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L2-loss Large-scale Linear Nonparallel Support Vector Ordinal Regression

SHI Yong1, 2, 3, 4 LI Pei-Jia2, 4 WANG Hua-Dong3, 4

Abstract Ordinal regression, where the labels of the samples exhibit a natural ordering, is a kind of multi-classification

problem. It has found wide applications in information retrieval, recommendation systems, and sentiment analysis.

With the development of internet and mobile communication technology, traditional ordinal regression models often

underperform when facing numerous large scale, high dimensional and sparse data. However, the nonparallel support

vector ordinal regression model shows its advantages with strong adaptability and better performance compared with

other SVM-based models. Based on this model, this paper presents a new L2-loss linear nonparallel support vector

ordinal regression model, whose linear model could deal with large-scale problems and whose L2-loss could give a great

punishment to the sample that deviates from the true label. Besides, two algorithms: trust region Newton method

and the dual coordinate descent method (DCD) are developed in terms of different perspectives of the model and their

performances are compared. To verify the effectiveness of the model, experiments are conducted on numerous datasets

and the results show that the proposed model, especially the model with the DCD algorithm can achieve the state-of-art

performance.
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^S£8�.3�a©Û!�¬µØ!&^µ�!̂rx��+���
2�A^[1−3] . 3ù
+�¥,Ù��I\�¹^S&E, ØÓ��Ø���d  ØÓ. X^rx�+�¥é#�ý�, 20 ���^r��©Ǒ 30 �Ú 50 �/¤�^rx�k²w�É. 2X3&^µ�+�, ��&^�4$�úi��©Ǒ��$Ú�p¤KǑ�ûü��»Ì. Ïd, ^S£8¯KÉ��5�õ�À. ^S£83ÅìÆS+�¥0u©a¯KÚ£8¯K�m. �©a¯KØÓ, ^S£8¯K�I\8Üäk^S(�Ø==´��õaO8Ü. 2ö, �£8¯KØÓ, ^S£8¯K�I\ØäkÝþ&E.^S£8+�Pkõ«�.. Gutiérrez �[4]é^S£8�.�
��'��¡�nã5Nï¿�é'
� 16 «61�^S£8�.�5U. ¢



506 g Ä z Æ � 45ò�L², Äu SVM ��{[5], X|±�þ^S£8Å (Support vector ordinal regression, SVOR)[6],�{� SVM (Reduction applied to support vec-

tor machines, RedSVM)[7] ÚÄuN��^S8¤ÆS (Ordinal projection-based ensemble learning,

OPBE)[8] 3^S£8êâþLyÑû��5U. �´, ù
�{þæ^��5Ø¼êr��:N����p�AÆ�m. du²��5C���êâ  �L«¤äk�p�Ý��þ, �o3�.du�þ�m?1SÈO�E¤Ôö�m¤��p�S��Ñ�. ¤±Äu SVM ���5�{�·Üu�5�9$�Ýêâ. 3�þ¢SA^¥, êâ  LyÑþõ!AÆ�Ýõ�A:, X©�©a�.3©�©a¥, ©�ÏLAÆJ�ÚAÆ�O���{, X�AÆ (Bag-of-words, BOW), ª –�©�ªÇ (Term frequency-inverse document fre-

quency, TF-IDF) �~�L«¤p��þ. ¤±��5^S£8�.�{÷v�5�êâ�I�. d	, ïÄL²[9] 3�5�êâ¥, �5�.Ú��5�.35Uþvk���É. ¤±, Ǒ
~��mÚS��Ñ, ©�òJÑÄu SVM ��5^S£8�.. ©z [10] JÑ
��5��²1|±�þ£8Å�. (Nonparallel support vector ordinal

regression, NPSVOR), T�.æ^ Hinge ��¼êïá. ¢�L²3��5�¹e, NPSVOR `uÙ�Äu SVM ��{, Ïd�©òïÄ�?n�5�êâ��5 NPSVOR �..3)û^S£8¯K���¡I��Ä^S&E, ,��¡duéØÓ©����?nØÓ, ¤±3�ï�.�, é����AÏ?nkÏu�ýÿI\�¢SI\��U�C, Jp�.�5U. Xd, Ǒ
��ý¢I\�)�� ���������¨v, ·�3ï�¥æ^ L2 �� (þ� Hinge��) �Ǒ�.��¼ê, �3��zý¢���O��ål�²�, ��Ôö��.U��/?n�ý¢I\m��É. �dÓ�, L2 ��él+:�¯a, ��Ü·�Ôö�.�{w�Xd�. �é�)�{, Hsieh �ïÄ
IO��5|±�þ©a (Support vector classification, SVC)[11] Ú|±�þ£8 (Support vector regression, SVR)[12] �)�{, ¿JÑ
�A?n�5�êâ��)�{Xéó�Ieü�{ (DCD) Ú&6��{. Ǒ,
Hsieh �[11−12] ��.Ú�{�2�A^3©��÷¥, �ù
�.Ú�{Ì�)û
IO�õ©aÚ£8¯K, 3^S£8�.¥�vk��A^.¤±T©JÑU¯��)Äu L2 ����²1|±�þ£8Å��{.�©JÑ�«Äu L2 ����5�²1|±

�þ^S£8�.. l8ïÄ5w, ù´3^S£8+�¥1��?n�5�¯K��'ó�. d	,�éT�., T©�O
ü«�)T�.��{¿'�
ü«�{�5ULy.�©|�(�Xe: 1 1 !0�Äu L1 ��� NPSVOR �.. 1 2 !0��©JÑ�Äu L2����5 NPSVOR (L2-NPSVOR) �., ¿�ÑÙéó�.. 1 3 !ïÄ�) L2-NPSVOR �.�`z�{, l�¯KÚéó¯Kü�ÆÝ©O�Ñ
&6�Úî�{Úéó�Ieü�{. 1 4 !Ì�0�ê�¢�, òJÑ� L2-NPSVOR �.�Ù��'�.?1©Û'�, �y�.�k�5. ��, é�©ïÄó�?1o(.

