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Adaptive Robust Anti-interference Control and Vibration Suppression for

an Elastic-base Elastic-joint Space Robot

CHEN Zhi-Yong1 ZHANG Ting-Ting1 GUO Yi-Shen1

Abstract Anti-interference motion control and elastic vibration synchronous suppression of base and joints for an elastic-

base elastic-joint space robot with uncertainties are studied. On the basis of equivalent linear spring assumptions about

the elastic base and joints, the dynamic equations of the space robot are established, then both singular perturbation slow

and fast subsystems are deduced with the equivalent stiffness concept. The traditional parameter adaptive control law is

improved by using σ modification, and is then combined with the robust anti-interference control. An improved singular

perturbation adaptive robust anti-interference control scheme is proposed for the slow subsystem to track the rigid motion

trajectories of the base’s attitude and links’ joints subject to uncertain parameters and bounded external disturbances. A

high-gain linear state observer is employed to measure the fast higher-order states in real time, and an improved optimal

control method is designed for the fast subsystem to synchronously suppress the elastic vibrations of the base and joints.

Simulation result demonstrates the validity of the presented hybrid control scheme in anti-interference motion control and

vibration suppression of the space robot.
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ì<ÄåÆ���5!rÍÜ59�'��¯K7L�±À. C
, �X�mÅì<ïÄó��Øä�\, f5�.b�e��mÅì<�aïÄ®�é¤Ù, �¤�¤J®���)û�)XÚÄåÆï�!$Ä5yÚ;,�l3S��«¯K[1−4] .,, yk��mÅì<¢á�«;.��5õNXÚ, ÙXÚ'!ÚÄ�þ�U¬Ñy�5�Äy�, ~X°ÄÅì<:\$Ä�'!C�¬Ï�E!�Å~���Ï¥�5[5] ; SCk��:�2ÄÄ��;¬Ï1N���:�ÄåÆÍÜ�^Ñy�5�Ä�. duù
�5�Ä3�{Z���¸eN´�-u�P~�~�ú, Ïd7,¬é�



1272 g Ä z Æ � 44òmÅì<�¢�ö�°Ý�)Ø|KǑ. Ø:\R5É�'5	[6−7] , 8�mÅì<'!ÚÄ�¤�k��5�A®ÅìÚå<��À.3�Ä'!�5�¡, Nanos �[8] í�
�5'!�mÅ�:�ÄåÆ�§, �O
�«äk��O�þ�·��"�5z���Y, ¢y
XÚ"à;,�°(�l; Ulrich �[9] 3f5'!�mÅì<ÄåÆ�.�Ä:þ, é�5'!�mÅì<�ÄåÆ¯K?1©Û, ÄuÛÉ�ÄnØJÑ
�«�.ë�g·A���Y; Yang �[10] Øé�5'!�mÅ�:?1ÄåÆï�	, �&Ä
XÚ��5�Äá5; ��℄�[11] ïÄ
^�É��5'!V:�mÅì<V:'!$Ä�ÛÉ�Ä|åÝ�Ú��9'!�5�Ä³�¯K. 3�ÄÄ��5�¡, Meng �[12] égÌ8I8��R5Ä�mÅì<�$ÄÆ?1©Û, í�Ñ�LÆXÚÄ��Ý!'!�Ç!�5$Ä�"à�ÝN�'X�$ÄÆ�§, ¿±dǑÄ:JÑ
�«�k�ÄÖ��©)$Ä�Ý���Y; �Å�[13] ?Ø
ëê(½ó¹e�5Äf5�mÅ�:�ÄåÆï�!.5�mO�åÝ��9Ä��5�Ä³���`��¯K.I�rN, þãïÄ�o=�Ä'!�5, �o='5Ä��5; ��''!�5ïÄ, 8Ä��5ïÄ¤É�'5Ý $, ÓÚ)û'!ÚÄ�V�5¯K��mÅì<ïÄ�´m���. ��, UY&?Ä�Ú'!�5�ÓKǑe�mÅì<�ÄåÆ���¯K, éuý�Ú�õyk�mÅì<ïÄ¤Jäk��y¢¿Â. �'u/¡Åì<[14−15] ½± =�Äü��5��mÅì<,o�Ä��5Ú'!�5�ÓKǑe�mÅì<ÄåÆ��¯K�ïÄJÝ²wO�, Ø=�)ûXÚf5$Ä;,�°(�l��¯K, ��Ó�?nÄ�Ú'!�)�V�5�Ä³�¯K. 2ö, du��L§¥1N��-Æ��Ñ��Ä!8I1Ö�8��º�±9��º��Ï, �mÅì<Ø�;�ò¡�XÚëêØ(½Ú	Ü6Ä¿��E,ó¹[16], þãE,ó¹Ó�¬�XÚ;,�l��ì��OO\JÝ, ¿��ykNõDÚëêg·A��üÑ3dJ±��ýÏ����J.Ød�	, ©z [9, 11, 13] Ǒ
³��mÅì<�)��5�Ä, ¤J�YI¢�ÿþÚ�"XÚ��5C/p�þ, l\�
�Y�¢y¤�, �4�U¬ÏC/p�þÿþØ°(�{¼�ýÏ�³��J.�éþã¯K, �©|^.�KF{ïá
¤2�5ÄÚ�5'!�mÅì<�ÄåÆ�©�§,¿í�ÑÄu��fÝ�XÚú!¯CÛÉ�Ä�

.; ��Ǒ�Ø�)Ø(½ëêÚk.	Ü6Ä3S�XÚØ(½5KǑ, �éúCXÚ�O
Ä�^�Ú:\'!;,�l�U?g·A°�|6���Y; �é¯CXÚJÑ
Ä�Ú'!�5�ÄÓÚ³��p�G�*ÿ�Û�`���Y. �ý��(Jy¢, JÑ�·Ü���Yäk�r�$Ä|659�Ä³�Uå, �(�^�É�¤2�5ÄÚ�5'!�mÅì<�¤Ï"�'!�m?Ö.

