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Distributed Model Predictive Control Based on Cascade Processes

CAI Xing1 XIE Lei1 SU Hong-Ye1 GU Yong1

Abstract Distributed model predictive control (DMPC) is a useful control theme which is usually used to control large

scale systems with multiple inputs and multiple outputs. Every agent communicates with the other in order to control the

whole system. The algorithms for distributed model predictive control can be divided into two categories, one is iterative
and the other is non iterative. The iterative ones can reach the same performance as the centralized model predictive

control (CMPC) when they converge, however, because of the large number of iterations, the communication burden is

heavy; while the non iterative ones do not need iteration, the performance is not as good as centralized algorithms. This
article proposes a non iterative algorithm of distributed model predictive control based on cascade processes. Our algorithm

can save computational burden for cascade processes. Finally, the alumina continuous carbonation decomposition process
(ACCDP) is used to prove the effectiveness for the algorithm. We also analyse the performance and proof the stability of

the algorithm.

Key words Distributed model predictive control (DMPC), centralized model predictive control (CMPC), cascade pro-

cesses, iterative algorithm, communication burden
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1 Gé(�Ú©Ùªýÿ����.
1.1 Gé(�Xã 1 ¤«, ¢S)�L§�3�aGé(�:��L§�¹ N �fL§, z�fL§k�gÕá�Ñ\ÚÑÑ, ��L§k��Ú��Ñ\ u. XÚ���8I´òz�fXÚÑÑ��3�½�.

ã 1 GéL§(�ã
Fig. 1 Structure of cascade processGéL§�A:´z�fXÚ=�ÙþifXÚ�Ñ\�3ÍÜ, XÚ�D4¼êÝ
Xª (1).
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(1)éXª (1) ¤«�D4¼êÝ
�±æ^DÚ�8¥ªýÿ��, 3fXÚ�õ��¹eǑ�±æ^©Ùªýÿ��, Ó�Ǒ�±�Ä|^GéXÚD4¼êÝ
enÆ�A:, 5�OÏ&Kú�$�©Ùª�.ýÿ���{. �©�g´Ò´|^XÚÿÀ(�5~�fXÚm�Ï&, ¿�y�{äkû�����J.

1.2 ©Ùªýÿ���.e¡0��«·Ü�O©Ùªýÿ���{��., T�.�±�NXÚm�Ñ\ÍÜ, �¡ǑEÜ�. (Composite model).�.¥, xi
T = [xi1

T · · · xiI
T · · · xiM

T]
T L«�.�1 i ��UNG�; z��UNG��©Ǒ M �©þ, xij L«1 j ��UN�Ñ\é1 i��UN�ÑÑ�KǑ���G�, Ù�#=É

uj �KǑ. ��XÚ�¹ M ��UN, z��UN�¹M �©þ, ��XÚ� M2 �G�, Wij L«1 i �XÚ�1 j �XÚÍÜ��AXê. äN/ªXe.

1 i ��UN�G��§�L«Xª (2):

xi (k + 1) =Aixi (k) +Biui (k) +
∑

j 6=i

Wijuj (k)

yi (k) = Cixi (k) (2)Ù¥
Ci = [Ci1 · · · Cii · · · CiM ]
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(3)��L§�dG��§ (4) ÚÑÑ�§ (5) £ã.







































x11

...

x1M

−−−−−−

...

−−−−−−

xM1

...

xMM







































(k + 1) =































A11

. . .

A1M

. . .

AM1

. . .

AMM































×







































x11

...

x1M

−−−−−−

...

−−−−−−

xM1

...

xMM







































(k) +



512 g Ä z Æ � 39ò






























B11

. . .

B1M

...

BM1

. . .

