(t)) € R? HxH, JFH A() 2
[EC T

EARLNE Ho BT, @ 7 2k s — A
SRS u(), S REciinfae HEEA
KT 0 1 Lo-Hhz5, B

/ " ()P () Ru(r)) dr <
0’ /OOO UT(T)PU(T)dT (44)
e, ly(z@®))? = 2" (6)Qx(t), Q, R, P RAAH

IEAERONS RIS A AR (09— 4RI, Ho %
T i) 1 iR 2 R S BV 8 T e i A

(w*,v*) Fox, Hfr, w* B o 30 FR A Spe 4
FIEE27N RN NIUE /v IR

LT SCHR [91-96], W5 4250 kB
U(z,u,v) = 2" Qx +u" Ru —

 HLe SURDT s ECh

o*vTPv  (45)

J(x(t),u,v) = /too U(z(1),u(r),v(r))dr (46)

T H Aot S 208 5 i (w*,v*), 73 Nash 5%fF

J*(x¢) =minmax J(xg, u, v) =max min J(zq, u, v)
u v u

v (47)
Bor, Horp I (zg) RE A, X T80
u € A(Q), WEAHIKIAN REL (46) &3 L] il
#, A AELME: Lyapunov /7 FE A
0="U(z,u,v) + (VJ(@) (f + gu+ hv) (48)
Hrp, J(0) = 0. & XHkd% R4 1) Hamiltonian 24

H(z, u,v,VJ(x)) =U(x,u,v)+
(VI())"(f + gu + hv) (49)

AIFSCHR [95] S 18, AL A AR IR S TR

B R N
o (z) = —ER’lgT(x)VJ*(x) (50a)
vt (z) = 212 ST () VT () (50b)
A, SR HIT 7R F T

0 =U(x,u*,v*) + (VJ*(2))"(f + gu* + hv*) =
H(z,u",v*",VJ*(x)) (51)

Hrp) J5(0) = 0. A AENVEAELT Hy 54
BEUE IOAZ O FA TN ZRPE ) 0 295, DA A K ik
JeLk kg HIT 5 #E (51). i, fEFAFIRShHLEI R
W EIEN Hy EHIRHEAAE] T AT 50799
AW IHHEEI & 3 fros, Hopy 28t Qﬂﬁﬁﬁ%
BP0 G B B YT, VR M2 I ) T8 1 ) 45
I, RS, DLAEFIREFLE. B 3 T rIfT

R 3l ‘Tnéﬁﬁﬁﬁ%ﬂﬂ%ﬁ&%ﬁﬂ)ﬁﬂ@ﬁﬁ
DRANAIRAS [, T (&) VP 4% 1 i, ()
() 43 2 3 00 e R B ok B 5 AL
Hamiltonian AHICHT e, A& YIZRPE I MY 4% (1 AR 72
. (EA O JE, SCHR [97] B 2R T R R HE I 1)
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Fig.3 Structure of event-triggered adaptive Ho control

P 2425 31 LA,
Lo ¢ 1 5 Vol
wc - O[C(l + ¢T¢)2ec + 2as |:VO'C(.TJ)Q(«TJ)X

o (z) - ‘;Vac(x)h(m)hT(x)} VJ.(z) (52)

XFE, AEREASE SR o, AN T o, > 0 1
SCIRVERIE, vt & m DO S B D0 g 37 5
INAT R4 4%, 0 IR 0 46 4 1 R A R sz R
X.

% 18 B AR 52 N 2 RANER I S (K i A7 7, A
M ADP 35X B 2T HR, M b MDA R
g8, EMBRRALME RGN A ) SN S A&
N Hoo $EM0, BATEZ IS 5% L. &I
I PE R B V8 5 5 i, AR A S AT AT 5 A
L 2 WA RO R AW

6 BESRE

HT T A5 ok 52 2% AR G0 RE A2 I AN R SR ) e
7T (R Fy, B TR RE S DI 8 Al Y P A8
Wit w2 RN, 220 Tl R4,
ﬁn EE jj 5 ﬁ%ﬁ /% %%[23,31,64768,85, 1007105], 1;}'[‘ *ﬁﬁ /2%

#5[1314,26, 58, 60, 66, 78, 106)] ,  Be AT gs[107-108] .

BT LB T 40ds. SCHIR [103] 4 R B0 A4 i 1)
R IS N VR 7, LS LR e HL IR AR
FesE. SCHR [105] 37— FhHE TR KB AL i fig
FE AR T ik, BESAT R B RER Bl Pk
BAK, i EL St B 08 FH e R Rl o B v Bl S
SCHR [106] FFxE 3 T M R 4= R 4L, Bt
RO B IE NARA RS ZE. SCER [107]) F[108] W4y
B4 ADP J7 ik AR A AR 5 17 AN 421 R AR D5
T PRI TTRCR,  dSL REAS I R LR I T — €
JHEREE. BRICZ AL, IRZ A H DRI KR AT

SEBR N TS ST TAE, DU EAS 5N 8 2% 1 &
GrAAt & 20as.

SO AR B IE P A 4 ) R B R e vk T I,
CAFIRZNTF SR, (AR T L — B a5
TR 2% 3] S0 (P WSO R 48 2R G 1A e e 1k DA K de
RS == ey iR~ 5 T B 7 B T | Y
283 AT (R R, S A R B A E B AR 1 T
G AT — 2 BRI S 2 ) S0 TR UR 45 AF )
MR AR AT 7 ) . O T B A R G &
B F G B PR, B A B 2 I R B,
L Bl & REM R b ot R R, 856m%
AR HUSHET B IE NP AR AN
BRI T ). 534, A S RGN — A R 2
AT DL e 25K FH s O, dn e S D0 R A A o
15 TR N7 5 Ay 2 b 1R S s IR S 4 i D v 2 AR O
B, X3 L RS S SR R0
FBUr A S H AR B2 S ik 8 ot
SLS] A B IR, R, BR T
ADP Jnmfb s SIS G AL IR B s Ak 27 ), A
CL4AE AlphaGo Zerol® FEUAS T H L, KA
BT IRATTAE 5 2 19 e AR 40 I S B S K R 2R
i B RE. R R Ah A ) e L T R I N K
S S, R R A VR R A 2T IR IR RE ) R
T2 2 PSR s 2L XL AR N TR e S A
K B TEw B, Bk, 18 D) ER AN H T 5T
HoAE A& PR R L RIS 7R B AN
PRI R B PERE I DL T, el 45 31 25 A7 v 08 s
UK Z) MR e 27 > A 1R s d 48 T R, 7 2
W20 HET. BeAh, XTI R G0, 780 % EilfE
N2 R R L. T ZERA TR A IR B L 1)
ST RE, AR TR R R A Ak T
(1) 770 5 A IR LRI AR 45 &, EAT R A 5l —
1 B By 2 il R AR AT = SR XA ] BL s A
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