1 �²1|±�þ£8Å3^S£8¯K¥, z�Ôö��þd��AÆ�þÚ��kSI\|¤. b�^S£8¯Kk
p �ØÓ�äkkS(��aO, ǑØ���5, ·�^ëY�ê 1, 2, · · · , p L«ÙaO, ^ n L«���êþ. K^S£8��8�±L«Ǒ:

S = {(xi, yi)}i=1,··· ,nÙ¥ xi ∈ Rm ´Ñ\�þ, yi ∈ {1, 2, · · · , p} ´ xi�I\, ùp�ê����'X�AaO�mS'X. ©z [10] JÑ��²1|±�þ^S£8�. (NPSVOR), Ù�±3��mþÆSõ��²1��²¡, éêâ©Ùäk���·A5. ¿35Uþ`uÙ�Äu SVM ��{. éu p a�^S£8¯K, NPSVOR �éz�aO k ∈ {1, · · · , p}�ïkSn�©)ÆS���²¡, =�½ k ∈

{1, 2, · · · , p}, Äkéz�¢Ú k ïán�¢Ú8:

Lk = {i|yi < k}, Ik = {i|yi = k} Ú Rk =

{i|yi > k}. Ù¥ yi ´ xi �I\. ,�, ÆS��N� fk(x) = wT
k x + bk, ïáXe`z�.

min
wk

1
2
wT

k wk + C1

∑

i∈Ik

max(0, |wT
k xi + bk| − ε)+

C2

∑

i/∈Ik

max(0, 1 − ŷk
i (wT

k )xi + bk)

(1)Ù¥ ŷk
i =

{

1, yi > k

−1, yi ≤ k
, C1, C2 > 0 ´¨vXê. du�.¥æ^ L1 �� (Hinge ��) �Ǒ��¼ê, ùpPT�. (1) Ǒ L1-NPSVOR.3�.ª (1) ¥, 1��Ǒ�K�, 1��Ú1n�Ǒ L1 ���, Ù¥1��´��ÆS��²¡��U�Ä1 k a�� {xi : i ∈ Ik}, 1n���Ù�a��lT�²¡��U�, �Ù¥I\�



3Ï �℄�: L2 ���5��5�²1|±�þ^S£8�. 507u k ��� {xi : i ∈ Rk} ÚI\�u k ���
{xi : i ∈ Lk} ©O uT�²¡üý, ±��/|^I\�kS&E. ��rN�´, ÆS� p �f`z�. (1) �pÕá, Ï�¿1ÆS.ã 1 ´�²1|±�þ£8Å�AÛ)º. ã
1 ¥, “�”, “©” Ú “♦” ©OL«aO 1!aO 2 ÚaO 3. Ta��`�²¡ATlTa����U/ClÙ�a�����U�. Ó�, 1 1 aÚ1
3 a���:A ØTa�`�²¡�üý.

ã 1 �²1|±�þ^S£8�AÛ)º (±aO 2 �²¡�ïǑ~)

Fig. 1 Geometric interpretation of NPSVOR (It shows

the construction of the 2-th proximal hyperplane)e1 k aéA��.ª (1) �)Ǒ wk
∗, b∗k, �o'u1 k a��`�²¡=Ǒ fk(x) = xTwk

∗ +

b∗k, Ù¥ k = 1, 2, · · · , p. ýÿOK�½ÂǑ:

r(x) = 1 +

p−1
∑

i=1

[[fk(x) + fk+1(x) > 0]] (2)Ù¥ [[·]] L«�� 0-1 «5¼ê, =÷v^�� 1,ÄK� 0. ¢Sþ, ýÿ¼êÏLÆS� p �aO�²¡ fk(x), k = 1, · · · , p �ï p − 1 kS��©a�ûü¼ê, = fk(x) + fk+1(x), k = 1, · · · , p − 1,,�±Ý���ª?1ûü.

2 Äu L2����5�²1|±�þ^S£8Å�!ò3 NPSVOR �.Ä:þ£ã�©JÑ�ÄuL2�� (þ�Hinge��)��5NPSVOR�.. �Ä��. (1) ¥ L1 ��é���¨v´�5'X, ^S£8¯Kï�8I´�ýÿI\�ý¢I\��U�C, ùr�·��Äæ^ L2 ��¼ê, Ùéu���������¨v, ��.��U;��)�� �ýÿ.

âd, ·��Äïá L2 ���5 NPSVOR �.
min
wk

f(wk) =
1

2
wT

k wk+

C1

∑

i∈Ik

max (0, |wT
k xi| − ε)

2
+

C2

∑

i/∈Ik

max (0, 1 − ŷk
i (wT

k xi))
2

(3)Ù¥ ŷk
i =

{

1, yi > k

−1, yi ≤ k
, C1, C2 > 0 ´¨vXê. �. (3) �éu�. (1) «OÒ´���æ^

L2 ��, Ǒ
«Oü��., ùpPÄu L2 ����5 NPSVOR �. (3) Ǒ L2-NPSVOR. Ú\tµCþ, �. (3) �duXe/ª
min

wk,ξ+

k
,ξ−

k
,ξk

1

2
wT

k wk + C1

∑

i∈Ik

((ξ+
ki)

2
+ (ξ−

ki)
2
)+

C2

∑

i/∈Ik

(ξki)
2

s.t. − ε− ξ−
ki ≤ wT

k xi ≤ ε + ξ+
ki, i ∈ Ik

ŷk
i (wT

k xi) ≥ 1− ξki , i /∈ Ik

ξ+
ki, ξ

−
ki ≥ 0, i ∈ Ik

ξki ≥ 0, i /∈ Ik (4)Ù¥ ξ+
k = (ξ+

ki)i∈Ik
, ξ−

k = (ξ−
ki)i∈Ik

, ξk = (ξki)i/∈Ik
.3ª (4) ¥éz��åÚ\éóÏf, �â La-

grangian¼ê,|^Karush-Kuhn-Tucker½n,����.ª (3) �éó¯K:

min
αk

1

2
wT

k wk +
∑

i∈Ik

ε(α+
ki + α−

ki)−
∑

i/∈Ik

αki+

{

1

4C1

∑

i∈Ik

[

(α+
ki)

2
+ (α−

ki)
2
]

+
1

4C2

∑

i/∈Ik

α2
ki

}

s.t. αki ≥ 0,∀i (5)Ù¥ wk �éóCþ αk �'
wk = −

∑

i∈Ik

(α+
ki − α−

ki)xi +
∑

i/∈Ik

ŷk
i αkixi (6)éuäk p a�^S£8¯K, L2-NPSVOR d p�f`z�.ª (3) (½éó¯Kª (5)) |¤.