BMM







































u1

...

uM









(k) (4)
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2 S�ª©Ùªýÿ���{
2.1 `z¯K�y©3©Ùªýÿ��¥, du�3õ��UN�ÆN, I�r��XÚ��N`z8IÚ�å^�y©���fXÚ¥�, Ù¥�«y©�ª´z��UN�`z8I´�Û�8I¼ê, ,�«y©�ª´z��UN�`z8I´T�UNÛÜ�8I¼ê. ·�3�Û8I¼êe�ÑS�`z�{�6§, Ï~�Û8I¼ê½ÂǑ��fXÚ�8I¼ê\�Ú�/ª. äNXª (6) ¤«:

Φ =

M
∑

i=1

wiΦi (6)Ù¥, Φi = x̄xxi(k)
T
Qix̄xxi (k) /2 + ūuui(k)

T
Qiūuui (k) /2Ǒz�fXÚ8I¼ê (x̄i(k) = [xi(k +

1|k) · · · xi(k + N |k)]T �kýÿ���G�Cþ, ūi(k) = [ui(k|k) · · · ui(k + N − 1|k)]T Ǒ�kýÿ�����Ñ\). ýÿ�������þǑ
N . z��UN��å^�Ǒz��UN�G��§Ú�gÕá�Ñ\ÑÑ�åäNXª (7):

xi (k + 1) = Aixi (k) +Biui (k) +
∑

j 6=i

Wijuj (k)

ui (l|k) ∈ Ωi, k ≤ l ≤ k +N − 1

ui (l|k) = 0, k +N ≤ l (7)Ù¥, Ωi Ǒ3ýÿ�� N S�Ñ\�å, �u NÜ©��Ñ\Ǒ 0.

2.2 �'S��{0�e¡0�ü«S��{, �«´8I¼êǑ�Û`z8I�S����{, T�{�¡ǑÄuÆ���1�©Ùªýÿ�� (Feasible cooperation
based MPC)[17]; ,	�«�{´8I¼êǑÛÜ`z8I�S����{, T�{�¡ǑÄuÏ&�©Ùªýÿ�� (Communication-based MPC).éÄuÆ���1�©Ùªýÿ��1 i �fXÚ`z8I±9�å^�Xe:

min
u

p

i

Φ =

M
∑

r=1

wrΦr

(

up−1
1 , · · · ,

up−1
i−1 , u

p
i , u

p−1
i+1 , · · · , u

p−1
M ;xr (k)

)

s.t. xi (k + 1) = Aixi (k) +Biu
p
i (k) +

∑

j 6=i

Wiju
p−1
j (k)

ui (l|k) ∈ Ωi, k ≤ l ≤ k +N − 1

ui (l|k) = 0, k +N ≤ l
(8)Ù¥, þI p L«S�gê, 31 i �fXÚ1 p gS��, Ù�fXÚ��Ñ\Ǒ1 p − 1 gS�(J, `z8IǑTXÚ1 p gS����Ñ\.|^G��§ (9) �±���'G�Cþ.

x̄xxi (k) = Eiiūuui (k) +

M
∑

j=1,j 6=i

Eijūuuj (k) + fixi (k)

(9)Ù¥
Eii =
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...
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...
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Wij 0 · · · 0

AiWij Wij · · · 0
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i Wij · · · Wij
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(10)



5Ï é(�: ÄuGé(��©Ùª�.ýÿ�� 513�����g`z/ªXe:

Pi = min
ūi(k)

1

2
ūuui(k)

T
ℜiūuui (k) +

(

ri (k) +

M
∑

j=1,j 6=i

Niju
p−1
j (k)

)T

ūuui (k) + const

s.t. ui (l|k) ∈ Ωi, k ≤ l ≤ k +N − 1
(11)Ù¥

Qi = diag{Qi (1) , · · · , Qi (N − 1) , Qi (N)}

Ri = diag{Ri (0) , Ri (1) , · · · , Ri (N − 1)}

ℜi = wiRi + wiEii
TQiEii +

M
∑

j 6=i

wjEji
TQjEji

Nij =

M
∑

l=1

wlEli
TQlElj

ri (k) = wiEii
TQifixi (k) +

M
∑

j 6=i

wjEji
TQjfjxj (k)

(12)
Qi Ǒ��G��dÝ
, Ri Ǒ��Ñ\�dÝ
.éuÄuÏ&�©Ùªýÿ��, 1 i �fXÚ`z8I±9�å^�Xe:

min
ui

Φi = Φi

(

up−1
1 , · · · , up−1

i−1 , u
p
i , u

p−1
i+1 , · · · ,

up−1
M ;xi (k)