1 �Ä	Ü6Ä��5ÄÚ�5'!�mÅì<ÄåÆ�.Uì�5ÄÚ�5'!²¡ü\�mÅì<XÚ (Xã 1 ¤«), ïáÙÄåÆ�.. ǑBu�Y?Ø, b�XÚ÷v: 1) ¤?	��m��åKǑ��ÑØO; 2) �mÄ�9Å�:�'!	=3����þu)�5C/, ��©O��Ǒ���.þ��5� ��9�5Û=���.[17] ; 3) Ø�mÄ�9Å�:'!	�3�5	, Ù{���þ�ÀǑf5Ü�; 4) �mÄ�?u ���!^�ÉÌÄ��G�, �:\äk��^=gdÝ�ÉSÜ'!°Ä>Å�ÌÄ��.ã 1¥ÎÒ½ÂXe: W0 L«?u¤2G���mÄ�, Wi (i = 1, 2)L«1 i�f5:\, W3L«f5K1; {oxy} Ǒ�XÚ$1;�²Ä�.5X, {o0x0y0} Ǒ�:ïá3Ä� W0 �%þ�Ä�ëÄ�IX, {oixiyi} (i = 1, 2) Ǒ�:ïá3'!
oi AÛ¥%þ�:\ëÄ�IX; C0, C1 ©OǑ1NÄ�W0 Ú\W1 ��%, §�3.5X {oxy}¥� �¥þǑ rrr0, rrr1; C2, C ©OǑ"\ W2 �K1 W3 |ÜNÚ��Åì<�o�%, §�3.

ã 1 �5Ä!�5'!�mÅì<
Fig. 1 Elastic-base elastic-joint space robot5X {oxy} ¥� �¥þǑ rrr2, rrrC ; α0 Ǒ.5X {oxy} ¥ y ¶�Ä�ëÄ�IX {o0x0y0} ¥
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x0 ¶�=Æ (¡ǑÄ�^�Æ), θi (i = 1, 2) Ǒ
{oi−1xi−1yi−1} ¥ xi−1 ¶� {oixiyi} ¥ xi ¶�=Æ (¡Ǒf5\ i �ë\=Æ); xb Ǒ�mÄ�3 x0¶��þ��5 £, θia (i = 1, 2) Ǒ u'! oi?�°Ä>Å=Æ.�âã 1 ¥ �¥þm�AÛ'X9XÚ�ÄþÅð�n, ��Ñ�5ÄÚ�5'!�mÅì<�oÄU T Úo³U U , ?�� Lagrange ¼ê
L = T − U . |^.�KFï�{, �í�ÑÄ�^�ÉÌÄ���¹e, �k	Ü6Ä�XÚÄåÆ�©�§.
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+
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(1)Ù¥, D(qqq) ∈ R
4×4 Ǒäké¡!�½5��mÅì<.5
, Ja = diag{J1a, J2a} Ǒ'!>Å�=Ä.þ
, Jia (i = 1, 2) Ǒ1 i �'!�=Ä.þ;

H(qqq, q̇qq) ∈ R
4×4 Ǒl�mÅì<�¼åÚl%å��þ¥©lÑ5�d Christoffel ÎÒ½Â���Ý
[18]; qqq = [xb, α0, θθθ

T]T, θθθ = [θ1, θ2]
T Ǒ:\=Æ��þ, θθθa = [θ1a, θ2a]

T Ǒ>Å=Æ��þ; Ka =

diag{k1a, k2a} ǑXÚ�'!Û=fÝ
, k0, kia (i

= 1, 2) ©OǑ�mÄ���5� fÝ91 i �'!��5Û=fÝ; δδδa = θθθa − θθθ = [δ1, δ2]
T Ǒ'!��5C/þ, δi = θia − θi (i = 1, 2); τ0 ǑÄ�^��ÌÄ��åÝ, τττa ∈ R

2 Ǒ'!>Å�ÌÄ��åÝ��þ, τττd ∈ R
3 ǑXÚk.!ëY�	Ü6Ä. 5� 1. ÄåÆ�§ª (1) ¥�o�fª�àü��?�Ú©)¤

D(qqq)q̈qq +H(qqq, q̇qq)q̇qq = Yq(qqq, q̇qq, q̈qq)ϕϕϕ (2)Ù¥, Yq(qqq, q̇qq, q̈qq) ∈ R
4×10ǑJ�XÚ|Ü.5ëê

ϕϕϕ ∈ R
10 ����£8Ý
, ϕϕϕ �f���N¹ A.5� 2. éu?¿À����þ zzz ∈ R

4, Ý

D(qqq) � H(qqq, q̇qq) ð÷v

zzzTḊ(qqq)zzz = 2zzzTH(qqq, q̇qq)zzz (3)

2 ·Ü���Y��OØ(½�5ÄÚ�5'!�mÅì<���8I´: 1) (�Ø(½XÚf5$Ä;,�°(�l;

2) ³�XÚÄ�Ú'!�)�V�5�Ä. Ǒ


¢yþã8I, �©/�ÛÉ�Ä��Eâ5�¤���Y�O, ��g´Xe: ÏLR5Ö����O5��Jp�mÅì<'!fÝ, ±�ÑXÚÏ'!fÝ �J±���^ÛÉ�Ä��Eâù�¯K, ¿í�ÑXÚ3��fÝe�ÛÉ�Äú!̄ C�.L�; Q,¤�ú!̄ CfXÚ3�mºÝþäkv
���O, Ïd�©O3ü�ØÓ��mºÝeéþãü�fXÚ?1Õá��ì��O; Ǒd, 3�ÄXÚØ(½KǑe, �éúCfXÚJÑ�«^uXÚf5;,�l�U?g·A°�|6úC���Y, �é¯CfXÚ�O�«^uXÚ�5�Ä³��ÄuG�*ÿì�U?�`¯C��?��; nÜþãü�f���Y, �ª¼��«�5ÄÚ�5'!�mÅì<�·Ü���Y.