3 Ôö�{3�!¥, ·�ò�é L2-NPSVOR �., l�¯K9Ùéó¯Kü�ÆÝ, ©O�O
&6�Úî�{Úéó�Ieü�{�)T�.. duØ



508 g Ä z Æ � 45òÓ k éA��¯Kª (3) 9Ùéó¯Kª (5) äk�Ó/ª, Ǒ
�B?Ø, 3ØÚå· ��¹e,·�ò�Ñ�.ª (3) Úª (5) ¥�eI k.

3.1 &6�Úî{& 6 � Ú î � { (Trust region Newton

method, TRON)[13] ´�«�)�����å½k.�å¯K�2Â`z�{. Ho Ú Lin �ïÄ
 L2 �� SVC Ú SVR ±9 Logistic £8¯K� TRON �{[12−14]. ùpòT�{A^u L2-

NPSVOR �.��).æ^ TRON �{�)�¯K (3), `zL§�¹ü�S�: 31 t Ú	S�¥, �½ wt, TRON�{�E f(wt + s)− f(wt) 3&6��» ∆t e��g`z¯K, =
min

‖s‖≤∆t

qt(s) ≡
1

2
sT∇2f(wt)s+(∇f(wt))Ts (7),�, 3S�S�¥, �)T�.¼�[Úî�� s.

TRON �{�âCq¼ê qt(s) N�`z�» ∆t,äNN��{ë�©z [14]. 3�E�g`z¯K�,I�O�FÝ∇f(wt)ÚHessianÝ
∇f(wt).du f(w) ëY��, �3FÝ
∇f(w) = w+2C1(XI1,:)

T(XI1,:w − ε)+

2C1(XI2,:)
T(XI2,:w+ε)+

2C2(XI3,:)
T(XI3,:w − ŷI3)Ù¥

I1 = {i ∈ I|wTxi > ε}, I2 = {i ∈ I|wTxi < −ε}

I3 = {i /∈ I|1− ŷi(w
Txi) > 0}ùpX = [x1, · · · ,xn]T Ǒ��Ý
, z1�L�����þ, I1, I2 Ú I3 Ǒ�I8, XI,: L« X ¥�I8 I éA�1|¤���Ý
. ùp f(w) ��Ø��, Ø�3 Hessian Ý
, ÏØU��æ^Úî��éCþ�#. � f(w) A�??����, ����ê Lipschitz ëY, Ï�â©z [13] �½Â2Â Hessian Ý
, =

B(w) = I + 2XTDX (8)Ù¥ I Ǒm ��ü Ý
, D Ǒ n �éÆÝ
�
Dii =











C1, i ∈ I1 ∪ I2

C2, i ∈ I3

0, Ù�,�, �# wt Ú ∆t. k�	
ρt =

f(wt + st)

qt(st)
(9)

Ǒ�¯K`z¼ê~�þ�`z��g¼ê qt(s)~�þ�'�. �� ρt v
�B�# wt, ÄKØ�#. � η0 > 0 ´�½�K�, K�# wt Ǒ
wt+1 =

{

wt + st, ρt > η0

wt, ρt ≤ η0

(10)'u�#&6��» ∆t: Lin �[13] �Ñ
Xe�#5K, =�â�½�ü~ê η1 Ú η2 �÷v
η1 < η2 < 1, ∆t ��#�6u�ê σ1, σ2 Ú σ3 ÷v σ1 < σ2 < 1 < σ3, u´&6��»�#^�Ǒ

∆t+1 ∈ [σ1 min{‖st‖,∆t}, σ1∆t], ρt ≤ η1

∆t+1 ∈ [σ1∆t, σ3∆t], ρt ∈ (η1, η2)

∆t+1 ∈ [∆t, σ3∆t], ρt ≥ η2

(11)ª (11) =�Ñ
 ∆t �#÷v���, ©z [13] �Ñ
��÷v±þ�#^��{Âñ�y². äN�#5K�±kõ«�ª, ùp·�æ^� LIB-

LINEAR[15] ¥��� TRON �#5K�ª[14]:

∆t+1 =






































min(max(αt, σ1)‖s
t‖, σ2∆t), ρt < η0

max(σ1∆t,min(αt‖s
t‖, σ2∆t)), ρt ∈ [η0, η1]

max(σ1∆t,min(αt‖s
t‖, σ3∆t)), ρt ∈ (η1, η2)

max(∆t,min(αt‖s
t‖, σ3∆t)), ρt ≥ η2

(12)3�#5K (12) ¥, αt‖s
t‖ �Ú\�Ǒ ∆t ��O, Ù¥

αt =
−(∇f(wt))Tst

2(f(wt + st)− f(wt)− (∇f(wt))Tst)
(13)éu�{ª�^�, ·��	�{1 k gS�Ú�8I¼ê�FÝ ∇f(wt) �é�©FÝ

∇f(w0) 'X, ±9��aO��5�, ïáXeª�^�
‖∇f(wt)‖ ≤ ε ·

min(|I|, n− |I|)

n
‖∇f(w0)‖ (14)Ù¥ ε Ǒ�½ª�°Ý, |I| L«�I8 I ���ê, n ǑÔö���ê.�{ 1 �Ñ
 NPSVOR �&6�Úî{�{Ì�Ú½.�{ 1. TRON: &6�Úî�{�) L2-

NPSVOR �f�.ª (3)

1) �½ w0, f�.ª (3) éA�aO k.

2) �âaO k ½Â ŷi =

{

−1, yi ≤ k

1, yi > k
, i =
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1, · · · , n.

3) for i = 1, 2, · · · (	Ì�S�):�ÝFÝ�{Cq�)&6�f¯Kª (7)�� st.�âª (9) �# ρt.�âª (10) �# wt Ǒ wt+1.�âª (12) �)�� ∆t+1.XJ wt ÷vª�^�ª (14), ª�S�.�{ 1 ��ÇÌ��6u´ÄU¯��)f`z¯Kª (7). du8I¼ê�2Â Hessian Ý
ª
(8) ´ m ×m �, éup�¯K��O�TÝ
¬��S�J±�;. Ó�, du��Ý
 X pÝDÕ, �æ^�ÝFÝ�{?1�), Ïd�I�3�{`zL§¥O�Ú�; Hessian Ý
ª (8) ��þ��È, =

B(w)v = v + 2C1((XI1∪I2,:)
T(XI1∪I2,:v))+

2C2((XI3,:)
T(XI3,:v)) (15)�{ 2 �Ñ
�)¯K (7) ��ÝFÝ�{L§.�{ 2. �ÝFÝ�{Cq�)&6�f¯K

(7)

1) �½ ξt < 1,∆t > 0. - s̄0 = 0, r0 =

−∇f(wt) Ú d0 = r0.