)

s.t. xi (k + 1) = Aixi (k) +Biu
p
i (k) +

∑

j 6=i

Wiju
p−1
j (k)

ui (l|k) ∈ Ωi, k ≤ l ≤ k +N − 1

ui (l|k) = 0, k +N ≤ l

(13)

Uìþãg´���'G�Cþ, �±�����g`z¯KǑ
Ψi = min

ūi(k)

1

2
ūuui(k)

T (

Ri +Eii
TQiEii

)

ūuui (k) +

(

Eii
TQifixi (k) +

j 6=i
∑

j=1

Eii
TQiEiju

p−1
j (k)

)T

×

ūuui (k) + const

s.t. ui (l|k) ∈ Ωi, k ≤ l ≤ k +N − 1 (14)±þü��{äN6§aq, Ú�8(Xe:Ú½ 1. �©z�Aëê, �Ñ��Ñ\�S��©� u0
i (k) = u

p(k−1)
i (k − 1), S�gê�©z p(k) = 1, Ø�°Ý εi �©z. Ù¥,

u
p(k−1)
i (k − 1), i = 1, 2, · · · ,M Ǒ��ǑS��Âñ���Ñ\.

Ú½ 2. �)�A�`z¯K: u
∗p(k)
i (k) =

arg (Pi) (Feasible cooperation based MPC), ½ö u
∗p(k)
i (k) = arg (ψi) (Communication-based

MPC). ��TgS����Ñ\(J u
p(k)
i (k) =

wiu
∗p(k)
i (k) + (1 − wi)u

p(k)−1
i (k), i = 1, 2, · · · ,M .Ú½ 3. O� � ei =
∥

∥

∥
u

p(k)
i (k) − u

p(k)−1
i (k)

∥

∥

∥
,

i = 1, 2, · · · ,M .Ú½ 4.  �(J��½�Ø�°Ý εi é',��3 ei > εi, i = 1, 2, · · · ,M �, p(k) = p(k) + 1,r up(k)
i (k) D4�Ù�fXÚ. �£Ú½ 2; ÄK,S�(å, �Ñ�Ǒ���Ñ\(JǑ u

p(k)
i (k).

3 ÄuGé(��©Ùªýÿ���{
3.1 `z¯K�y©3±þS��{�g´Ä:þ, ·�ÄkUC8I¼ê, 2±��fXÚ^S4��Ï&�ª5�O��fXÚÓÚS��#�Ï&�ª. ÏLù��g´�Ñ`z·K�/ªÚ�{6§. ,�, 31 3.4 !�Ñé�{½5�y².éuGé(��±�âGé(�z�fXÚ�ÑÑ=�ÙþifXÚ���Ñ\�', �ÙeifXÚ��Ñ\�'�A:, �½z�fXÚ=`zÙ��ÚÙþiXÚ�8I¼ê. 8I¼ê�À��±kXe/ª:

Φi =

i
∑

r=1

wrΦr (15)�{I�rz�fXÚ�þi��Ñ\�Ǒ®�þ, �\eifXÚ�G��§, =��ÄTfXÚ���Ñ\5��TfXÚ, Ø´^TfXÚÚþifXÚ�Ñ\nÜ�Û5?1��. Ïd, ��Ûýÿ���'5Uþk�å, ��±(�XÚ¢y�A���8I, Ó�du��3gþi�ei�&ÒD4, ǑØ�3S�, 4�/~�
���{éÏ&�Kú.

3.2 �{0�Äu±þg´�±���AfXÚ�ýÿ��`z·K, 1 i �fXÚ`z8I±9�å^�Xe:

min
ui

Φi =
i
∑

r=1

wrΦr (u1, · · · , ui−1, ui;xr (k)) =

min
ui

Φi (u1, · · · , ui−1, ui;xr (k))

s.t. xi (k + 1) = Aixi (k) +Biui (k) +

i−1
∑

j 6=1

Wijuj (k)

ui (l|k) ∈ Ωi, k ≤ l ≤ k +N − 1
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ui (l|k) = 0, k +N ≤ l (16)Ù¥, u1, · · · , ui−1 Ǒ i − 1 �XÚ�®����Ñ\, �Ǒ®�þ�1 i �fXÚ. �A��å^�Ó1 2 !�{. ÏLz{�±��Xe��g5y¯K:

Ψi = min
ūuui(k)

1

2
ūuui(k)

T (

Ri + Eii
TQiEii

)

ūi (k) +

(

Eii
TQifixi (k) +

i−1
∑

j=1

Eii
TQiEijuj (k)

)T

×

ūuui (k) + const

s.t. xi (k + 1)=Aixi (k)+Biui (k) +

i−1
∑

j 6=1

Wijuj (k)

ui (l|k) ∈ Ωi, k ≤ l ≤ k +N − 1 (17)T�{6§Ǒ:Ú½ 1. �©z i = 1.Ú½ 2. �)1 i�fXÚ�`z·K, ui (k) =
arg(Ψi).Ú½ 3. � i < M , r j = 1, 2, · · · , i ���Ñ\ uj D4�1 i + 1 �fXÚ, �£�Ú½ 2; �
i = M , �{(å, ��z�fXÚ���Ñ\.

3.3 �{5U©Ûe¡y²T�{�ÓuÄuÏ&�©Ùªýÿ���{.�±A^êÆ8B{y². rÄuÏ&�©Ùªýÿ��A^uGéXÚ, éu1 1 �fXÚ, `z¯KǑ
Ψ1 = min

ū1(k)

1

2
ūuu1(k)

T (

R1 + E11
TQ1E11

)

ūuu1 (k) +

(

E11
TQ1f1x1 (k)

)T
ūuu1 (k) + const

s.t. x1 (k + 1) = A1x1 (k) +B1u1 (k)

u1 (l|k) ∈ Ω1, k ≤ l ≤ k +N − 1 (18)`z·K=�TXÚG�ÚÑ\k', Ø�3�Ù�XÚ�Ñ\ÍÜ. ¤±éu1 1 �fXÚ=I�gS�XÚ�±��½.b�é1 i− 1 �XÚI i− 1 gS��±��½, Ké1 i �XÚ�`z¯K/ªXª (16) ¤«. 3ù�`z¯K¥, 3 i− 1 �fXÚ�`z¯KS���½�, = up−1
j (k), j = 1, 2, · · · , i−1��Âñ�, =I 1 g`zB�±��½�, 1 i�XÚIS� i g��½. ¤±ÄuÏ&�©Ùªýÿ���ÄuGé(��©Ùªýÿ���{��.¤±3Gé(�e©Ùªýÿ���{�ÓuÄuÏ&�©Ùªýÿ���{5U.

3.4 �{½5y²éu½5y²·�Ø�Ä�å5y², éuª (14) �±)�:

ūuup
i (k) = −Gi

M
∑

j=1,j 6=i

Eijūuu
p−1
j (k)−Gifixi (k) (19)Ù¥, Gi =

(

Eii
TQiEii +R

)−1
EiiQi.�Û�Ñ\ÚG�L«Xe:

Up =







up
1

...

up

M






, Up−1 =







up−1
1

...

up−1
M







X =







x1 (k)
...

xM (k)






(20)�±���Û��Ñ\�S�'X:

UUUp = −SUUUp−1 −GXXXÙ¥
S=











0 G1E12 G1E13 · · · G1E1M

G2E21 0 G2E23 · · · G2E2M

...
...

...
. . .

...

GMEM1 GMEM2 GMEM3 · · · 0











G =











G1f1

G2f2

. . .

GMfM











(21)3Gé(�e�âª (9) Úª (10) k, �±��:

S =











0 0 · · · 0

G2E21 0 · · · 0
...

...
. . .

...

GMEM1 GMEM2 · · · 0











(22)= ‖ρ(S)‖ = 0, �{Âñ.