2.1 ��fÝe�ÛÉ�ÄL�- D =

[

Dff DDDfr

DDDrf Drr

]

, H =

[

Hff HHHfr

HHHrf Hrr

]

, ¿½Â#Ý
 N(qqq) Xe:

N(qqq) = D−1 =

[

Nff NNN fr

NNN rf Nrr

]

(4)Ù¥, Dff ∈ R
1×1, DDDfr = DDDT

rf ∈ R
1×3, Drr ∈

R3×3, Hff ∈ R1×1,HHHfr ∈ R1×3,HHHrf ∈ R3×1, Hrr

∈ R
3×3, Nff ∈ R

1×1, NNN fr ∈ R
1×3, NNN rf ∈ R

3×1,

Nrr ∈ R
3×3.òª (1) o�fª¤�¤��§�müàÓ���ª (4) �, ©)�n�

ẍb = −Nff

(

Hff ẋb +HHHfr

[

α̇0

θ̇θθ

])

−

NNN fr

(

HHHrf ẋb +Hrr

[

α̇0

θ̇θθ

])

−

Nffk0xb +NNN fr

([

τ0

Kaδδδa

]

+ τττd

)

(5)

[

α̈0

θ̈θθ

]

= −NNN rf

(

Hff ẋb +HHHfr

[

α̇0

θ̇θθ

])

−

Nrr

(

HHHrf ẋb +Hrr

[

α̇0

θ̇θθ

])

−

NNN rfk0xb +Nrr

([

τ0

Kaδδδa

]

+ τττd

)

(6)*	ª (1) ��ü�fª��, Åì<'!R5��3��u3'!°Ä>Å��°Ä:\m�
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��åÝÈÅì, ÙÈÅ�°�'!R5O�~�, ��½,. �ó�, eXÚ'!fÝ��,K'!R5ÄåÆéXÚf5$ÄÜ©�KǑÒJ±�Ñ. w,, ù�(Jò��ü$DÚÛÉ�Ä��Eâ����J. Ǒ�ÛÉ�Ä{·uäk��'!fÝR5�mÅì<��ì��O, d?Ú\éÆ!�½'!fÝN!
 Ke ∈ R
2×2, ¿éª (1)�ü�fª¥�'!°ÄÆ τττa �Xe�O[19]:

τττa = (I +Ke)τττn −KeKaδδδa (7)Ù¥, I ∈ R
2×2 Ǒü 
, τττn ∈ R

2 Ǒ�Y[UY�O�#��þ. I��Ñ, ª (7) mà1��Xê
I + Ke ^uN!åÝÈÅì�$ªO�, mà1��K^u¢yXÚ'!R5���Ö�.òª (7) �\ª (1) ��ü�fª, �n�
δ̈δδa = −J−1

a (I +Ke)Kaδδδa + J−1
a (I +Ke)τττn − θ̈θθ

(8)ÏLª (1) �ü�fªÚª (8) �é'��, ²dª (7) �O�, �mÅì<'!fÝ����Jp� (I +Ke)Ka.À�f5=Æ α0, θθθ �ǑXÚ�úCþ, �5C/ xb, δδδa �ǑXÚ�¯Cþ, ¿½ÂÛÉ�ÄXê
µ = 1/min(k0, k1a, k2a), k̃0 = µk0, K̃a = µKa, ξb

= xb/µ, ξξξδ = δδδa/µ. òþã½Â�\ª (5), (8) Ú
(6), ¿UY- µ → 0, ��ÑLÆ�5ÄÚ�5'!�mÅì<f5$Ä�úCfXÚ.

M̄rr

[

α̈0

θ̈θθ

]

+ H̄rr

[

α̇0

θ̇θθ

]

=

[

τ0

τττ s
n

]

+ τττd (9)9úCþ
ξ̄b = k̃−1

0 N̄−1
ff

{

−N̄ffH̄HHfr

[

α̇0

θ̇θθ

]

− N̄NN frH̄rr

[

α̇0

θ̇θθ

]

+

N̄NN fr

[

τ0

τττ s
n − (I +Ke)

−1Jaθ̈θθ

]

+ N̄NN frτττd

}

(10)

ξ̄ξξδ = K̃−1
a

[

τττ s
n − (I +Ke)

−1Jaθ̈θθ
]

(11)Ù¥, M̄rr = D̄rr +

[

0 01×2

02×1 (I +Ke)
−1Ja

]

, ÎÒ Ξ̄L«Ý
 Ξ �úCG�, τττ s
n ∈ R

2 Ǒ τττn �úC��©þ, M̄rr � H̄rr �mE÷vXÚ��é¡'X:

zzzT
r

˙̄Mrrzzzr = 2zzzT
r H̄rrzzzr, � zzzr ∈ R

3 Ǒ?À��þ.�¯C�I tf = t/
√
µ 9#¯CG�þ Z1 =

ξb − ξ̄b, ZZZ2 = ξξξδ − ξ̄ξξδ, Z3 =
√
µξ̇b, ZZZ4 =

√
µξ̇ξξδ. òþã½Â�\ª (5), (8), ¿(Ü¯!úC�I��

pÕá5, ���LÆ�mÅì<Ä�!'!V�5�Ä�¯CfXÚ.

