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Abstract Consensus theory has been widely applied to many

fields. Most of the research is on identical consensus. In many

practical cases, it is impossible for agents to achieve identical

consensus because any system has certain disturbance. In this

case, it cannot be achieved that the limit of the error function is

equal to 0, but it is feasible that the value of the error function

is bounded within an interval if the time is sufficiently large. In

this paper, the concept of practical consensus is given, then the

problem of practical consensus in leader-following multi-agent

systems with unknown coupling weights is investigated. By de-

signing an appropriate control protocol and using graph theory,

matrix theory and strong practical stability theory, a sufficient

condition is given to realize practical consensus of the multi-

agent system. Numerical simulations are given to verify the

theoretical results.
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C�A
5,�X<ó�UEâ�u�,õ�UN���5ÅìÚå
êÆ!Ôn!��ÚÏ&�õ�+�¥Æö�,�[1−9]. ��5´�ÏL�O��ÆÆ, ���UN��
G�Cþ (~X �½�Ý�) ìCªuðÓ. 8
®²kNõk'õ�UN��5�ïÄ¤J. ~X, Zeng �[10] ïÄ
Ï&ò�9Ñ\ò�¿���¹e, ���5Ä�A5�p�õ�UN3�½�����äÿÀe���5; Guan�[11] ïÄ
·Ü��e��õ�UNXÚ���5¯K;
ö℄�[12] ïÄ
lÑ�m©ê�õ�UNXÚ���5¯K; Li �[13] �Ä
��5õ�UNXÚ�3!:�æ�¯K, ¿�Ñ
��5¡E�{. d	, +� –��õ�UNXÚ��5¯KǑ¼�
�
ïÄ¤J[14−17]. Wen �[14]ïÄ
����5+� –��õ�UN�.©O3��Úk��äÿÀe���5; Ma �[15] ïÄ
����5XÚ�àa –�ò��5; Peng �[16] ïÄ
äk�C�ò�+�
–��õ�UNXÚ���5¯K; Wang �[17] ïÄ
����5XÚ��ò��5¯K.±þïÄ�Ä���5´¤k�UN�G�CþìCªuðÓ (e©¡ǑðÓ��5, = limt→+∞ ‖eeei(t)‖ = 0). Ï~<�Ï"õ�UNXÚ�G�´ªuðÓ���, ,
3¢SA^¥��XÚ¥z����UN�ý¢$ÄG��+��UN�$ÄG��m� �ªu 0   ´Ø�U�. C
5¢^��5��
ïÄó�`²
ù�:[18−19]. ¢^��5´� �¼ê�ª�±3��(½�8Ü¥, 
Ø´ªu 0. Dong �$^ Lyapunov-Krasovskii �{, ïÄ
3vk	Ü6Ä�XÚ�¤ðÓ�� (limt→∞(θθθi(t) − ccc(t)) =

0) ¤I�^�, ¿&?
3k	.6Ä�XÚ�¤¢^��
(limt→∞ ‖(θθθi(t) − ccc(t))‖ ≤ δ) ¤I�^�, Ù¥NNØ�þ. δ �	Ü6Ä��êk'[18]. Li ��Ä
XÚ ẋxxi(t) =
∑

j∈Ni
aij [⌊xxxj(t−τ )/∆µ + 1/2⌋µ−⌊xxxi(t)/∆µ + 1/2⌋µ], �Ñz��UN�$ÄG�Âñu«m [(k − 1/2)µ∆, (k +

1/2)µ∆]�¿©^�,Ù¥ k = ⌊η(0)/A⌋½ ⌊η(0)/A⌋+1[19].�©ïÄ����5+� –��õ�UN�.�¢^��5¯K, Ì�SN�):

1) �Ñ λ –¢^���Vg, λ ǑNNØ�þ.; $^r¢^­½5nØ, �O#���ÆÆ, ?ØXÚ÷vÛ«^��, ���UN�+��UN�m� �¼ê3¿©���m��U
���±3NNØ�G�8 Q = {eee ∈ R
n|

‖eee‖ ≤ λ} �S. ù%¹ �¼ê4�Ø�3��¹ (X �¼êǑ�u¼ê, Ǒ,k.�4�Ø�3).
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putation, Guilin University of Electronic Technology, Guilin 541004
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nomics, Hangzhou 310018 3. Guangxi Key Laboratory of Trusted
Software, Guilin University of Electronic Technology, Guilin 541004