4 �z¾%©)L§9�{�ý
4.1 �z¾©)L§Ǒ
�y�{�k�5, ·�ÀJ
�z¾%©)ù�GéL§?1�{�ý. TL§´��äk��¢�L§, %�z©)�Ä��n^Xeú��zÆ�A�§ª£ã[19−20] :

2NaOH + CO2 = NaCO3 + H2O

2NaAlO2 + 4H2O = 2Al(OH)3 ↓ +2NaOH



5Ï é(�: ÄuGé(��©Ùª�.ýÿ�� 5153¾�?Ú��z?M�¥Ï��z%íN,��z%¥Ú��z?�)Y, �M�¥¾�?©f'ü$, Úå¾�?�Y��A, �¾�?ßÝü$. ¢S)�L§�%©)�ó²6§Xã 2 ¤«,��)�6§�) 6 �ëY�©)ø. p ø¥Ï\
ø7?n�¾�?°�, ¾�?°�lp ø.Ü6\ 1 Ò©)ø, 3T©)ø¥Ï\ CO2 íN?1XþzÆ�§ª¤«��A, Ó�|^���
CO2 �¾�?M�¿©�>��O\�A�Ý�rÝ�8�, l 1 Òø.Ü6Ñ�¾�?Ú��z?M�±9��z?®"·Ü�ÔÆ, d$ØJÆºx\ 2 Òø, JÆº6þÓ��±�±©)ø� �½. 2 ÒøǑ?1Ú 1 Òø����A, Ù.ÜÑ�ÔÆ2dJÆºx\ 3 Òø, Ó�/, ²L 3Ò!4 Ò!5 Òø. z�ø�\��Ñ���²L 40©¨, XÚ��¢~êǑǑ 40 ©¨�m.

ã 2 %�z©)ó²6§ã
Fig. 2 Flow chart of alumina continuous carbonation

decomposition process�âó²6§��, XÚ���8I´4 6 �ø�m�©)FÝ�½, =rz�ø�©)Ç��3ó²���äN�þ, �â%©)L§�Ôn!zÆ�n, �ì�þÅðÚUþÅðÄ�'X, ¿ÏLü�?n, �±ïá��ø�êÆ�., ï�L§ë�©z [14]. ��1 i �ø�êÆ�.Xª (23), z�ø�D4¼ê´����X¢��!.

yi (s) =
Ki1

Ti1s+ 1
e−τi1su1 (s) +

Ki2

Ti2s+ 1
×

e−τi2su2 (s) + · · · +
Kii

Tiis+ 1
e−τiisui (s) (23)éu���z¾%©)L§, Ä��.�D4¼êÝ
£ãXª (24) ¤« (����.).dª (23) ��, 3%©)L§¥, éuz�©)ø, Ù©)Ç=ÉÙþi�ø CO2 Ï\6þ�KǑ, Ǒ�;.GéØ�_L§.�ây|�êâ�±��Xeëê:

K =













1.75 0 0 0 0

0.74 1.52 0 0 0

0.64 0.92 1.44 0 0

0.44 0.65 0.98 1.33 0

0.65 0.64 0.85 0.89 1.44













, T =













35 0 0 0 0

38 36 0 0 0

42 40 38 0 0

45 42 41 40 0

50 49 48 47 45













, τ =













40

48 42

123 87 41

173 130 90 49

210 180 150 110 43











Ù¥, T Ú τ �ü Ǒ©¨, yi, i = 1, 2, · · · , 5 Ǒ1 i �ø�©)Ç, ui, i = 1, 2, · · · , 5 Ǒ1 i �ø� CO2 Ï\þ, �ý¥æ��m TS Ǒ 5 ©¨, ýÿ��Ú����� 25. � 6 �ø��©©)Ç��½�Ǒ 23 %, 61 %, 81 %, 89 %, 92 %. 3dÄ:þ·��
Xe��ý.

4.2 ÄuGé(�©Ùªýÿ���{��ý�ýL§¥��'ëê r = 1, qy = 1, ýÿ��Ú����� 25, �ýÚ� 80.�ý 1. 31 16 ©¨r�½�UǑ 29 %, 66 %,
87 %, 92 %, 96 %. é'ÄuGé(��©Ùªýÿ���{�S��Âñ�©Ùªýÿ���{ (�JǑ8¥ªýÿ��). Ù¥, �A���Ñ\�å÷vª (25).