dZZZf

dtf
= AfZZZf +Bfτττ

f
n (12)Ù¥, ZZZf = [Z1,ZZZ

T
2 , Z3,ZZZ

T
4 ]T, N̄NN

∗

fr Ǒ�þ N̄NN fr �ü���¤|¤�1�þ, � τττ f
n ∈ R

2 Ǒ τττn �¯C��©þ, �
Af =













0 01×2 1 01×2

02×1 02×2 02×1 I2×2

−N̄ff k̃0 N̄NN
∗

frK̃a 0 01×2

02×1 −J−1
a (I +Ke)K̃a 02×1 02×2













Bf =













01×2

02×2

01×2

J−1
a (I +Ke)













2.2 ;,�l�g·A°�|6��X¤ã, �mÅì<Ø�;�/¬É�XÚëêØ(½Ú	Ü6Ä��ÓKǑ, ÀJDÚëêg·A��üÑ�Ǒ���ãÏ~=U��/)ûXÚëêØ(½¯K. eØéþã��üÑ\±U?��^u	Ü6ÄKǑeëêØ(½�mÅì<���, ¢��Oëê  ¬ÏÉ�	Ü6ÄKǑN´Ñy¤£¯K, J±��ýÏ����J. Ǒd, �!Äuþ!�Ñ�ÛÉ�ÄúCfXÚª (9), éDÚg·AüÑ?1U?¿N\�O°�|6�5¢yéØ(½�5Ä�Ú�5'!�mÅì<$Ä;,�°(�l��[20−21] .ò^�É��5ÄÚ�5'!�mÅì<3'!�m�f5$Ä¼ê�Ǒ q̄qq = [α0, θθθ
T]T, �A�����n�;,¼êǑ q̄qqd = [α0d, θθθ

T
d ]T, � α0d ǑÄ�^�Ï"¼ê, θθθd = [θ1d, θ2d]

T Ǒ:\=ÆÏ"��þ. u´, XÚ� �Ø�Ú�ÝØ��©OL«Ǒ eee = q̄qq − q̄qqd, ėee = ˙̄qqq − ˙̄qqqd.½ÂXÚ*�Ø�Ǒ ṡss, 9�&ÒǑ η̇ηη

ṡss = ėee+ Λeee (13)

η̇ηη = ˙̄qqqd − Λeee (14)Ù¥, Λ ∈ R
3×3 Ǒ�½!éÆ~��"
.w,, ṡss Ú η̇ηη ÷v̇

sss = ˙̄qqq − η̇ηη (15)òª (15) �\úCfXÚª (9), �
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M̄rrs̈ss+ H̄rrṡss =

[

τ0

τττ s
n

]

− M̄rrη̈ηη − H̄rrη̇ηη + τττd (16)�ÄÅ�:Ó��3�.ëêØ(½�¹, ½Âª (16) ¥ M̄rr Ú H̄rr �¢�3��O�©OǑ
ˆ̄Mrr Ú ˆ̄Hrr, ¿�Ú�OúC��5Æ

[

τ0

τττ s
n

]

= ˆ̄Mrrη̈ηη + ˆ̄Hrrη̇ηη −Kṡss− τττ rob (17)Ù¥, K ∈ R
3×3 ǑéÆ!�½O��"Ý
, τττ rob ∈

R
3 Ǒ�O�°�|6���.òúC��Æ (17) �\ª (16), �

M̄rrs̈ss+ H̄rrṡss = ( ˆ̄Mrr − M̄rr)η̈ηη +

( ˆ̄Hrr − H̄rr)η̇ηη −Kṡss− τττ rob + τττd (18)�â M̄rr ½Â9ª (2)�XÚëê�5z5�,ª (18) �?�ÚU�Ǒ
M̄rrs̈ss+ H̄rrṡss = Ȳr(q̄qq, ˙̄qqq, η̇ηη, η̈ηη)ϕ̃ϕϕ−Kṡss− τττ rob + τττd

(19)Ù¥, Ȳr(q̄qq, ˙̄qqq, η̇ηη, η̈ηη) ∈ R
3×10 Ǒl ( ˆ̄Mrr − M̄rr)η̈ηη +

( ˆ̄Hrr −H̄rr)η̇ηη �¥©lÑ5�Åì<£8Ý
, ϕ̃ϕϕ =

(ϕ̂ϕϕ−ϕϕϕ) ∈ R
10 Ǒ�.ëêØ��þ, ϕ̂ϕϕ Ǒ¤J|Ü.5ëê ϕϕϕ �3�¢��O��þ.���þ ϕϕϕ 9	Ü6Ä τττd ��ê÷vXek.^�:

‖ϕϕϕ‖ ≤ ϕmax (20)

‖τττd‖ ≤ dmax (21)Ù¥, ϕmax > 0, dmax > 0.Ú\Äu σ ?��ëêg·A��5Æ
˙̂ϕϕϕ = −γ0Ȳ

T
r ṡss− γ0σϕ̂ϕϕ (22)Ù¥,

σ =



















0, ‖ϕ̂ϕϕ‖ < ϕmax

γ

( ‖ϕ̂ϕϕ‖
ϕmax

− 1

)

, ϕmax ≤ ‖ϕ̂ϕϕ‖ ≤ 2ϕmax

γ, ‖ϕ̂ϕϕ‖ > 2ϕmaxN!Xê γ0 > 0, γ > 0. Ó�, òª (17) ¥�°���� τττ rob�OǑ
τττ rob =



















dmax

‖ṡss‖ ṡss, ‖ṡss‖ > ρ

dmax

ρ
ṡss, ‖ṡss‖ ≤ ρ

(23)