12Ï Ü©�: ���ÍÜ�­�+� –��õ�UNXÚ�¢^��5 2301

∂Q L« Q �>.. �ÄXÚ
ẋxx = fff (t,xxx) (1)Ù¥, fff ∈ C[I × D,Rn], D ´ R

n ¥�¹ xxx = 0 �«�,

fff(t, 0) ≡ 0.½Â 1. �Q0 Ú Q ´�¹ xxx = 0 �k.48, Ù¥ Q0´ Q �f8. e ∀xxx0 ∈ Q0, XÚ (1) �) xxx(t; t0,xxx0) ÷v
xxx(t; t0,xxx0) ∈ Q, t ≥ t0, K¡XÚ (1) �")´'u Q0, Q¢^­½�.½Â 2. eXÚ (1) �")´'u Q0, Q ¢^­½�;�é ∀xxx0 ∈ R

n, ∃T (t0,xxx0) > 0, ��� t > T (t0,xxx0) �, XÚ (1) �¤k) xxx(t; t0,xxx0) ∈ Q, K¡XÚ (1) �")´'u
Q0, Q r¢^­½�.¢^­½5Ú Lyapunov ¿Âe�­½5pØ�¹. r¢^­½�NNØ�G�8 Q (½
ý¢G��n�G� ����.aqu©z [20], �±��±e½n:½n 1. e�3¼ê V (t,xxx) ∈ C1[I × R

n,R], ÷v^�:

H1. t ≥ t0 �, é ∀xxx ∈ Qc
0 ∪ ∂Q0, k dV

dt
|(1) ≤ −δ < 0;

H2. é ∀xxx1 ∈ Q0, ∀xxx2 ∈ Qc, ∀t2 ≥ t1 ≥ t0, k V (t1,

xxx1) < V (t2,xxx2).KXÚ (1) �")´'u Q0, Q r¢^­½�.y². b� ∃xxx0 ∈ Q0, XÚ (1) �) xxx(t, t0,xxx0) 3 t =

t0 �3Q0 S, 3,�Ǒ T > t0 k xxx(T, t0,xxx0) ∈ Qc, K ∃t1,

t0 < t1 < T , ��
{xxx(t, t0,xxx0)|t1 < t ≤ T} ⊂ Qc, xxx(t1, t0,xxx0) ∈ Q0��â^� H2 k

V (t1,xxx(t1, t0,xxx0)) < V (T,xxx(T, t0,xxx0))gñ, ÏǑd^� H1 ��, V (t,xxx(t, t0,xxx0)) ´'u t �üN~¼ê, �XÚ (1) �")´'u Q0, Q ¢^­½�.b� ∃xxxc ∈ Qc
0, ∃tn → +∞ (n → ∞), k xxx(tn, t0,xxx

c) ∈

Qc. d^� H1 �
dV

dt
|(1) ≤ −δ < 0� t → +∞ �, k

V (tn,xxx(tn, t0,xxx
c)) ≤ V (t0,xxx

c) − δ(t − t0) → −∞,��¡, t → +∞ �, � xxx0 ∈ Q0, d^� H2 ��
const = V (t0,xxx0) < V (tn,xxx(tn, t0,xxx

c))gñ, ¤±é ∀xxxc ∈ Qc
0, ∃T (t0,xxx

c) ��XÚ (1) �) xxx(t,

t0, xxxc) ÷v
{xxx(t, t0,xxx

c)|t ≥ t0 + T} ⊆ Qnþ, XÚ (1) �")´'u Q0, Q r¢^­½�. �

2 Ì�nØ(J�Ä��õ�UN�n�XÚ
ẋxxi (t) = fff (xxxi (t)) +

N
∑

j=1

aijxxxj (t) + uuui (2)

Ù¥, i = 1, 2, · · · , N , xxxi (t) ∈ R
n L«1 i ��UN�G�, fff : R

n → R
n ´��ëYN�, LÆ1 i ��UN�g�ÄåÆ, �1 i ��UN�±�É1 j ��UN�&E�,

aij > 0, ÄK aij = 0; aii = −
∑

j 6=i
aij , uuui ∈ R

n L«1 i��UN���Ñ\.du�äÿÀ¥�ÍÜ�­�U�3É�6Ä�¯K,�ý¢XÚ (3) �n�XÚ (2) �U�3�½�É, ý¢XÚ (3) Ǒ
ẏyyi (t) = fff (yyyi (t)) +