− 4 ≤ △u1 ≤ 4, −2 ≤ △u2 ≤ 2

− 1.5 ≤△u3 ≤ 1.5, −0.5 ≤ △ u4 ≤ 0.5

− 1 ≤△u5 ≤ 1 (25)













y1 (s)

y2 (s)

y3 (s)

y4 (s)

y5 (s)













=



































K11

T11s+ 1
e−τ11s 0 0 0 0

K21

T21s+ 1
e−τ21s

K22

T22s+ 1
e−τ22s 0 0 0

K31

T31s+ 1
e−τ31s

K32

T32s+ 1
e−τ32s

K33

T33s+ 1
e−τ33s 0 0

K41

T41s+ 1
e−τ41s

K42

T42s+ 1
e−τ42s

K43

T43s+ 1
e−τ43s

K44

T44s+ 1
e−τ44s 0

K51

T51s+ 1
e−τ51s

K52

T52s+ 1
e−τ52s

K53

T53s+ 1
e−τ53s

K54

T54s+ 1
e−τ54s

K55

T55s+ 1
e−τ55s















































u1 (s)

u2 (s)

u3 (s)

u4 (s)

u5 (s)













(24)
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ã 3 ÄuGé©Ùªýÿ���{�S��Âñ�©Ùªýÿ���{
Fig. 3 DMPC for cascade processes and FC MPC iterate to convergence

ã 4 ÄuGé©Ùªýÿ���{� 1 gS��©Ùªýÿ���{
Fig. 4 DMPC for cascade processes and FC MPC that with one iteration
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ã 5 =k 1 Òø�½�UCeÄuGé©Ùªýÿ���{�S��Âñ�©Ùªýÿ���{
Fig. 5 DMPC for cascade processes and FC MPC iterate to convergence with set point change of only 1#Xã 3, ü«�{Ñ�±�XÚ½, ¿¢y��8I. �ý�{I�$1 80 Ú, 3 80 g�ý±ÏS FC MPC �S�gê�OǑ 1 192 g, IO�

1 192× 5 = 5960 g�g`z¯K. ÄuGé(��©Ùªýÿ���{�IS�, �I�) 80× 5
= 400 g�g`z¯K, ��~�
�{�O��m. ÄuGé(���{Ǒ�±¢yk���, ¿�yXÚ4�½.�ý 2. 31 16©¨r�½�UǑ 29 %, 66 %,
87 %, 92 %, 96 %. é'ÄuGé(��©Ùªýÿ���{��k�gS��ÄuÆ��©Ùªýÿ���{. Ù¥�A���Ñ\�å÷vª (25).Xã 4, æ^�ü��{ÑØI�S�, O�þ�Ó (z��ǑþI��) 5 g`z), w,ÄuGé(��©Ùªýÿ���{�±�XÚ�¯��½¿�äk��ÅÄ. `²�S��{¥ÄuGé(��©Ùªýÿ���{äk���5U.�ý 3. 31 16©¨r�½�UǑ 29 %, 61 %,
81 %, 89 %, 92 %. é'ÄuGé(��©Ùªýÿ���{�S��Âñ�ÄuÆ��©Ùªýÿ���{. Ù¥�A���Ñ\�å÷vª (25).Xã 5, 3=k 1 Òø�½�UC��¹e, ÄuGé(��©Ùªýÿ���{�5U�é8¥ª©Ùýÿ��5U��, �YøÅÄ��, �XÚ�,�±¢y�A��8I. Ù�Ï´ÄuGé�©Ùªýÿ���{éu 1 Òø´8¥ª��, �{�y�Û��`5, ´�«ò¥��{.

5 (Ø�©0�
�«ÄuGé(��©Ùª�.ýÿ�{, T�{|^Gé(����fXÚ�ÑÑ=�ÙþifXÚÑ\�'�A:, éS��©Ùªýÿ���{?1U?, ���«�S��4��)©Ùªýÿ���{, ¿ÏL�z¾�%©)ù�Gé��¢L§��ý, �y
�{�k�5.ÄuGé(��©Ùªýÿ�{|^Gé(�ù«AÏ(��ÍÜ�ª, æ^gþifXÚ�eifXÚ�4�Ï&�ª�gO��fXÚ���Ñ\.T�{Ǒ,ã+
�½���5U, ���~�
Ï&Kú, ¿�ÏL�ýÚnØí�y²
�{�k�5Ú½5. dd��ÄuXÚ�ÿÀ(�5U?©Ùªýÿ���{´�«k���ã.
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