Ù¥, ρ > 0 Ǒ>.��~ê.½n 1. �éúCfXÚ (9), Äuëêg·A?���Æ (22) Ú°�|6��Æ (23) �O�XÚúC��Æ (17) �(�XÚf5Cþ�lØ�Âñ����Cu"�����S, ����ªk..y². À�÷v�½5�O Lyapunov �¼
V =

1

2
ṡssTM̄rrṡss+

1

2γ0

ϕ̃ϕϕTϕ̃ϕϕ+ eeeTΛKeee (24)� V̇ , ¿òXÚ4�Ø�ª (19) �\, �
V̇ = ṡssT(Ȳrϕ̃ϕϕ−Kṡss− τττ rob + τττd − H̄rrṡss) +

1

2
ṡssT ˙̄Mrrṡss+

1

γ0

ϕ̃ϕϕT ˙̃ϕϕϕ+ 2eeeTΛKėee (25)|^'Xª zzzT
r

˙̄Mrrzzzr = 2zzzT
r H̄rrzzzr9g·A?���Æª (22), k

V̇ = −ṡssTKṡss+ 2eeeTΛKėee− σϕ̃ϕϕTϕ̂ϕϕ− ṡssTτττ rob + ṡssTτττd

(26)(Üª (13), òª (26) màü��ÚU�Ǒ
−ṡssTKṡss+ 2eeeTΛKėee = −ėeeTKėee− eeeTΛKeee ≤ 0 (27)�â ϕ̃ϕϕ ½Â9ª (20), �nª (26) mà1n�, �

−σϕ̃ϕϕTϕ̂ϕϕ = σ(ϕϕϕTϕ̂ϕϕ− ϕ̂ϕϕTϕ̂ϕϕ) ≤
σ(‖ϕϕϕ‖ − ‖ϕ̂ϕϕ‖)‖ϕ̂ϕϕ‖ ≤
σ(ϕmax − ‖ϕ̂ϕϕ‖)‖ϕ̂ϕϕ‖ (28)�/ 1. ‖ϕ̂ϕϕ‖<ϕmax �, ª (28) ÷v

−σϕ̃ϕϕTϕ̂ϕϕ = 0 (29)�/ 2. ϕmax ≤ ‖ϕ̂ϕϕ‖ ≤ 2ϕmax �, ª (28) L«Ǒ
−σϕ̃ϕϕTϕ̂ϕϕ ≤ γ

( ‖ϕ̂ϕϕ‖
ϕmax

− 1

)

(ϕmax − ‖ϕ̂ϕϕ‖)‖ϕ̂ϕϕ‖ =

− γ
(ϕmax − ‖ϕ̂ϕϕ‖)2

ϕmax

‖ϕ̂ϕϕ‖ ≤ 0 (30)�/ 3. ‖ϕ̂ϕϕ‖>2ϕmax �, ª (28) �U�Ǒ
−σϕ̃ϕϕTϕ̂ϕϕ ≤ γ(ϕmax − ‖ϕ̂ϕϕ‖)‖ϕ̂ϕϕ‖ < 0 (31)nÜþã©Û(J��, ª (26) ÷v

V̇ ≤ −ėeeTKėee− eeeTΛKeee− ṡssTτττ rob + ‖ṡss‖|τττ d‖ (32)�Äª (23) (½�°���� τττ rob 9ª (32),éúCfXÚ�½5?1©Û.
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V̇ ≤ −ėeeTKėee− eeeTΛKeee+ ‖ṡss‖(||τττ d‖ − dmax) ≤ 0

(33)©Û 2. ‖ṡss‖ ≤ ρ �, ª (32) �nǑ
V̇ ≤− ėeeTKėee− eeeTΛKeee+

(

‖ṡss‖ − ‖ṡss‖2

ρ

)

dmax ≤

− ėeeTKėee− eeeTΛKeee+
ρdmax

4
(34)- EEE = [eeeT, ėeeT]T, Q =

[

ΛK 03×3

03×3 K

]

, ª (34)�U�Ǒ
V̇ = −EEETQEEE +

ρdmax

4
(35)w,, ��XÚ÷v

‖EEE‖ >
√

ρdmax

4λmin(Q)
(36)=�¢y V̇ < 0, ?(�XÚ�lØ��ìC½5. ��, ‖EEE‖ ò?u���Cu"����Ø����S (�»Ǒ√

ρdmax/(4λmin(Q)) ), ����ªk.. �

2.3 �ÄÓÚ³��U?�`��ãU?g·A°�|6���YǑ,�)ûØ(½�5ÄÚ�5'!�mÅì<f5$Ä�;,�l��¯K, �Ù�N��5U9��½5%É�uXÚÄ�'!�)��5�Ä. Ǒ¢yéþãü«�5�Ä�k�³�, �!Äu¯CfXÚ (12) m��A�¯C���Y�O.Ï~�¹e, eZZZf = [Z1,ZZZ
T
2 , Z3,ZZZ

T
4 ]T ¢��ÿ, K��^¯CG� PD K�"��

τττ f
n = −KfZZZf (37)5³�XÚ��5�Ä. Ù¥, Kf ∈ R

2×6 Ǒ��O�~�
. I�`²�´, d�YǑ,�3�½§Ýþ³�XÚ��5�Ä, � Kf ¥����À�I²õg}Á(½,   J±À��Z�. Ǒd, æ^�`��nØé Kf ���?1`z, ±¼��`�Kopt. �¯CXÚ�5U�I�¼
Jf =