N
∑

j=1

ãij (t)yyyj (t) + uuui, i = 1, 2, · · · , N

(3)Ù¥, ãii(t) = −
∑

j 6=i
ãij(t), P L = (aij), L̃(t) = (ãij(t)),

W = (L + LT)/2, W̃ (t) = (L̃(t) + L̃T(t))/2.�+��UNÄåÆ�§
ẋxx0 (t) = fff (xxx0 (t)) (4)e¡�Ñ¢^��5�½Â.½Â 3. PG� �Cþ eeei(t) = yyyi(t) − xxx0(t), eee(t)

= (eeeT
1 (t), eeeT

2 (t), · · · , eeeT
N (t))T. e ∃λ > 0 � ∃T (t0, eee(t0)) >

0, � t > T (t0, eee(t0)) �XÚ (3) Ú (4) �)÷v ‖eeei(t, t0,

eee(t0))‖ ≤ λ, K¡XÚ (3) Ú (4) �� λ –¢^��, λ ǑNNØ�þ..�e5ïÄý¢ÍÜ�­ ãij(t) �n�ÍÜ�­ aij �m�Ø� |ãij(t) − aij | Ø�L,�þ. µ � (i 6= j), õ�UNXÚ�¤¢^��5�¯K.dXÚ (3) Ú (4) �
ėeei (t) = fff (yyyi (t)) − fff (xxx0 (t)) +

N
∑

j=1

ãij (t)eeej (t) + uuui (5)e ėeei (t) = 0 � uuui = 0, K eeei (t) ≡ 0 ´XÚ (5) �²ï:, �oXÚ (3) Ú (4) � λ –¢^��¯K=zǑXÚ (5)�r¢^­½¯K.½Â 4. QUAD ^�[21−22]. e ∃ε > 0, é ∀xxx ∈ R
n, yyy

∈ R
n, ��¼ê fff ÷v
(xxx − yyy)T (fff (xxx, t) − fff (yyy, t)) ≤ ε(xxx − yyy)T (xxx − yyy) (6)K¡ fff ÷v QUAD ^�.5 1. ��u Lipschitz ^�, QUAD ^�´fz�^�. ½n 2. XJÝ
 [ε + 2(N − 1)µ]IN + W − B ´K½Ý
, �oé ∀t, εIN + W̃ (t) − B Ǒ´K½Ý
, Ù¥ B =

diag{b1, b2, b3, · · · , bN}.y². P (cij) = [ε + 2(N − 1)µ]IN + W − B, (c̃ij(t))

= εIN + W̃ (t) − B. �o cii = aii + ε + 2(N − 1)µ − bi,

c̃ii(t) = ãii(t) + ε − bi, cij = (aij + aji)/2, c̃ij(t) = (ãij(t)

+ ãji(t))/2, i 6= j.�â Gershgorin ��½n[23], (cij) 1 i �1 Gersh-

gorin ��%Ǒ (cii,0), �»Ǒ∑N

j=1,i6=j
|cij |, du (cij) ´K½Ý
, ¤k Gershgorin ��¹�«�Ñ3K�²¡, �o cii < 0 � cii +

∑N

j=1,i6=j
|cij | < 0. �o, i 6= j �

c̃ii (t) − cii = ãii (t) − aii − 2 (N − 1) µ =
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N

∑

j=1,i6=j

(aij − ãij (t)) − 2 (N − 1)µ ≤ − (N − 1) µ

|c̃ij (t)| − |cij | ≤ ||c̃ij (t)| − |cij || ≤
∣

∣

∣

∣

ãij (t) + ãji (t)

2
−

aij + aji

2

∣

∣

∣

∣

≤

∣

∣

∣

∣

ãij (t) − aij

2

∣

∣

∣

∣

+

∣

∣

∣

∣

ãji (t) − aji

2

∣

∣

∣

∣

≤ µK
c̃ii (t) +

N
∑

j=1,i6=j

|c̃ij (t)| ≤ cii +

N
∑

j=1,i6=j

|cij | < 0w, c̃ii(t) < 0. (c̃ij(t))�Gershgorin ��%Ǒ (c̃ii(t),

0), �»Ǒ∑N

j=1,i6=j
|c̃ij(t)|.d c̃ii(t)+

∑N

j=1,i6=j |c̃ij(t)| < 0 ��, ¤k Gershgorin��¹�«�Ñ3K�¶, = (c̃ij(t)) K½. �½n 3. eXÚ (2), (3) Ú (4) ¥��UN�g�ÄåÆ fff ÷v QUAD^�, [ε + 2(N − 1)µ]IN + W −B ´K½Ý
, ãij(t) ´'u t ëYCz�, -��ì
uuui =