2) for i = 1, 2, · · · (SÌ�S�):XJ ||ri|| ≤ ξt||∇f(wt)||, ÑÑ st = s̄i, ¿ª�S�.

αi = ||ri||2/((di)T∇f(wt)di)

s̄i+1 = s̄i + αid
iXJ ‖s̄i+1‖ ≥ ∆t, O� τ ÷v ‖s̄i + τdi‖ =

∆t, �oÑÑ st = s̄i + αid
i, ª��{.

ri+1 = ri − αi∇
2f(wt)di

βi = ||ri+1||2/||ri||2

di+1 = ri+1 + βid
i

3.2 éó�Ieü�{�Ieü�{ (Coordinate descent method,

CD) ´�«��å`zEâ, �^u�)�5��5 SVM �.. Chang �[9] |^ CD �{�) L2����5 SVM �.��©¯K, ¢�L²ù«�{�±¯�¼��.�). Hsieh �[11] JÑéó�Ieü�{ (Dual coordinate descent method,

DCD) �)�5 SVM �., =3 L1 Ú L2 ����5 SVM �éó�.þ|^ CD �{, ¿æ^
ShrinkingÚ�Å��`z��S��\�Eâ. �êâ�5�ÚAÆ�Ý5�Ñ'���, CD �{'Ù��{3�)�5 SVM �.þU¼�����J[11, 16]. Yuan �[17] ò DCD �{A^u�)

L1 �Kz�`z¯K. Tseng Ú Yun[18] XÚ?Ø
 L1 �K`z¯K�©)�{, �Ñ©)�{���5µe[12]. ò DCD �{*���)�5� SVR¯K¥, �æ^
�©z [11] ¥ØÓ� ShrinkingOKÚ�{ª�üÑ, ïÄL²ù«üÑ3£8¯K¥�±¯�¼�`z�.�). �!ò|^ DCD�{�)Äu L2 ����5 NPSVOR, ¢y�5�^S£8¯K��).�Ñ�¯Kª (3) �eI k, Ùéó¯Kª (5)��Ǒ:

min
α

1

2
wTw +

∑

i∈I

ε(α+
i + α−

i )−
∑

i/∈I

αi+

(

1

4C1

∑

i∈I

((α+
i )

2
+ (α−

i )
2
) +

1

4C2

∑

i/∈I

α2
i

)

(16)

s.t. αi ≥ 0,∀i (17)Ù¥ w �éóCþ α �'
w = −

∑

i∈I

(α+
i − α−

i )xi +
∑

i/∈I

ŷiαixi (18)�â KKT ^���, α+
i , α−

i ØÓ��", �k
α+

i α−
i = 0, Ïd, 3�`)^�ek

α+
i +α−

i = |α+
i − α−

i |, (α
+
i )

2
+(α−

i )
2
= (α+

i − α−
i )2

(19)5�¤á. - αi = α+
i − α−

i , éó¯K=CǑ
min

α

1

2
wTw +

∑

i∈I

ε|αi| −
∑

i/∈I

αi+

(
1

4C1

∑

i∈I

α2
i +

1

4C2

∑

i/∈I

α2
i ) (20)

s.t. αi ≥ 0, i /∈ I (21)Ù¥ α = (α1, · · · , αn)
T
, Ó�ª (18) CǑ

w = −
∑

i∈I

αixi +
∑

i/∈I

ŷiαixi (22)éó�Ieü�{, zg=�#��Cþ, Ó��½Ù�Cþ. du8I¼êCþ¥'u αi, i ∈ I�3Ø���, ùpé i ∈ I Ú i /∈ I �Cþ©O?Ø.

1) � i ∈ I �, - Ai = xT
i xi, �#Cþ αi ��XeüCþ`zf¯K

min
s

g(s) =
1

2
Āis

2 −Bis + ε|s| (23)Ù¥ Āi = Ai + 1/(2C1), Bi = wTxi + αiĀi Ǒ~ê, � Bi d�C�g�#Cþ��. �+`z8I
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g′

p(s) = Āis−Bi + ε, g′
n(s) = Āis−Bi − ε (24)�â^K���{��, `z¯K�)Ǒ

αi ← αi − di (25)Ù¥
di =











g′

p(αi)

Ā
, g′

p(αi) < Āiαi

g′

n(αi)

Ā
, g′

n(αi) > Āiαi

0, Ù� (26)3�{S�¥, I��ä`zCþ´Ä���`5^�, ½Â`z8I¼ê'u αi �ÝKFÝǑ
vi =











g′
p(αi), αi > 0

g′
n(αi), αi < 0

max(0, g′
n(αi))−min(0, g′

p(αi)), αi = 0

(27)N´��, αi Ǒ�`)��=� vi = 0.

2) � i /∈ I �, - Ai = xT
i xi, �#Cþ αi ��'uÚ� di �`zf¯K

min
di

h(di) =
1

2
Āid

2
i + Gidi, s.t. αi + di ≥ 0 (28)Ù¥ Āi = Ai + 1

2C1
, Gi = ŷiw

T
i xi − 1. -8I¼ê�êǑ 0, = h′(di)=0, ��

di =
Gi

Āi

(29)d�, é αi �#
αi ← max(0, αi + di) (30)8I¼ê h(di) 'u αi �ÝKFÝǑ

vi =

{

max(0,−Gi), αi = 0

Gi, αi > 0
(31)Ó�, αi Ǒ�`:��=� vi=0. �â±þ©Û,·��±�Ñ`z¯Kª (5) � DCD �{L§, X�{ 3 ¤«, PT�{Ǒ DCD.�{ 3. DCD: �Ieü{�) L2-NPSVOR�éó¯K (5)

1) �½ α = 0 Ú w = 0.