1

2

∫

∞

0

[ZZZT
fQfZZZf + (τττ f

n)TRfτττ
f
n] dt (38)Ù¥, Qf ∈ R

6×6 Ǒ'u ZZZf ���½!é¡~�
, Rf ∈ R
2×2 Ǒ'u τττ f

n ��½!é¡~�
. ,�, �)ÑXe Ricatti �§:

AT
f Pf + PfAf − PfBfR

−1
f BT

f Pf +Qf = 0 (39)

���) Pf ∈ R
6×6. �ª, �O��Xe�`):

Kopt = R−1
f BT

f Pf (40)��5`, ¯C �þ xb Ú δδδa   N´��
(= Z1, ZZZ2 ®�), �Ù�A��Ýþ ẋb Ú δ̇δδa %J±�´¼� (= Z3, ZZZ4 ��). w,, ùò4�/��þã¯C���Y�¢SA^. Ǒd, Ú\�«pO��5G�*ÿì5)ûþã¯K[22] .½Â ωωω = [xb, δδδ

T
a ]T ǑXÚ�ý¢�5C/��þ, "�þ ωωωd ∈ R
3 Ǒ ωωω éA�Ï"��þ, KXÚ�C/Ø�þǑ ωωω − ωωωd = ωωω. eUY½Â ω̂ωω =

[x̂b, δ̂δδ
T

a ]T Ǒ ωωω �*ÿ�, ψ̂ψψ ∈ R
3 Ǒ¥mÈÅ&Ò,K��OXe¯Cp�þ��Ý*ÿì:

[

˙̂ωωω
˙̂
ψψψ

]

=

[

ψ̂ψψ

03×1

]

+

[

G1

G2

]

(ωωω − ω̂ωω) (41)Ù¥, G1 ∈ R
3×3, G2 ∈ R

3×3 ©OǑ'~!�©pO�éÆ
, � ω̂ωω 9 ψ̂ψψ ����©�þ�½Ǒ".Äuª (41), �©O*ÿÑ Z3 Ú ZZZ4 ��O� Ẑ3 Ú ẐZZ4, ?¼� ẐZZf = [Z1,ZZZ
T
2 , Ẑ3, ẐZZ

T

4 ]T. ª
(37) �ª�?�Ǒ

τττ f
n = −KoptẐZZf (42)éw,, �5U\ª (17) ¥� τττ s

n Úª (42) ¥� τττ f
n ��Ñ#��þ τττn, = τττn = τττ s

n + τττ f
n. u´,�5ÄÚ�5'!�mÅì<��ª��Æòdª

(7), (17), (22), (23), (42) 5(½.

3 �ý«~©Û$^þ©¤J���Yéã 1 XÚ?1�ýÁ�ïÄ, ¿*	�mÅì<�;,�l���J9�5�Ä³��¹. �.ëê: Ä� W0, :\
W1 Ú W2, 1Ö W3 ��þ©OǑ m0 = 60kg,

m1 = m2 = 6kg, m3 = 3kg, §��=Ä.þ©OǑ J0 = 30kg · m2, J1 = J2 = 3kg · m2, J3 =

1.5 kg · m2; Ä�¥% C0 ÷ x0 ¶��ålÄ�>Æ��ÝǑ l0 = 1m, :\W1 ÚW2 �AÛ�ÝǑ
l1 = l2 = 2m; ë�©z [11, 13], À�'! 1 Ú 2°Ä>Å=f�=Ä.þ9Û=fÝ©OǑ J1a =

J2a = 0.08 kg · m2, k1a = k2a = 50N · m/rad; Ä����fÝǑ k0 = 500N/m. �5ÄÚ�5'!�mÅì<XÚÄåÆ�.ª (1) ¥D(qqq), H(qqq, q̇qq) �f�� Dij , Hij (i = 1, 2, 3, 4; j = 1, 2, 3, 4) �L�ª�N¹ A.XÚ��© ��½Ǒ
qqq(0) = [0m, 0.86 rad, 0.9 rad, 1 rad]T
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θθθa(0) = [0.9 rad, 1 rad]T¿��Ù�lXeÄ�^��'!Ï";, (ü 
rad)

α0d =
π

4
+

1

3
sin
(π

3
t
)

θθθd =

[

π

3
− 1

2
sin
(π

3
t
)

,
π

3
+

1

2
sin
(π

3
t
)

]T�XÚÏ"à1Ö��ÚåXÚ�.ëê�Ø(½5, �©�O���Ǒ m̂3 = 0kg, Ĵ3 =

0kg · m2; Åì<XÚ�k.	Ü6Ä��Ǒ τττd =

[5 sin(2t), 5 sin(t), 5 cos(t)]T N · m; ¤J���Y¥���ëêÀǑ Ke = diag{15, 15}, Λ = diag{6,
6, 6}, K = diag{2, 2, 2}, ϕmax = 73, dmax = 15,

γ0 = 780, γ = 1, ρ = 0.06, Qf = diag{0.01, 0.01,
0.01, 0.01, 0.01, 0.01}, Rf = diag{1, 1}, G1 = G2

= diag{150, 150, 150}. XÚ�ý±Y�m�½Ǒ t

= 10 s.ã 2∼ 4 �Ñ
XÚ3méÚ'4g·A°�|6��� ˙̂ϕϕϕ Ú τττ rob �/eÑ� t = 10 s ��ý��(J. Ù¥, ã 2 Ǒ�5Ä!�5'!�mÅì<Ä�^� α0!:\'!=Æ θ1 Ú θ2 3¤J·Ü���Y��e���¢�;,�l�; ã 3 Ǒ'4Ù¥�XÚg·A°�|6���ª (22)Ú (23)����XÚ�f5=Æ¢S$Ä;,� l�¹«¿ã; ã 4 �Ñ
méÚ'4g·A°�|6����XÚ1NÄ�!�5'! 1 Ú�5'! 2��5C/�¹. '�ã 2 Úã 3 ��, evk¯ké�mÅì<��XÚæ�7��g·A°�|6�O, �mÅì<äk�Ø(½5ò��ü$Ùý¢;,�l5U; ã 4 KL², g·A°�|6úC���Ǒ,3����¬-yå�½�XÚ�5