{

−bi (yyyi (t) − xxx0 (t)) , ‖eee‖ ≥ λ

−bi (yyyi (t) − xxx0 (t)) exp (k ‖eee‖ − kλ) , ‖eee‖ < λ¡�~ê k Ǒ��P~Xê, KXÚ (3) Ú (4) �� λ –¢^��.y². w, uuui ëY. - V (t,eee) = 1
2
‖eee‖2. � Q0 = Q =

{eee ∈ R
n|‖eee‖ ≤ λ}, éu ∀eee ∈ Qc

0 ∪ ∂Q0 = {eee ∈ R
n|‖eee‖ ≥

λ}, k
dV (t,eee)

dt

∣

∣

∣

∣

(5)

=
1

2

N
∑

i=1

ėeeT
i (t)eeei (t) +

1

2

N
∑

i=1

eeeT
i (t) ėeei (t) =

N
∑

i=1

eeeT
i (t)

[

fff (yyyi (t)) − fff (xxx0 (t)) +

1

2

N
∑

j=1

(ãij (t) + ãji (t))eeej (t) − bieeei (t)

]

≤

N
∑

i=1

εeeeT
i (t)eeei (t) +

N
∑

i=1

eeeT
i (t)

[

1

2

N
∑

j=1

(ãij (t)+

ãji (t))eeej (t) − bieeei (t)

]

=

N
∑

i=1

εeeeT
i (t)eeei (t) +

N
∑

i=1

eeeT
i (t)

1

2

N
∑

j=1

(ãij (t)+

ãji (t))eeej (t) −
N

∑

i=1

eeeT
i (t)bieeei (t) =

eeeT (t)
(

εINn + W̃ ⊗ In − B ⊗ In

)

eee (t)d½n 2 ��, � [ε + 2(N − 1)µ]IN + W − B K½�,

εIN + W̃ (t)−B K½. 
Ý
 W̃ (t)⊗ In �AÆ��uÝ

W̃ (t) �AÆ��±Ý
 In �AÆ�. Ïd εINn + W̃ (t) ⊗

In −B ⊗ In ´K½�, l
 dV (t,eee)
dt

|(5) 3 ∀eee ∈ Qc
0 ∪ ∂Q0 �K½. ,��¡, Pm Ǒ εINn + W̃ (t) ⊗ In − B ⊗ In ��

�AÆ�, w, (ε − m

2
)INn + W̃ (t)⊗ In −B ⊗ In EǑK½Ý
. �oéu ∀eee ∈ Qc
0 ∪ ∂Q0, k

eeeT (t)
(

εINn + W̃ ⊗ In − B ⊗ In

)

eee (t) <

m

2
eeeT (t)eee (t) =

m

2
‖eee‖2K�3�ê δ = −m

2
λ2, �� dV (t,eee)

dt
|(5) ≤ −δ < 0, ÷v^� H1.éu ∀eee1 ∈ Q0, ∀eee2 ∈ Qc, w, ‖eee2‖ > ‖eee1‖, qÏ V (t,

eee) = 1
2
‖eee‖2, �oé ∀t2 ≥ t1 ≥ t0, k V (t1, eee1) < V (t2, eee2),÷v^� H2.nþ, d½n 1 ��, XÚ (5) �")´'u Q0, Q r¢^­½�. � ∃T (t0, eee(t0)) > 0 , � t > T (t0, eee(t0)) �,

‖eee(t, t0, eee(t0))‖ ≤ λ, w, ‖eeei(t, t0, eee(t0))‖ ≤ λ, K�â½Â
3 ��XÚ (3) Ú (4) �� λ –¢^��. �5 2. d [ε + 2(N − 1)µ]IN + W − B ´K½Ý
�±�� εIN + W −B Ǒ´K½Ý
, �o3½n 3 ^�÷v��¹e, ^aq��{�±��n�XÚÚ+��UNXÚǑ�±�� λ –¢^��.5 3. XÚæ^��ì uuui ¿�X ‖eee‖ ���XÚ�ØI���. ��P~Xê k ��L² ‖eee‖ ~����rÝ�~f�Ý�¯.