2) O� Ai = xT
i xi, i = 1, · · · , n.

3) while α Ø÷v�`5^�: do (4)

4) for i = 1, · · · , n½Â ŷi: ŷi =

{

−1, yi ≤ k

1, yi > k

do Ú½ 5), 6), 7).

5) if yi = k:

Āi = Ai + 1
2C1

Gp = ŷiw
Txi + ε Ú Gn = ŷiw

Txi − ε,�âª (26) �# di, �âª (27) �# vi.

if vi 6= 0: ᾱi ← αi, αi ← αi − di.

6) else if yi 6= k:

Āi = Ai + 1
2C2

G = ŷiw
Txi − 1�âª (29) �# di, �âª (31) �# vi.

if vi 6= 0: ᾱi ← αi,αi ← max(0, αi + di)

7) w ← w + (αi − ᾱi)ŷixi,'uª�^�, ·��±æ^©z [17] �ª�^�, =
∥

∥vt
∥

∥

1
< εs

∥

∥v0
∥

∥

1
(32)Ù¥ v0 Ú vt ©O´�©S����� (Violation)�þÚ1 t ÚS������þ. 5¿�, vt �©þ�´ÏLª (27) Úª (31) 31 t gS�¥��.

Shrinking üÑ[19], ´�«�{\�Eâ, 3�{S�Ôö�í��
�ØC�Cþ, ÏL~�`z¯K�Cþ5�¢yé�{�\�. TüÑ~�^u SVM �©)�{, �´ØÓ��{Ú�.3äNö�þk¤ØÓ. 3�©� DCD �{¥, Ǒæ^
TEâ, =�Ä3�{�kSS�¥, íØ���å>.��`Cþ (= αi = 0,∀i ∈ I) ±9Ø��: (αi = 0,∀i /∈ I). éuCþ αi, Shrinking ^�Ǒ:� i /∈ I �,

αi = 0� vi > M (33)� i ∈ I �,

αi = 0� g′
n(αi) < −M � g′

p(αi) > M (34)Ù¥
M = max

∀i
|vi| (35)ùp vi ´þ�gS�����.ùp�FÝ���ýé�����ª (35) �Ǒ

Shrinking K�^�, ¿�	FÝ��� vt ��©
v0 � �'~ª (32) ?1�{ª�. 3�¡¢�¥, ·�ò?�Úé'3�O�5��5 SVM �
DCD �{¥JÑ� Shrinking EâÚª�üÑ[11] ,=éFÝ����K�©O�±K� M,m, ,�¿ò M − m < ǫ �Ǒ�{ª�^� (äN�©z
[11]), ±`²�©�{�O�Ün5.
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4 ê�¢�Ǒ�yJÑ� L2-NPSVOR �.9�{�k�5, �©3õ�êâ8þ�Ù�Äu SVM �^S£8�.?1
5U'�. Ù¥'���.�): L1-NPSVOR!SVM!SVR!RedSVM �. d	, �©�'�
 TRON Ú DCD 3 L2 ���
NPSVOR �.��{�Ç. ���©©Û
 L2-

NPSVOR�.éëê�¯a5. TRONÚDCD�{þ3 LIBLINEAR µeÄ:þ^ C++ ¢y1, ¢�²�Ǒ Intel Xeon 2.0 GHz CPU (E5504), 4 MB

cache, S� 4GB, Linux XÚ.

4.1 ¢�êâO��µdIO�é�5�p�DÕ�^S£8¯K, 8�"��'�ïÄ. ùp·�Â8¿�n
Ü©©�^S£8êâ8, ù
êâ5g�a©Û!>KµØ!Amazonû¬µØ�õ�+�,äNêâ8Xe:

1) TripAdvisor2, ´��ËAµØêâ8, ���^u©�d3�Â©Û[20] . z^µØk�� 1 �
5 �(��©.

2) Treebank3, 5gd"4�Æ�ï��aêâ¥ Treebank, z^êâéA��5g {very neg-

ative, negative, neutral, positive, very positive}�I\.

3) MovieReview[21], >KµØêâ84 . ^SI\´lëY� [0, 1] lÑz��, = a) rating

≤ 0.3, b) 0.4 ≤ rating ≤ 0.5, c) 0.6 ≤ rating ≤

0.7, d) 0.8 ≤ rating. Têâ8~�^u�a©Û.

4) LargeMovie5, ´���¹ 8 «�aaO�>KµØêâ.

5) Amazon �¬µØ, k 8 �êâ8, 5gü�êâ℄�Õ: Ù¥ 4 �êâ85g©z [20], �) AmazonMp3, VideoSurveillance, Mobilephone,

Cameras6; ,	 4 �êâ8 (Electronics, Health-

Care, AppsAndroid, HomeKitchen)[22−23] 5g
Amazon �¬µØêâ87 , ¤kêâþ´©�µØ, �k 5 �aO. du¢Sêâ8aO��©ÙØþï, Ǒ
ØKǑ�.ÿÁLy, ùpéêâ8?1üæ���²ïêâ8.±þêâ8þǑ©�êâ, ��©éù
êâ

1�{�è®þD� https://github.com/huadong2014/Lin-
earNPSVOR/.

2ê â 8 � ghttp://www.cs.virginia.edu/∼hw5x/dataset.
html

3http://nlp.stanford.edu/sentiment/
4scale dataset v1.0: http://www.cs.cornell.edu/people/pabo/

movie-review-data/
5http://ai.stanford.edu/∼amaas/data/ sentiment/
6http://sifaka.cs.uiuc.edu/∼wang296/Data/index.html
7Amazon product reviews datasets: http://jmcauley.

ucsd.edu/ data/amazon/

?1e�ý?n: Zz!�Ê^!íØª�u 3 g�, ±93¤k©�Ñy�ªÇ�u 50 %½Ñy�u 2 g�. d	, ·�æ^ unigram,

bigram �ǑAÆ, |^ TF-IDF EâJ�©�AÆ. Ǒ
�B¢��{©ÛÚ�{'�, òz�êâ8�Åy©ǑüÜ©, =� 20 % ^êâ�ǑÿÁ8, �{ 80 % ^êâ�ǑÔö8. êâ8�ÚO£ã�L 1 ¤«, ÙAÆ�)��5�!AÆ�ê!Ôö8�"���ê�.'uµdIO, du^S£8¯K�ÊÏõ©a¯KØÓ, ýÿIO´ýÿI\�ý¢I\��U�C, Ïd, ùpæ^²þýéØ� (Mean

absolute error, MAE) Ú²þþ�Ø� (Mean

square error, MSE) �ǑµdOK, =�½ýÿI\ {ŷ1, · · · , ŷn} Ú¢SI\ {y1, · · · , yn}, MAE Ú
MSE ½ÂXe
MAE =

1

n

n
∑

i=1

|ŷi − yi|, MSE =
1

n

n
∑

i=1

(ŷi − yi)
2

(36)T�I�2�^uǑx^S£8�.ýÿ�¢SI\��C§Ý[6−7, 24−25].