ã 2 mé ˙̂ϕϕϕ Ú τττrob ��;,�l�¹
Fig. 2 Trajectory tracking with ˙̂ϕϕϕ and τττrob

ã 3 '4 ˙̂ϕϕϕ Ú τττ rob ��;,�l�¹
Fig. 3 Trajectory tracking without ˙̂ϕϕϕ and τττ rob

(a) Ä���5C/
(a) Elastic deformation of the base

(b) '! 1 Ú'! 2 ��5C/
(b) Elastic deformation of joint 1 and joint 2ã 4 méÚ'4 ˙̂ϕϕϕ Ú τττrob ���ý(J

Fig. 4 Simulation results with and without ˙̂ϕϕϕ and τττ rob
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(42)��^e, Ä�9�R5'!��5�Ä3 t =

4 s ��Eò��û�³�, �?�Ú, eÓ�'4g·A°�|6���Ú¯CfXÚ�G�*ÿ�`�"���, #éXÚ?1�ý��, ã 5 �Ñ
 t = 3 s S��ý(J. d�, du¯CfXÚ¿�É�k�ÌÄ/��, �mÅì<Ä�9�'!ò3éá��mS�)�ÌÝ��5�Ä, �ÉÙKǑe�XÚ�lØ�½±Y*�, ¿�ª���ý$�uÑ.

(a) XÚ�;,�l�¹
(a) Trajectory tracking of the system

(b) XÚ��5C/
(b) Elastic deformation of the systemã 5 '4 ˙̂ϕϕϕ Ú τττrob Ú τττ f

n ���ý(J
Fig. 5 Simulation results without ˙̂ϕϕϕ, τττrob and τττf

nǑ?�ÚïÄØÓfÝ�éXÚ��ìëê�OÚ��5U�KǑ, #�½Ä�fÝ k0 =

1000N/m,'! 1fÝ k1a = 500N · m/rad,'! 2fÝ k2a = 30N · m/rad. �Ä�d�'! 1 fÝÀ

��v
�, '! 2 fÝÀ��'�k��, Ïd�©3�±XÚÙ���ìëêØC��¹e, �AN�
R5Ö�ëê Ke = diag{0, 25} (=Øé'! 1 ?1R5Ö�, Jpé'! 2 �R5Ö�Ý)9¯C\�ëê Rf = diag{0.01, 2} �, 2géXÚ?1�ý��, �ý(JXã 6 Úã 7 ¤«. é'ã 2 Úã 6 ��, ��XÚ��ìëêÀ�·�,©¥¤J���Y�,�±¼�û��f5;,�l��5U. é'ã 4 Úã 7 �±uy, eXÚfÝ�À���, XÚ3;,�lL§¥�)��ÄÒ��, ~XfÝJp�, Ä����Ìl�k��u
0.1 m  �� 0.1 m �S; '! 1 3�²R5Ö���¹e, ���Ìl�k��u 3 rad  �� 1 rad�S. ��, eXÚfÝ�À���, KXÚ�)��ÄÒ��, ~XfÝü$�, '! 2 3kR5Ö���¹e, ���Ìl�k� 4 rad �S*���C
7 rad.

ã 6 fÝN���;,�l�¹
Fig. 6 Trajectory tracking with the changed stiffness

(a) Ä���5C/
(a) Elastic deformation of the base
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(b) '! 1 Ú'! 2 ��5C/
(b) Elastic deformation of joint 1 and joint 2ã 7 fÝN���XÚC/

Fig. 7 Deformation of the system with the

changed stiffness

4 (Ø�©ïÄ
Ø(½¤2�5ÄÚ�5'!�mÅì<�;,�l���VR5�Ä³�¯K. Äu¤2�5ÄÚ�5'!�mÅì<�ÄåÆ�.,$^��fÝÛÉ�Ä{éÙ?1V�I©), ��£ãXÚÄ�^�Ú:\=Æf5$Ä�úCfXÚ9LÆÄ�Ú'!�5$Ä�¯CfXÚ. 3Åì<¡�ëêØ(½9k.	Ü6Äó¹e, �éúCfXÚ�O
Ä�^��:\=Æf5ÆN$Ä�g·A°�|6���Y; TúC���Y$^U?g·AN!Æ5Ö�XÚëêØ(½5�KǑ, Ó�æ^°�|6�5�Ø	Ü6ÄKǑ, k�;�
DÚëêg·A��ÆÏÉ	Ü6ÄKǑÑy��Oëê¤£¯K. 3¯CfXÚ���¡, JÑ
Ä�Ú'!�5�ÄÓÚ³��pO��5G�*ÿ�`�"���Y; duT�Y=��ÿþXÚ�¯C �þ, Ø��ÿþXÚ�¯C�Ýþ, Ïd�·u¢SA^. �ý�yÁ�L²,¤J·Ü���Yä�û��$Ä|65, ��éÄ�Ú'!��5�Ä?1ÓÚ, k�/³�.N¹A

1) ÄåÆ�. (1) ¥ D(qqq) �f���L�ªXe:

D11 = ϕ1

D12 = −ϕ2 sin(θ1) − ϕ3 sin(θ1 + θ2)

D13 = −ϕ2 sin(θ1) − ϕ3 sin(θ1 + θ2)

D14 = −ϕ3 sin(θ1 + θ2)