3 ê��[�!ÏLê��[L²1 2 !¥nØ(J��(5.�Äõ�UNn�XÚ (2) 9ý¢XÚ (3) ¥ N = 4, n

= 3 ��¹, -õ�UNg��ÄåÆ÷v Chua >´�§.

Chua >´[24] �±L«Ǒ














ẋi = α (yi − xi − γ (xi))

ẏi = xi − yi + zi

żi = −βyi

, i = 0, 1, · · · , 4Ù¥, γ(s) = m1s + 1
2
(m0 − m1) × (|s + 1| − |s − 1|), � α

= 10, β = 15, m0 = −1.25, m1 = −0.75. du Chua >´�Û Lipschitz ´ëY�, ²O���, ε = 10 �, fff ÷v
QUAD ^�.�oª (2) Úª (3) ©O÷v



































ẋi = α (yi − xi − γ (xi)) +
4

∑

j=1

aijxj + uix

ẏi = xi − yi + zi +
4

∑

j=1

aijyj + uiy

żi = −βyi +
4

∑

j=1

aijzj + uiz

,

i = 1, · · · , 4Ú


































ẋi = α (yi − xi − γ (xi)) +
4

∑

j=1

ãijxj + uix

ẏi = xi − yi + zi +
4

∑

j=1

ãijyj + uiy

żi = −βyi +
4

∑

j=1

ãijzj + uiz

,

i = 1, · · · , 4
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ã 1 ÿÀ(�ã
Fig. 1 Topology mode

Laplace Ý
 L = (aij) Ǒ












−4 4 0 0

2 −2 0 0

1 0 −4 3

0 0 17 −17











-Ø�þ.Ǒ µ = 1, � L̃ = (ãij) Ǒ












−3.1 3.1 0 0

1.2 −1.2 0 0

0.2 0 −2.4 2.2

0 0 17.5 −17.5











� B = diag {16, 19, 47, 0}, ǑÒ´`1 4 ��UNØ�±�Â�+��&E, ÷v½n 3 �^�, l
��n�XÚÚý¢XÚ©O�+��UN�� λ –¢^��.��©^� ξξξi = (xi, yi, zi)
T, i = 0, 1, · · · , 4, Ù¥ ξξξ0

= (0.7, 0, 0)T, ξξξ1 = (1.1, 2, 3)T, ξξξ2 = (8, 10, 16)T, ξξξ3 = (25,

30, 17)T, ξξξ4 = (50, 100, 20)T,

uuu1 =

{

−16eee1, ‖eee‖ ≥ λ

−16eee1 exp (4 ‖eee‖ − 4λ) , ‖eee‖ < λ

uuu2 =

{

−19eee1, ‖eee‖ ≥ λ

−19eee1 exp (4 ‖eee‖ − 4λ) , ‖eee‖ < λ

uuu3 =

{

−47eee1, ‖eee‖ ≥ λ

−47eee1 exp (4 ‖eee‖ − 4λ) , ‖eee‖ < λ

uuu4 = 0, NNØ�þ. λ = 2. ÏLê�O�, ��n�XÚ��mCz� �;, (ã 2) Úý¢XÚ��mCz� �;, (ã 3). ã 2 Úã 3 ¥�¢�´NNØ�þ., L²n�XÚÚý¢XÚ�+��UN� �3�m¿©��Ñ�±�y�uNNØ�þ..

ã 2 n�XÚ��mCz� �;,
Fig. 2 Error trajectories of ideal multi-agent systems

ã 3 ý¢XÚ��mCz� �;,
Fig. 3 Error trajectories of real multi-agent systems

4 (Ø�©Äk�Ñõ�UNXÚ�¢^��5Vg, �é�ÍÜ�­É�6Ä������5+� –��õ�UNXÚ,ÏL�OÜ·���ì, ïá�A� �XÚ, òõ�UNXÚ�¢^��5=zǑ �XÚ�r¢^­½5, ¿$^Ý
nØÚ­½5nØ, ��Tõ�UNý¢XÚ¢y¢^��5�¿©^�. $^ê��[, én�XÚÚý¢XÚ� �¼ê?1
é'. ,
y¢¥��
y�´J±ÏL��õ�UNXÚ�.5)º�, ¤±·�e�ÚOy?Ø��õ�UNXÚ�¢^��5¯K.
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