4.2 L2-NPSVOR�Ù��.'��!·�ÿÁ�5 L2-NPSVOR ��z�J,¿�Ù� SVM �'�{'�, '��{äNXe:

1) SVC[11], ò^S£8w¤ÊÏõ©a¯K?n�È��{. ©z [11] �Ñ
�5 SVM �.�
DCD �{, 3�{¥æ^
�Å��Ú Shinking\�Eâ. T�{®²¢y¿8¤3Í¶� LIB-

LINEAR ^��¥, æ^ one-vs-all ��ªüÑ?1õ©aýÿ.

2) SVR[12], ò^S£8I\w¤ÊÏê�, æ^ê�£8��ª?1?n, Ó�áu�«È��{. SVR �.ýÿ�´ëY�ê�, �©éýÿ��ëYê�Uì����êlÑ¤�A�aOI\.©z [12] �Ñ
�5 SVR � DCD �)�{, ¿3
LIBLINEAR ¥¢y, ùp=éýÿ¼ê�
?U.

3) RedSVM[7], éu p a^S£8¯K, ÙÆS���5N�ò��N����¢ê¶þ, 3Tê¶þÏé p− 1 �äk��y©m��K�:, ò��©¤ p �ëY�«mã?1ýÿ. ©z [7] JÑ�«?n^S£8�µe, ò^S£8¯K=zǑ����©a¯K, é�� (x, y) ÏL*�òÙ=zǑ�©a�� ((xT
i ,eT

k ), ŷk
i ) (∀i; k = 1, · · · , p− 1),Ù¥ ŷk

i = −1 � yi < k, ÄK ŷk
i = 1.

4) L1-NPSVOR[10],Äu L1���NPSVOR,áukS©)�., �âI\kS&E, éz�a
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Table 1 Data statisticsêâ8 �� (n) AÆ (m) �"���ê aO aO©Ù

AmazonMp3 10 391 65 487 1 004 435 5 ≈ 2 078

VideoSurveillance 22 281 119 793 1 754 092 5 ≈ 4 456

Tablets 35 166 201 061 3 095 663 5 ≈ 7 033

Mobilephone 69 891 265 432 5 041 894 5 ≈ 13 978

Cameras 138 011 654 268 14 308 676 5 ≈ 27 602

TripAdvisor 65 326 404 778 8 687 561 5 ≈ 13 065

Treebank 11 856 8 569 98 883 5 ≈ 2 371

MovieReview 5 007 55 020 961 379 4 ≈ 1 251

LargeMovie 50 000 309 362 6 588 192 8 ≈ 6 250

Electronics 409 041 1 422 181 37 303 259 5 ≈ 81 808

HealthCare 82 251 283 542 5 201 794 5 ≈ 16 450

AppsAndroid 220 566 253 932 6 602 522 5 ≈ 44 113

HomeKitchen 120 856 427 558 8 473 465 5 ≈ 24 171Oþ�E��ny©¿ÆS���²¡, l�ï
`z�.ª (1), ���ò©z [11] � DCD �{��*��)Ùéó¯K.

5) L2-NPSVOR (TRON), = L2 ���
NPSVOR, æ^&6�Úî{ (��{ 1) �), �ÝFÝ�{ (�{ 2) �)&6�f¯Kª (7).

6) L2-NPSVOR (DCD), = L2 � � �
NPSVOR, æ^éó�Ieü{ (��{ 3) �),ª�^�Ǒª (32), Shrinking üÑǑª (33) Úª
(34).T¢�3Ôö8þ?1 5- ò���y?1ëêÀJ, ëêÀJ���½3 {2−5, 2−4, · · · , 25}.± MAE �Ǒ���yÀë�IO, ÏLëêÀJ���`ëê�Ǒ�.Ôö�ëê. 'u¢�ëê���¡, Äu DCD �{�)��.ª�°Ýþ�Ǒ 0.1, α Ú w þæ^ 0 �þ�Ǒ�©z,

TRON �ª�°Ý�½Ǒ 0.001. ,	, Ǒú²å�, 3 NPSVOR �{¥T¢��½ëê ǫ �Ǒ 0.1,

C1 = C2, ¿�Ù��.¥� C æ^Ó��Àë�ª, Ø RedSVM �.8, Ù��.þæ^k ���.. ¢�êâ8XL 1 ¤«. L 2 �Ñ
��.3ØÓêâ8þ MAE!MSE �ÚÔö�m (Time),L¥z1���(Jþ®²\ow«. L 2 ����Ñ
��{3¤kêâ8þ'u MAE!MSE ÚÔö�m�²þüS, ±�B'���.�m�5U. lL 2 �(J¥, ÏL*	�±��±eA:(Ø:

1) �â��{3¤kêâ8þ²þüS�±

wÑ, L2-NPSVOR �Ù��{3 MAE Ú MSEþ, ��
���ýÿ�J. Ǒ, L2-NPSVOR 3
TRON ÚDCD �{���ýÿ�J�C, �DCD3oNþ��
��� MAE ÚMSE �, �{�Ôö�m�é TRON `³²w.

2) RedSVM �.3��5�¹eLyâÑ[4] ,�3�5�êâ8�LyÑ$uÈ��{�5
L1/L2-SVC.

3) é' L1-NPSVOR Ú L2-NPSVOR, æ^
L2 ����.3 MAE!MSE `u L1-NPSVOR�., ù�·��ýÏ��, =^S£8¯Kýÿ��ýÿI\�¢SI\��U�C, L2 ��éu�� �����������¨v, ���ýÿ �����.. d	, Äu L2 ��� NPSVOR 3
DCD �{e�±���¯�`z�Ý.