D21 = D12

D22 = ϕ1x
2

b + 2ϕ2xb cos(θ1) + 2ϕ3xb cos(θ1 + θ2) +

ϕ4 + ϕ5 + ϕ6 + 2ϕ7 cos(θ1 + θ2) +

2ϕ8 cos(θ2) + 2ϕ9xb + 2ϕ10 cos(θ1)

D23 = ϕ2xb cos(θ1) + ϕ3xb cos(θ1 + θ2) + ϕ5 + ϕ6 +

ϕ7 cos(θ1 + θ2) + 2ϕ8 cos(θ2) + ϕ10 cos(θ1)

D24 = ϕ3xb cos(θ1 + θ2) + ϕ6 + ϕ7 cos(θ1 + θ2)+

ϕ8 cos(θ2)

D31 = D13

D32 = D23

D33 = ϕ5 + ϕ6 + 2ϕ8 cos(θ2)

D34 = ϕ6 + ϕ8 cos(θ2)

D41 = D14

D42 = D24

D43 = D34

D44 = ϕ6

2) H(qqq, q̇qq) �f���äNL�ªXe:

H11 = 0

H12 = −ϕ1θ̇0xb − ϕ2(θ̇0 + θ̇1) cos(θ1)−

ϕ3(θ̇0 + θ̇1 + θ̇2) cos(θ1 + θ2) − ϕ9θ̇0

H13 = −ϕ2(θ̇0 + θ̇1) cos(θ1)−

ϕ3(θ̇0 + θ̇1 + θ̇2) cos(θ1 + θ2)

H14 = −ϕ3(θ̇0 + θ̇1 + θ̇2) cos(θ1 + θ2)

H21 = ϕ1θ̇0xb + ϕ2θ̇0 cos(θ1) +

ϕ3θ̇0 cos(θ1 + θ2) + ϕ9θ̇0

H22 = ϕ1θ̇0xb + ϕ2[ẋb cos(θ1) − θ̇1xb sin(θ1)]+

ϕ3[ẋb cos(θ1 + θ2) − θ̇1xb sin(θ1 + θ2)−

θ̇2xb sin(θ1 + θ2)] − ϕ7(θ̇1 + θ̇2) sin(θ1 + θ2)−

ϕ8θ̇2 sin(θ2) + ϕ9ẋb − ϕ10θ̇1 sin(θ1)

H23 = −ϕ2xb(θ̇0 + θ̇1) sin(θ1)−

ϕ3xb(θ̇0 + θ̇1 + θ̇2) sin(θ1 + θ2)−

ϕ7(θ̇0 + θ̇1 + θ̇2) sin(θ1 + θ2) − ϕ8θ̇2 sin(θ2)−

ϕ10(θ̇1 + θ̇2) sin(θ1)

H24 = −ϕ3xb(θ̇0 + θ̇1 + θ̇2) sin(θ1 + θ2)−

ϕ7(θ̇0 + θ̇1 + θ̇2) sin(θ1 + θ2)−

ϕ8(θ̇0 + θ̇1 + θ̇2) sin(θ2)

H31 = ϕ2θ̇0 cos(θ1) + ϕ3θ̇0 cos(θ1 + θ2)

H32 = ϕ2[ẋb cos(θ1) + θ̇0xb sin(θ1)]+

ϕ3[ẋb cos(θ1 + θ2) + θ̇0xb sin(θ1 + θ2)]+

ϕ7θ̇0 sin(θ1 + θ2) − ϕ8θ̇2 sin(θ2) +

ϕ10 θ̇0 sin(θ1)

H33 = −ϕ8θ̇2 sin(θ2)

H34 = −ϕ8(θ̇0 + θ̇1 + θ̇2) sin(θ2)

H41 = ϕ3θ̇0 cos(θ1 + θ2)

H42 = ϕ3[ẋb cos(θ1 + θ2) + θ̇0xb sin(θ1 + θ2)]+
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ϕ7θ̇0 sin(θ1 + θ2) + ϕ8(θ̇0 + θ̇1) sin(θ2)

H43 = ϕ8(θ̇0 + θ̇1) sin(θ2)

H44 = 0

3) þãL�ª¥� ϕi (i = 1, · · · , 10) ǑXÚ|Ü.5ëê��þϕϕϕ ∈ R10 �f��, äNǑ
ϕ1 = m0R

2

00 + m1R
2

10 + m2pR
2

20

ϕ2 = m0R00R01 + m1R10R11 + m2pR20R21

ϕ3 = m0R00R02 + m1R10R12 + m2pR20R22

ϕ4 = J0 + (m0R
2

00 + m1R
2

10 + m2pR
2

20)l
2

0

ϕ5 = J1 + m0R
2

01 + m1R
2

11 + m2pR
2

21

ϕ6 = J2p + m0R
2

02 + m1R
2

12 + m2pR
2

22

ϕ7 = (m0R00R02 + m1R10R12 + m2pR20R22)l0

ϕ8 = m0R01R02 + m1R11R12 + m2pR21R22

ϕ9 = (m0R
2

00 + m1R
2

10 + m2pR
2

20)l0

ϕ10 = (m0R00R01 + m1R10R11 + m2pR20R21)l0Ù¥,

R00 = −
m1 + m2p

M

R01 = −
m1 + 2m2p

2M
l1

R02 = −
m2 + 2m3

2M
l2

R10 = R00 + 1

R11 = R01 +
l1

2

R12 = R02

R20 = R10

R21 = R01 + l1

R22 = R02 +
(2m3 + m2)l2

2m2p

m2p = m2 + m3

J2p = J2 + J3 + m2

[

(2m3 + m2)l2
2m2p

−
l2

2

]2

+

m3

[

l2 −
(2m3 + m2)l2

2m2p

]2
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