4) 3�{�Ôö�mþ, Äu DCD�{� L2-

NPSVOR ¼�
Ø SVR 	�¯�Ôö�Ý. �+
SVR 3�mþäk`³, �Ù3^S£8þ�ýÿ(J�é��, ùǑ`²ò^S£8¯K�Óuê�£8�3�½�"�.

4.3 TRON�DCD�{'��©�é NPSVOR JÑ
&6�Úî�{Úéó�Ieü�{, ùp·�é�{�Ç?1'�.b��¯K�`z8I¼êǑ f(w), ÏL*	�{ÔöL§¥8I¼ê� f(w) ��`�8I¼ê�
f(w∗) ��C§Ý, = f(w)− f(w∗) 5'��{�Ç. Ǒ`²�©�{�O�Ün5, �Ä±eo«�/:

8I�5¿�´, ÏǑ8�vk�é^S£8¯KJÑ��5��)�{, RedSVM �.�k��5�.��)�{, ��©é�5 RedSVM�{�)�æ^©z [7] ¥ DCD �{é RedSVM ��5��?1¢y.
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Table 2 Test results for each dataset and method, including MAE, MSE and training time (s)êâ8 �I L1-SVC L2-SVC SVR RedSVM NPSVOR
L2-NPSVOR L2-NPSVOR

(TRON) (DCD)

AmazonMp3

MAE 0.564 0.557 0.534 0.535 0.488 0.481 0.481

MSE 0.996 0.987 0.732 0.735 0.699 0.670 0.683

TIME 0.209 0.660 0.031 0.186 0.165 0.830 0.144

VideoSurveillance

MAE 0.404 0.391 0.426 0.446 0.376 0.371 0.372

MSE 0.709 0.668 0.578 0.592 0.511 0.493 0.491

TIME 0.433 1.708 0.087 0.551 0.492 1.996 0.402

Tablets

MAE 0.306 0.299 0.334 0.346 0.280 0.278 0.278

MSE 0.514 0.496 0.444 0.444 0.373 0.362 0.363

TIME 0.821 3.400 0.198 1.029 0.948 2.958 0.674

Mobilephone

MAE 0.431 0.419 0.450 0.444 0.391 0.388 0.385

MSE 0.736 0.705 0.604 0.587 0.536 0.524 0.522

TIME 1.811 7.574 0.353 1.909 2.330 6.724 1.605

Cameras

MAE 0.246 0.240 0.273 0.301 0.227 0.232 0.226

MSE 0.394 0.381 0.357 0.375 0.296 0.299 0.298

TIME 9.552 34.480 1.401 6.016 6.341 30.132 5.388

TripAdvisor

MAE 0.398 0.388 0.433 0.429 0.365 0.365 0.366

MSE 0.611 0.583 0.539 0.523 0.445 0.449 0.452

TIME 2.331 12.778 0.807 2.110 2.857 9.238 3.505

Treebank

MAE 0.907 0.841 0.784 0.752 0.763 0.806 0.756

MSE 1.652 1.455 1.116 1.049 1.126 1.229 1.068

TIME 0.025 0.040 0.004 0.015 0.026 0.035 0.024

MovieReview

MAE 0.501 0.490 0.448 0.447 0.432 0.436 0.431

MSE 0.615 0.582 0.486 0.485 0.476 0.476 0.475

TIME 0.121 0.429 0.029 0.133 0.130 0.373 0.125

LargeMovie

MAE 1.205 1.176 1.182 1.093 0.992 1.008 1.002

MSE 3.617 3.502 2.469 2.225 2.046 2.075 2.020

TIME 3.311 10.416 0.328 1.965 2.569 7.523 2.493

Electronics

MAE 0.592 0.590 0.606 0.620 0.529 0.526 0.520

MSE 1.069 1.050 0.840 0.848 0.747 0.736 0.731

TIME 22.316 168.141 4.878 10.736 23.075 116.586 18.062

HealthCare

MAE 0.637 0.621 0.660 0.681 0.591 0.590 0.589

MSE 1.338 1.282 1.004 1.062 0.945 0.920 0.929

TIME 2.098 7.429 0.439 2.686 2.954 6.365 2.673

AppsAndroid

MAE 0.640 0.616 0.656 0.659 0.584 0.590 0.584

MSE 1.179 1.106 0.922 0.920 0.844 0.872 0.859

TIME 4.043 14.924 0.634 1.603 4.574 11.423 6.290

HomeKitchen

MAE 0.585 0.574 0.597 0.609 0.519 0.519 0.510

MSE 1.050 1.015 0.829 0.842 0.745 0.723 0.720

TIME 5.587 19.393 0.896 1.786 5.171 19.560 4.475²þüS MAE 5.64 4.57 5.64 5.86 2.50 2.21 1.57

MSE 7.00 6.00 4.36 4.29 2.36 2.29 1.64

TIME 3.57 6.79 1.00 3.29 4.07 6.21 3.07
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TRON: =�©�Ñ�&6�Úî�{ 1, 3�{¥ NPSVOR �f�.Õá�), þ�©z

w = 0, �©Ù¿1�)�f�.. Ǒ�B'�, ùp=�ÄG1�)�ª.

TRON (WS): 3|^ TRON �{�)
NPSVOR �f�.�, �æ^æéÄüÑ (Warm

start, WS). du3 NPSVOR �.¥, z�f�.��²¡´ÄukSn�©)ïá�, Ù´�âI\�kS(�&E��, Ï��aOéA��²¡�é'��C, éA�)äk�q�(�, =
wk ≈ wk+1. XJ�g�) k = 1, · · · , p éA��., 3�)1 k + 1 �f�. wk+1 �, �±|^1
k ��.�) wk �ǑÙ�©), ù��±|^^S£8�Ak5�5\��.��).

DCD-M: =�©�Ñ�éó�Ieü�{
3. �{¥æ^
 Yuan �[17] �Ñ�ª�OKÚ
Shrinking üÑ, =æ^�`FÝ����ýé����ª (35) �Ǒ�ä�`5^��K�.

DCD-Mm: Hsieh �[11] 3�O�5 SVM �éó�Ieü�{¥, �âFÝÝK���ÌÝ��Ǒª�^���ä�â, ¿�âþe�Ì��Ǒ
Shrinking K�, òTüÑA^�©�� DCD �{¥, = Shrinking ^�Ǒ, � i ∈ I �,

αi = 0� g′
n(αi) < −m� g′

p(αi) > M (37)

Ù¥m = min∀i vi ÚM = max∀i vi ùp vi ´þ�gS�����. ª�^�Ǒ:

M −m < ǫ (38)T¢�ÀJêâ8¥��5���� 8 �êâ8, �½ëê C = 1, �. NPSVOR ¥�ëê ǫ �½�Ǒ 0.1. TRON �{Ú DCD �{�ª�°Ý©O�Ǒ 0.01 Ú 0.001. TRON �Ù�ëêÀJ�©z [14] �Ó, =
η0 = 0, η1 = 0.25, η2 = 0.75

σ1 = 0.25, σ2 = 0.5, σ3 = 43Ôö8þ?1Ôö, P¹8I¼ê�Cz�¹. du L2-NPSVOR éuz�aOþI��)��f`z�., ã 2 =�«aO 3 éA�f`z�. (=
k = 3) ýé8I¼ê�Ôö�m�Cz.lã 2 ¥, ·��±*	�: 1) æ^æéÄ�
TRON �{ TRON (WS) 3Ù¥ 6 �êâ8þk�Ǒ²w�\�, �3á�Ôö�mS, \�Ø²w.

2) 8I¼ê� f(wt)−f(w∗) 3DCD-M �{`ze3�Ñ� 8 �êâ8¥' TRON �{p�¿�¼�
�$�8I¼ê�, DCD-M �{`³²w.

3) DCD-Mm æ^©z [11] �ª�^�Ú Shrink-

ing üÑ, ¢�L²8I¼ê�L�ªu², ¿�

ã 2 TRON, TRON (WS), DCD-M and DCD-Mm 3 8 �êâ8þ�'� (ùp�«
aO 3 éA�`z¯K). î�I´�m t, p�IǑ L2-NPSVOR �¯K8I¼ê� f(wt) − f(w∗) ��
Fig. 2 Comparison of TRON, TRON (WS), DCD-M and DCD-Mm on eight datasets (Show the optimization model for

rank 3). The horizontal axis is training time in seconds and the vertical axis is the difference between f(wt) and f(w∗)
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4.4 L1-NPSVOR Ú L2-NPSVOR ëê¯a5ëêÀJÏ~�©Ñ�, �·�Ï"����.éëêØ¯a, =ëê��CzØ¬k���ÿÁ(JCz. �!¢�ò'� L1-NPSVOR

Ú L2-NPSVOR 'u MAE Ú MSE �ëê� CUC�Cz�¹ (�½ C1 = C2 ¿PǑ C), æ^ DCD �{�). ¢�ÀJ�1 4.3 !�Ó�
8 �êâ8?1¢�, ëê C �Cz���½Ǒ
{2−5, 2−4, · · · , 25}, æ^ 5 ò���y��z�ëê�e�ÿÁ MAE/MSE �. MAE ÚMSE Czª³©OXã 3 Úã 4 ¤«.

ã 3 L1/L2-NPSVOR �MAE ©O�ëê C Cz
Fig. 3 Test MAE results of L1/L2-NPSVOR change with parameter C on eight datasets

ã 4 L1/L2-NPSVOR �MSE ©O�ëê C Cz
Fig. 4 Test MSE results of L1/L2-NPSVOR change with parameter C on eight datasets
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NPSVOR 3 MAE/MSE þ�ëê C Cz�é², CzÌÝþ$uæ^ L1 ���éA(J, Ù´3ëê� C ����¹e, 3d�/e, L1-/L2-

NPSVOR þ3Ôöêâ8þÑyj[Ü¯K, �´du L2 ��é���¨v�pu L1 ��, �j[Ü¯Kî5�é�f�
. ,	, lã 4 ¥��
3 �êâ8 (Apps Android!Electronics Ú Health

Care) é'wÑ, L2 ��3 MSE þkwÍ/Jp.±þ(JL², L2 ��éëê C �¯a5$u L1��, =|^ L2 ��, �±�N´ÀÑ�Ü·�ëê.

5 (å��©�é�5�!p�!DÕ�^S£8¯K,�Ä� L2 ���Ú\é l���:�����¨v, ��ýÿI\�ý¢I\�\�C, �5�.�JÑU¤õ)û�5�êâ¡é��Ý9S��Ñ¯K, ¤±�©JÑÄu L2 ����5�²1|±�þ^S£8�.—L2-NPSVOR. ,	�©l�¯K9Ùéó¯Kü�ÆÝ, ©O�O
&6�Úî�{Úéó�Ieü�{�)T�.. Ù¥3 TRON �{¥, �Ä�^S£8����²¡äk�q�), 3�{�)�JÑæéÄ��{. ��, Ǒ�y�.9�{�k�5, �©3Â8��þ©�^S£8êâþéJÑ��.9�{?1
©ÛÚ'�. (JL², �'Ù�Äu SVM �^S£8�., L2-NPSVOR 35UþLy�`; 'u�)�{, TRON �{U
¼�' DCD �\°(�), �����ê��pu��ê�, DCD �{'
TRON �\p�.
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8 Pérez-Ortiz M, Gutiérrez P A, Hervás-Mart́ınez C.
Projection-based ensemble learning for ordinal regression.
IEEE Transactions on Cybernetics, 2014, 44(5): 681−694

9 Chang K W, Hsieh C J, Lin C J. Coordinate descent method
for large-scale L2-loss linear support vector machines. The

Journal of Machine Learning Research, 2008, 9: 1369−1398

10 Wang H D, Shi Y, Niu L F, Tian Y J. Nonparallel support
vector ordinal regression. IEEE Transactions on Cybernet-

ics, 2017, 47(10): 3306−3317

11 Hsieh C J, Chang K W, Lin C J, Keerthi S S, Sundarara-
jan S. A dual coordinate descent method for large-scale lin-
ear SVM. In: Proceedings of the 25th International Con-
ference on Machine Learning. New York, USA: ACM, 2008.
408−415

12 Ho C H, Lin C J. Large-scale linear support vector re-
gression. The Journal of Machine Learning Research, 2012,
13(1): 3323−3348
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